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Electmon magnetic moment Me 


3.00 X 10* meters/sec = 1.86 X 10° 
miles /sec 


931 Mev/amu = 8.99 X 10! joules/kg 
6.67 X 10-!! nt-m?/kg? 


8.31 joules/mole °K = 1.99 cal/mole °K 
= 0.0823 li-atm /mole °K 


273.16 °K 
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= 760 mm-Hg 
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5.98 X 1074 kg 

79.7 cal/gm 

539 cal/gm 

0.00* C = 273.15° K 

1.40 

5892 A 

1.33 
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Preface 


This revision of Part I of Physics for Students of Science and Engineering 
(1960) is based on classroom experience at many institutions during the 
past six years. Although the changes are extensive, the basic outline of 
the book and its underlying philosophy remain unchanged. A great deal 
more has been done to help prepare the way smoothly for the treatment 
of relativistic and quantum physics that will follow Part II, while.at the 
same time an ever stronger foundation than before is laid in the classical 
areas. 

Some of the principal changes that reflect this approach are: greater 
emphasis throughout on the role of reference frames in physical measure- 
ment and theory; an improved treatment of Newton's laws and the force 
laws, stressing the current views; a clearer analysis of the concepts of 


inertial and noninertial frames with specific applications to help fix the 


ideas; greater attention to microscopic models of macroscopic phenomena, 
from friction and collision phenomena to specific heats, thermal expansion 
and fluctuations; a much clearer presentation of the potential energy 
concept, whenever it occurs in various physical systems; a more central 
role for angular momentum in rotational systems and a generalization to 
unsymmetrical bodies and moving-axes; a somewhat more general treat- 
ment of oscillations, including two-body oscillations and the reduced 
mass concept and anharmonic oscillations; a correct treatment of systems 
of variable mass in classical physics; inclusion of quantum ideas where they 
naturally emerge in the “classical” domain; and more attention to statis- 
tical interpretations and modern views of thermodynamic processes. 
v 
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Unit vectors are ıntroaucea in Chapter 2 and used thereafter where they 
simplify derivations or permit a clearer, more geometric, or improved 
analytic treatment of physical phenomena. More tables are used than 
previously to summarize and display ideas, equations, and physical data 
and to draw analogies. We continue to employ optional sections, indicated 
by smaller print, for specializėd. or: advanced topics, but have included in 
new topical supplements some of the more specialized or advanced material. 
Naturally, wherever appropriate, we have. systematically updated and 
modernized many features and topics—such as standards and' units, 
nomenclature and symbols, references and appendices. And the figures 
have been carefully reworked to heighten their teaching value, to insure 
consistency, and to illustrate the greater number of applications to con- 
temporary physics. 

Most of the original illustrative worked-out examples have been retained 
from Physics for Students of Science and Engineering, with suitable change: 
and improvements. However, a significant number of new ones have 
been added to heighten interest. and understanding at key places where 
teaching experience has shown the need. About 85 per cent of the original 
problems and thought questions remain, but more than one-half again as 
many new questions and problems have been added. Apart from providing 
what is probably the largest selection of questions and problems of any 
comparable text, this insures a wide choice of level of difficulty and area of 
interest and application. The increase in the length of the book can be 
fully attributed to such ancillary material—questions, problems, worked 
out examples, tables, appendices, and figures—all accruing, we believe, 
to the benefit of teacher and student. 

We are indebted to the many teachers and students who have sent us 
constructive criticisms of the 1960 edition over the years and particularly 
to Kenneth Brownstein, Benjamin Chi, Ben Josephson, Jr., James C. Kemp, 
H. E. Rorschach, Jr., and Robert Weinstock, who have advised and assisted 
us in many ways. One of us (RR) wishes to thank Professor Gerald 
Holton for the many courtesies extended at Harvard University while the 
preparation of this book was in progress. We hope that our efforts have 
made it more useful and interesting to both students and instructors. 


RonERT RESNICK 
Davip HALLIDAY 
January 1966 
Troy, New York 
Pittsburgh, Pennsylvania 
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Preface to 1960 Edition 


The time lag between developments in basic science and their application 
to engineering practice has shrunk enormously in the past few decades. 
The: base of engineering, once largely empirical, is now largely scientific. 
Today the need is to stress principles rather than specific procedures, to 
select areas of contemporary interest rather than of past interest, and to 
condition the student to the atmosphere of change he will encounter during 
his career. "These developments require a revision of tne traditional 
course in general physics for engineers and scientists. 

The most frequent criticisms made in varying degrees of textbooks used 
in such a course are these: (a) the content is encyclopedic in that topics are 
not treated with sufficient depth, the discussions are largely descriptive 
rather than explanatory and analytical, and too many topics are surveyed ; 
(b) the content is not sufficiently “modern,” and applications are drawr. 
mostly from past engineering practice rather than from contemporary 


physics; (c) the organization of the material is too compartmentalized to 


reveal the essential unity of physics and its principles; (d) the approach is 
highly deductive and does not stress sufficiently the connection between 
theory and experiment. Of course, it is unlikely that a textbook will ever 
be written that is not criticized on one ground or another. 

In writing this textbook we have been cognizant of these criticisms and 
have given much thought to ways of meeting them. We have considered 
the possibility of reorganizing the subject matier. The adoption of an 
atomic approach from the beginning or a structure built around energy in 
its various aspects suggest themselves. We have concluded that our goals 

vil 


viii PREFACE 


can best be achieved by modifying the selection and treatment of topics 
within the traditional organization. To shuffle freely the cards of subject 
matter content or to abandon entirely a sequence which represents the 
growth of physical thought invites both a failure to appreciate the New- 
tonian and Maxwellian synthesis of classical physics and a superficial 
understanding of modern physics. A solid underpinning of classical 
physics is essential to build the superstructure of contemporary physics 
in our opinion. 

To illustrate how we hope to achieve our goals within this framework, 
we present here the principal features of our book. 


1. Many topics are treated in greater depth than has been customary 
heretofore, and much contemporary material has been woven into the body 
of the text. For example, gravitation, kinetic theory, electromagnetic 
waves, and physical optics, among others, are treated in greater depth. 
Contemporary topics, such as atomic standards, collision cross section, 
intermolecular forces, mass-energy conversion, isotope separation, the Hall 
effect, the free-electron model of conductivity, nuclear stability, nuclear 
resonance, and neutron diffraction, are discussed where they are pertinent. 

To permit this greater depth and inclusion of contemporary material, we 
have omitted entirely or treated only indirectly much traditional material, 
such as simple machines, surface tension, viscosity, calorimetry, change of 
state, humidity, pumps, practical engines, musical scales, architectural 
acoustics, electrochemistry, thermoelectricity, motors, alternating-current 
circuits, electronics, lens aberrations, color, photometry, and others. 


2. We have tried to reveal the unity of physics in many ways. Through- 
out the book we stress the general nature of key ideas common to all areas of 
physics. For example, the conservation laws of energy, linear momentum, 
angular momentum, and charge are used repeatedly. Wave concepts and 
properties of vibrating systems, such as resonance, are used in mechanics, 
sound, electromagnetism, optics, atomic physics, and nuclear physics. 
The field concept is applied to gravitation, fluid flow, electromagnetism, 
and nuclear physics. x 

The interrelation of the various disciplines of physics is emphasized by 
the use of physical and mathematical analogies and by similarity of method. 
For example, the correspondences between the mass-spring system and the 
LC circuit or between the acoustic tube and the electromagnetic cavity 
are emphasized, and the interweaving of microscopic and macroscopic 
approaches is noted in heat phenomena and electrical and magnetic 
phenomena. We have tried to make a smooth transition between particle 
mechanics and kinetic theory, stressing that, in their classical aspects, 
both belong to the Newtonian synthesis. We have also sought a smooth 
transition between electromagnetism and wave optics, pointing frequently 
to the Maxwellian synthesis. : 

We discussed the limitations of classical ideas and the domain of their 
validity, and we emphasise the gencralising nature of contemporary ideas 
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applicable in a broader domain. Throughout we aim to show the relation 
of theory to experiment and to develop an awareness of the nature and 
uses of theory. 


3. Our approach to quantum physics is not the traditional descriptive 
one. Rather we seek to develop the contemporary concepts fairly rigor- 
ously, at a length and depth appropriate to an introductory course. In the 
early chapters we pave the way by pointing to the limitations of classical 
theory, by stressing the aspects of classical physics that bear on contem- 
porary physics, and by choosing illustrative examples that have a modern 
flavor. Thus we stress fields rather than circuits, particles rather than 
extended bodies, and wave optics rather than geometrical optics. Among 
the illustrative examples are molecular potential energy curves, binding 
energy of a deuteron, nuclear collisions, the nuclear model of the atom, the 
Thomson atom model, molecular dipoles, drift speed of electrons, stability 
of betatron orbits, nuclear magnetic resonance, the red shift, and others 
too numerous to mention. 

The point of view is that of developing the fundamental ideas of quantum 
physics. The customary descriptive chapter on nuclear physics is, for 
example, not present. Instead, the wave-particle duality, the uncertainty 
principle, the complementarity principle, and the correspondence principle 
are stressed. 

4. The mathematical level of our book assumes a concurrent course in 
calculus. The derivative is introduced in Chapter 3 and the integral in 
Chapter 7. The related physical concepts of slope and area under a curve 
are developed steadily. Calculus is used freely in the latter half of the 
book. Simple differential equations are not avoided, although no formal 
procedures are needed or given for solving them. Vector notation and 


_ vector algebra, including scalar and vector products, are used throughout. 


Displacement is taken as the prototype vector, and the idea of invariance 
of vector relations is developed. 


5. The number of problems is unusually large, but few are "plug-in" 
problems. Many involve extensions of the text material, contemporary 
applieations, or derivations. The questions at the end of each chapter are 
intended to be thought-provoking; they may serve as the basis for class 
discussion, for essay papers, or for self-study. - Only rarely can the | 
questions be answered by direct quotation from the text. 


6. The book contains an unusually large number of worked-out examples, 
with the “plug-in” variety used only to emphasize a numerical magnitude. 
Algebraic, rather than numerical, solutions are stressed. Examples some- 
times extend the text treatment or discuss the fine points, but usually they 
are applications of the principles, often of contemporary physics. 


7. The textbook has been designed to fit physics courses of various 
t deal of supplementary material 


lengths. In small print there is a greai 
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of an advanced, historical, or philosophical character, to be omitted or 
included to varying degrees depending on interest and course length. In 
addition, many chapters may be regarded as optional Each teacher will 
make his own choice. - At our institutions Chapter 14 (staties of rigid 
bodies) and Chapters 41 and 42 (geometrical optics) are omitted. Other 
possibilities suggested, depending on emphasis or depth desired, or the - 
nature of succeeding courses, are Chapter 12 (rotational dynamics), Chap- 
ters 17 and 18 (fluids), Chapter 24 (kinetic theory—II), Chapter 32 (emf 
and circuits), Chapter 46 (polarization), and Chapters 47 and 48 (quantum 
physies). 


8. We have adopted the mks system of units throughout, although the 
British engineering system is also used in mechanics. Having observed the 
gradual exclusion, year by year, of the cgs system from advanced textbooks, 
we have seen fit to limit ourselves to the bare definition of the basic cgs 
quantities. An extensive list of conversion factors appears in Appendix H. 

We wish to thank the engineering and science students at both Rensselaer 
Polytechnic Institute and the University of Pittsburgh who have borne 
with us through two successive preliminary editions. Constructive 
criticisms from our colleagues at each institution and from some eight 
reviewers have resulted in many changes. "Benjamin Chi of R.P.I. has 
been of major service in all aspects of the preparation of the manuscript. 
Finally, we express our deep appreciation to our wives, not only for aid in 
typing and proofreading but for the patience and encouragement without 
which this book might never have been written. 

ROBERT Resnick 


Davi» HALLIDAY 
January 1960 
Pittsburgh, Pennsylvania 
Troy, New York 
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Measurement 
men. cunda. OMM. HEN 
CHAPTER 1 


,l-1 Measurement 


When plans were being made to lay the first Atlantic telegraph cable, the 


E in charge of the construction hired a young engineer, William 
E (1824-1907), as a consultant. To solve some of the problems 
qm s A this undertaking, Thomson made many accurate electrical 
E: urements. Often he used instruments which he himself had invented. 

s advice, based on his own experiments, was ignored, chiefly because the 


principles involved were not clearly understood or accepted by those in 


authority. The subsequent failures of the project later led to'a more 
adoption led to the 


E consideration of Thomson's views. Their 
successful completion of the cable in 1858.* This experience may have 


helped Thomson form his often quoted view: 

e what you are speaking about, and express 
bout it; but when you cannot. express it in 
d unsatisfactory kind; it may be the 
ly, in your thoughts, advanced to the 


Ys that when you ean mo? 
ibis ers, you know some! ig a 
Prints % dec knowledge is of 2 meagre an 
Rue DE of kn. whaige, but you have scarce 

* of Science, whatever the matter may be. 


_ Although other scientists would deny that they should deal only with 
ideas that are strictly measurable, none would deny the great importance 
of measurement to science. Often in the history of science small but sig- 
nificant discrepancies between theory and accurate measurements have led 


+s, Was raised to the 


's foremost seien 
of the founders 


= z G 
5 a 1892, Thomson, then one of Britain 
peerage as Lord Kelvin. Among his other achievements, he was one 


x 5 
of the science of thermodynamics. 
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to the development of new and more general theories. Such advances in 
our understanding would not have occurred if scientists had been satisfied 
with only a qualitative explanation of the phenomena of nature. 


1-2 Physical Quantities, Standards, and Units 


The building blocks of physies are the physical quantities in terms of 
which the laws of physics are expressed. Among these are force, time, 
velocity, density, temperature, charge, magnetic susceptibility, and numer- 
ous others. Many of these terms, such as force and temperature, are part 
of our everyday vocabulary. When these terms are so used, their mean- 
ings may be vague or may differ from their scientific meanings. 

For the purposes of physics the basic quantities must be defined clearly 
and precisely. One view is that the definition of a physical quantity has 
been given when the procedures for measuring that quantity have been 
given. This is called the operational point of view because the definition is, 
at root, a set of laboratory operations leading to a number with a unit. 
The operations may include mathematical calculations. 

Physical quantities are often divided into fundamental quantities and 
derived quantities. Such a division is arbitrary in that a given quantity 
can be regarded as fundamental in one set of operations and as derived in 
another. Derived quantities are those whose defining operations are 
based on other physical quantities. Examples of quantities usually viewed . 
as derived are velocity, acceleration, and volume. Fundamental quanti- 
ties are not defined in terms of other physical quantities. The number of 
quantities regarded as fundamental is the minimum number needed to give 
a consistent and unambiguous description of all the quantities of physics. 
Examples of quantities usually viewed as fundamental are length and time. 
Their operational definitions involve two steps: first, the choice of a stand- 
ard, and second, the establishment of procedures for comparing the stand- 
ard to the quantity to be measured so that a number and a unit are deter- 
mined as the measure of that quantity. 

An ideal standard has two principal characteristics: it is accessible and 
it is invariable. These two requirements are often incompatible and a 
compromise has to be made between them. At first greater emphasis was 
placed on accessibility, but the growing requirements of science and tech- 
nology introduced the need for greater invariability. -The familiar yard, 
foot, and inch, for example, are descended directly from the human arm, 
foot, and upper thumb. Today, such rough measures of length are not 
satisfactory and a much less variable standard must be used even at the 
expense of accessibility. 

Suppose that we have chosen our standard of length to be a bar whose 
length we define as one meter. If by direct comparison of this bar with a 
second. bar we conclude that the second bar is three times as long as the 
standard, we say that the second bar has a length of three meters. In 
practice, most quantities cannot be measured by direct comparison to a pri-* 
mary standard. An indirect approach, using more involved procedures, 
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is usually necessary. Certain assumptions are made to relate the results 
of an indirect measurement to the direct operation. 

Suppose, for example, that the distance from a rocket launching station 
to the surface of the moon must be known at a certain time. One indirect 
way to determine this distance would be to send out a radar signal from the 
station which will be reflected from the surface of the moon back to a- 
receiver at the sending station. If the time between sending and receiving 
the signal is measured and the speed of the radar signal is known, the dis- 
tance can be obtained as the product of the speed and one-half the time 
interval. We assume here that the speed of the signal is constant and 
that the signal has traveled in a straight line. The speed must be measured 
in a subsidiary experiment, and it is here that the standard of length 
appears in the operational procedure. 

Astronomical distances, such as the distances of stars from the earth, 
cannot be measured in a direct way. A few stars are close enough so that 
triangulation measurements can be made. The position of the star with 
respect to the background of much more distant stars is observed at six- 
month intervals, when the earth has moved from one point of its orbit to a 
diametrically opposite point. From these data the desired distance can 
be obtained using the diameter of the earth’s orbit asa baseline. Distances 
of nebulae many millions of light years from the earth are measured by 
indirect procedures more involved than triangulation (one light year is 
approximately 101° meters; see Problem 6). 

Just as we use indirect methods for measuring large distances, so we must 
also use an indirect approach to measure very small distances, such as those 
within atoms and molecules. The effective radius of the proton, for 
example, has been measured by particle scattering experiments to be 
1.2 X 10-35 meter. Table 1-1 shows the vast range over which length 
measurements can be made. 


1-3 Reference Frames 


The same physical quantity may have different values if it is measured 
by observers who are moving with respect to each other. The velocity of 
a train has one value if measured by an observer on the ground, a different 
value if measured from a speeding car, and the value zero if measured by 
an observer sitting in the train itself. None of these values has any funda- 
mental advantage over any other; each is equally “correct” from the point 
of view of the observer making the measurement. 

In general, the measured value of à physical quantity depends on the 
reference frame of the observer wlio is making the measurement. This is 
clear enough if the physical quantity is a velocity, as above. It is also 
true, however, if the physical quantity is, say, & displacement of a particle, 
a time interval between two events, an electric field, or a magnetic field, 
although a full appreciation of these four examples must await the study 
of the theory of relativity. 

In the early days of physics it was believed that one particular reference 
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Table 1-1 


Some MEASURED LENGTHS 


> Meters 
Distance to the most-distant quasar yet detected! (1964) 6 x 107° 
Distance to the nearest nebula (Great Nebula in Andromeda) 25c 1074 
Radius of our galaxy 6 x 10!? 
Distance to the nearest star (Alpha Centauri) 4.3 x 1018 
Mean orbit radius for the most distant planet (Pluto) 5.9 X 101? 
Radius of the sun 6.9 x 108 
Radius of the earth 6.4 x 10° 
Highest free balloon ascension (1959) 4.6 X 10* 
Height of à man 1.8 X 10° 
Thickness of this book (Part I) 4 x 107? 
Thickness of a page in this book 1x103 
Size of a poliomyelitis virus 1.2 X 1022 
Radius of a hydrogen atom. 5.0 x 10-1! 
Effective radius of a proton 1.2 5010788 


1 quasar = quasi-stellar radio source. 


frame, a so-called absolute frame, existed that had some fundamental 
advantage over all other frames. For an observer at rest in such a frame 
physical quantities would have their "true" or “absolute” values. This 
viewpoint has now been abandoned because, over many decades, experi- 
mental efforts to find this absolute reference frame have failed completely. 

Consider reference frames moving with uniform velocity with respect to 
each other and with respect to the fixed stars. Such (unaccelerated, non- 
rotating) reference frames are called inertial reference frames. Experiment 
shows that all inertial reference frames are equivalent for the measurement 
of physical phenomena. Observers in different frames may obtain differ- 
eat numerical values for measured physical quantities, but the relationships 
between the measured quantities, that is, the laws of physics, will be the same 
Jor all observers. : 

Suppose, for example, that observers in different inertial frames measure 
the momenta of the particles involved in an atomic collision. They will 
obtain different numerical values both forthe momenta of the individuai 
particles and for the total momentum of the system of particles. Hach. 
observer, however, will note that the total momentum of the system of 
particles, whatever value he measured it to be, is the same after the col- 
lision as before. In other words, each observer will note that the collision 
obeys the law of conservation of momentum: we shall discuss this law in 
detail in Chapter 9. : 

Although physical laws are the same in all reference frames, the measured 
values of the physical quantities, as we have seen, may not be. It is 
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important, therefore, that the student always realize what his reference 
frame is in a particular problem. 


1-4 Standard of Length* 


The first truly international standard of length was a bar of a platinum- 
iridium alloy éalled the standard meter, kept at the International Bureau of 
Weights and Measures near Paris, France. The distance between two fine 
lines engraved on gold plugs near the ends of the bar (when the bar was at 
0.00? C and supported mechanically in a prescribed way) was defined to be 
one meter. Historically, the meter was intended to be a convenient frac- 
tion (one ten-millionth) of a distance from pole to equator along the 
meridian line through Paris. However, accurate measurements taken 
after the standard meter bar was constructed show that it differs slightly 
(about 0.023%) from its intended value. 

Because the standard meter was not very accessible, accurate master 
copies of it were made and sent to standardizing laboratories throughout 
the civilized world. These secondary standards were used to calibrate 
other, still more accessible, measuring rods. Thus until recently every 
ruler, micrometer, or vernier caliper derived its legal authority from the 
standard meter through a complicated chain of comparisons using micro- 
scopes and dividing engines This statement was also true for the yard 

.used in English-speaking countries. Since 1959 one yard has been defined, 
by international agreement, to be 


1 yard = 0.9144 meter, exactly, 


which is equivalent to 
lin. = 2.54 cm, exactly. 


There are several objections to the meter bar as the primary standard 
of length: It is potentially destructible, by fire or war, for example; it is 
not accurately reproducible; i£ is not very accessible. Most important, 
the accuracy with which the necessary intercomparisons of length can be 
made by. the technique of comparing fine scratches, using a microscope, is 
no longer great enough to meet modern requirements of science and tech- 
nology. The maximum accuracy ob;ainable with the standard meter as a 
reference is about 1 part in 107; an error of this amount in the bárehole of à 
guidance gyroscope could cause a space shot aimed at the moon to miss by 
a thousand miles. t 

The suggestion that the length of a light wave be used as a length stand- 
ard was first made in 1864 by Hippolyte Louis Fizeau (1819-1896). The 
later development of the interferometer (see Chapter 43) provided scientists 
with a precision optical device in which light waves can be used as a length 


* See “fhe Metre” by H. Barrell, in Contemporary Physics, Vol. 3, p- 415, 1962, for 
an excellent discussion of the standard of length. 
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Fig. 1-1 A Kr86 light source shown removed from the container in which it is 
housed. In operation the lamp is cooled with liquid nitrogen. (Courtesy the 
National Physical Laboratories, Teddington, England. Crown copyright reserved.) . 


comparison probe. Light waves are about 5 X 1075 cm long and length 
measurements of bars some centimeters long can be made to a very smal] 
fraction of a wavelength. An accuracy of 1 part in 10? in the intercom- 
parison of lengths using light waves is inherently possible. As the need 
for this, increased accuracy in length comparisons arose, efforts were made 
to determine the best light source. 

In 1961 an atomic standard of length was adopted by international 
agreement. The wavelength in vacuum of a particular orange radiation 
(identified by the speetroscopie notation 2p19 — 5ds) emitted by atoms of 
à particular isotope of krypton (Kr*5) in an electrical discharge was chosen. 
Specifically, one meter is now defined to be 1.650,763.73 wavelengths of 
this light. This number of wavelengths was arrived at by carefully meas- 
uring the length of the standard meter bar in terms of these light waves. 
This comparison.was done so that the new standard, based on the wave 
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length of light, would be as consistent as possible with the old standard, 
based on the meter bar. Figure 1-1 shows a krypton-86 light source, used 
as the basis of the length standard. 

The choice of an atomic standard offers advantages other than increased 
precision in length measurements. The atoms that generate light are 
available everywhere and all atoms of a given species are identical and 
emit light-of the same wavelength. Hence such an atomie standard is both 
accessible and invariable. The particular wavelength chosen is uniquely 
characteristic of krypton-86 and is very sharply defined. This isotope can 
be obtained with great purity relatively easily and cheaply. 


1-5 Standard of Time 


The measurement of time has two different aspects. For civil and for 
some scientific purposes, we want to know the time of day so that we can : 
order events in sequence. In most scientific work, we want to know how 
long an event lasts. Alternatively, if we are dealing with an oscillating 
system such as a microwave oscillator or an acoustic resonator, we want to 
know its frequency of oscillation. Thus any time standard must be able 
to answer both the question “What time is it?” and the two related ques- 
tions “How long does it last?" or “What is its frequency?”* Table 1-2 
shows the wide range of time intervals that can be measured. 

Any phenomenon that repeats itself can be used as a measure of time ; 


* See “Accurate Measurement of Time” by Louis Essen, in Physics Today, July 1460, 
for an excellent discussion of the standard of time. 


Table 1-2 
Some MEASURED TIME INTERVALS 

E Seconds, 
Age of the earth eae 101" 
Age of the pyramid of Cheops 115. x 10!! 
Human life expectancy (USA) 210? 
Time of earth's orbit around the sun (1 year) ED UP 10 
Time of earth's rotation about its axis (1 day) 8.6 X 10 
Period of the Echo II satellite GN XE 10 
Half-life of the free neutron 7.0 x10 ^ 
Time between normal heartbeats 8.0 X 107. 
Period of concert-A tuning fork 2.9 X 107 
Half-life of the muon 2.2 X10 id 
Period of oscillation of 3-cm microwaves 1.0 X 0. 
Typical period of rotation of & molecule 1X ar 
Half-life of the neutral pion E 2.2 X nS 
Period of oscillation of a 1-Mev gamma ray (calculated) 4x10 
Time for a fast elementary partiele to pass through a medium- AAN, 


sized nucleus (calculated) 


———— 
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the measurement consists of counting the repetitions. An oscillating 
pendulum, coiled spring, or quartz crystal can be used, for example. Of 
the many repetitive phenomena occurring in nature, the rotation of the 
earth on its axis, which determines the length of the day, has been used as & 
time standard from earliest times. It is still the basis of our civil and legal 
time standard, one (mean solar) second being defined to be 1/86,400 of a 
(mean solar) day. Time defined in terms of the rotation of the earth is 
called universal time (UT). 

In 1956, for reasons that will follow, the International Congress of 
Weights and Measures redefined the second, for scientific purposes 
requiring high precision, in terms of the earth’s orbital motion about 
the sun. More particularly, they defined the second to be the fraction 
1/31,556,925.9747 of the tropical year 1900; the selection of a particular 
earth orbit in the definition automatically makes the time standard invari- 
able. "Time defined in terms of the earth's orbital motion is called ephem- 
eris time (ET). 

Both UT and ET must be determined by astronomical observations. 
Since these observations must be extended over several weeks (for UT) or 
several years (for ET), a good secondary terrestrial clock, calibrated by the 
astronomical observations, is needed. Quartz crystal clocks, based on the 
electrically sustained natural periodic vibrations of a quartz wafer, serve 


Fig. 1-2 This cesium atomic clock at the Boulder Laboratories of the National 
\Bureau of Standards measures frequency and time intervals to an accuracy equivalent 
‘to the loss of less than 1 sec in 3000 years. 
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Oven Magnetic Resonant Magnetic" Detector 
field A cavity C field B 


Fig, 1-3 A schematic diagram of & cesium atomic clock. The vertical arrows in 
the shaded magnetic field areas point from the strong field to the weak field region of 
the (nonuniform) magnetic field, as the variable shading also suggests. 


well as secondary time standards. The best of these have kept time for a 


year with a maximum error of 0.02 sec. 

One of the most common uses of a time standard is the determination of 

frequencies. In the radio range, frequency comparisons to à quartz clock 

can be made electronically to & precision of at least 1 part in 107 and, 

indeed, many situations require such precision. However, this precision is 

about one hundred times greater than that with which a quartz clock itself 

can be calibrated by astronomical observations. To meet the need for & 

better time standard, atomic clocks have been developed in several coun- 

tries, using periodic atomic vibrations as & standard. 3 

A particular type of atomic clock, based on & characteristic frequency 
associated with the cesium atom, has been in continuous operation at the 
National Physical Laboratory in England since 1955. Figure 1-2 shows 
a similar clock at the U. S. Bureau of Standards. 

A cesium atom behaves like a tiny magnet. It experiences a sideways deflection 
as it moves through & nonuniform magnetic field; the amount and the direction 
of the deflection depend on the strength of this magnet and on the orientation of 
the axis of the magnet in this field. 

In a cesium atornic clock, the oven in Fig. 1-3 serves as & source of cesium 
atoms, which enter and are deflected by nonuniform magnetic field 4. The atoms 
then pass through slit S located in the center of a resonating cavity C and enter 
nonuniform magnetic field B. If no change in the effective magnetic strength of 
the atoms occurs while they pass through the cavity, the field B just cancels out 
the deflections produced by field A and the moving atoms strike the detector. 

If the cavity C is filled with radiation produced by & microwave oscillator and 
if this radiation has a sharply defined critical frequency vcn the cesium atoms may 
change their effective magnetic strength as they pass through the cavity.* If 
. * An atom can exist in a number of discrete configurations, or stationary states, each 

with a well-defined energy. The atom can be induced to change from one of these 
states to another by irradiating it with, or by stimulating it to emit, light waves or 
other radiations with certain sharply defined frequencies. Radiations with frequencies 4 
that do not belong to this discrete set will, in general, have no effect. When such 
transitions between configurations occur, many properties of the atom, among them 1 
effective magnetic strength, may change- 
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The cesium atoms in the apparatus of Fig. 1-3 aet like a pendulum in a pendulum 
clock; in each case, we have a characteristic frequency that is used to control a 
time-keeping device. : 

The fundamental atomic frequency yc, on which the cesium clock is based has 
been measured in terms of the standard second defined in terms of the earth’s 
orbital motion as: yc, = 9,192,631,700 + 20 vibrations/sec of ephemeris time, 
the partieular earth orbit being the tropical year 1957. 


Figure 1-4 Shows, by comparison with the cesium clock, variations in 
the rate of rotation of the earth over nearly a three-year period. Note 
that the earth’s rotation rate is high in summer and low in winter (north- 
ern hemisphere) and exhibits a steady decrease from year to year. It is 
because of this variability of the earth’s rotation, pointed up so sharply in 
Fig. 1-4 but also known from astronomical observations, that UT was 
replaced by ET for precise scientifie work. 

In connection with Fig. 1-4, it is legitimate to:ask how we can be sure 
that the rotating earth and not the cesium clock is “at fault." "There are 
two answers. (1) The relative simplicity of the atom compared to the 

, earth leads us to ascribe any differences between the two as timekeepers to 
physical phenomena on the earth. Tidal friction between the water and 
the land, for example, causes a slowing down of the earth’s rotation. Also 
the seasonal motion of the winds introduces a regular seasonal variation in 
the rotation. Other variations may be associated with the melting of polar 


Fig. 1-4 "Variation in the rate of 
rotation of the earth as revealed by 
comparison with a cesium clock. 


Parts in 10? 
M I i 
o8 5 

eS 


Today, July 1960.) 


(Adapted from L, Essen, Physics ' 
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The time standard can be made available at remote locations by radio 
transmission. Many countries maintain radio stations for this purpose. 
Station WWV, located in Beltsville, Maryland, and operated by the 
National Bureau of Standards, is one of these. It broadcasts on carrier 
frequencies of 2.5, 5, 10, 15, and 25 X 10° cycles/sec, stabilized to 1 part 
in 10'° by comparison to a cesium clock. At 5-min intervals, WWV 
alternately broadcasts an accurate 440-cycle/sec tone (concert A) and a 
600-cycle/sec tone. Ten times per hour it broadcasts time signals, using 
a binary digit coding system; the signals are based on the earth’s rotation, 
that is, they refer to universal time. Corrections are made for the wander- 
ing of the earth’s axis and the annual variation in the earth’s rotational 
speed. 

In 1964, the second based on the cesium clock was temporarily adopted 
as an international standard by the Twelfth General Conference of Weights 
and Measures meeting in Paris. The action increases the accuracy of time 
measurements to 1 part in 10!', an improvement over the accuracy associ- 
ated with astronomical methods of about 200. If two cesium clocks are 
operated at this precision, and if there are no other sources of error, the 
clocks will differ by only one second after running 5000 years. 

Atomic clocks are still-in a phase of rapid-development as of 1965 and 
it is for this reason that the “cesium second” was adopted only temporarily. 
For example, the hydrogen maser gives promise of producing a clock with 
an error of only one second in 33,000,000 years. 


1-6 Systems of Units à 
As already pointed out, there is a certain amount of arbitrariness in the 
choice of the fundamental quantities.* For example, length, time, and 
mass can be chosen as fundamental quantities; all other mechanical 
quantities, such as force, torque, density, etc., can be expressed in terms of 
these fundamental quantities. However, we might equally well choose 
force instead of mass as a fundamental quantity. However, having picked 
the fundamental quantities and determined units for them, we thereby 
automatically determine the units of the derived quantities: — 

Three different systems of-units are most commonly used in science and 
engineering. They are the meter-kilogram-second or mks system, the 
Gaussian system, in which the fundamental mechanical units are a 
centimeter, the gram, and the second (a cgs system), and the cien 
engineering system (a foot-pound-second or fps system). The E 
kilogram are mass units, and the pound is a force unit; these will be defin 
and discussed in Chapter 5. f 

We shall use ree system principally throughout the text, art in 
mechanics where the fps system will also be used. The metric ae m 3 
used universally in scientific work and provides the common unt of com 
merce in most countries of the world. š 


* See “Dimensions, Units, and Standards" by A. G. McNish, in Physics Today, 


April 1957. 
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Table 1-3 


Prerixes Usep For MULTIPLES AND SUBMULTIPLES 
Or METRIC QUANTITIES 


107! deci- deca- 10! 
107? centi- hecto- 10? 
107* milli- kilo- 10° 
10-5 micro- mega- 10° 
10-? nano- giga- 10° 


10-1: pico- tera- 10}? 


Some prefixes used to identify multiples and submultiples of metric 
quantities are shown in Table 1-3. Thus 1 millimeter = 10~* meter, 
1 nanosecond = 10^? sec, 1 megavolt = 10° volt, etc. 

Much of the literature of physics is written in the Gaussian system. 
The student of physics must become familiar with several systems of units 
and must develop a facility for their manipulation. Appendix L shows 
how the equations of physics, given in this book in the form appropriate to 
the mks system, may be written in the form suitable to the Gaussian sys- 
tem; it also provides a Gaussian units table and gives their mks equivalents. 
The laws of physics, which express relations among observable physical 
quantities, are unchanged in physical content and significance, however, no 
matter what unit system is chosen to express them. 


QUESTIONS 


1. Do you think that a definition of a physical quantity for which no method of 
measurement is known or given has meaning? 

2. According to operational philosophy, if we cannot prescribe a feasible operation 
for determining a physical quantity, the quantity is undetectable by physical means 
and should be given up as having no physical reality. Not all scientists accept this 
view. What are the merits and drawbacks of this point of view in your opinion? 

3. What characteristics, other than accessibility and invariability, would you con- 
sider desirable for a physical standard? ` 

4. If someone told you that every dimension of every object had shrunk to half its 
former value overnight, how could you refute his statement? 

5. How would you criticize the following statement: “Once you have picked a physi- 
cal standard, by the very meaning of standard it is imvariable?”” 

6. What does an observer on the earth mean by “up” and “down”? Do all stich 
observers use the same reference frame? How could one make the meaning clearly 
understood to any observer? x : 

7. Why was it necessary to specify the temperature at which comparisons with the 
standard meter bar were to be made? -Can length be called a fundamental quantity 
if another physical quantity, such as temperature, must be specified in choosing & 
Standard? é i 
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8. Can length be measured along a curved line? If so, how? i 

9. Can you suggest a way to measure (a) the radius of the earth; (b) the distance 
between the sun and the earth; (c) the radius of the sun? 

10. Can you suggest a way to measure (a) the thickness of a sheet of paper; (b) the 
thickness of a soap bubble film; (c) the diameter of an atom? 

11. What criteria should a good clock satisfy ? 

12. Name several repetitive phenomena occurring in nature which could serve as 
reasonable time standards. 

13. The time it takes the moon to return to a given position as seen against the back- 
ground of the fixed stars is called a siderial month. The time interval between identical 
phases of the moon is called a lunar month. "The lunar month is longer than a siderial 
month. Why? ; 

14. When man colonizes other planets, what drawbacks would our present standards 
of length and time have? What drawbacks would atomic standards have? 

15. Can you think of a way to define a length standard in terms of a time standard 
or vice versa? (Think about a pendulum clock.) If so, can length and time both be 
considered as fundamental quantities? 


PROBLEMS 


1. Express your height in the metric system of units. 

2. In track meets both 100 yards and 100 meters are used as distances for dashes. 
Which is longer? By how many meters is it longer? By how many feet? 

3. A rocket attained a height of 300 kilometers. What is this distance in miles? 


4. Machine-tool men would like to have master gauges (1 in. long, say) good to 
0.0000001 in. Show that the platinum-iridium meter is not measurable to this accuracy 
but that the krypton-86 meter is. Use data given in this chapter. 

5. Assume that the average distance of the sun from the earth is 400 times the aver- 
age distance of the moon from the earth. Now consider a total eclipse of the sun and 
state conclusions that can be drawn about (a) the relation between the sun's diameter 
and the moon’s diameter; (b) the relative volumes of sun and moon. List the assump- 
tions made in arriving at these answers. (c) Find the angle intercepted at the eye by 
a dime that just eclipses the full moon and from this experimental result and the given 
distance between sun and earth, estimate the diameter of the moon. 

6. Astronomical distances are so large compared to terrestrial ones that much larger 
units of length are used for easy comprehension of the relative distances of astronomical 
objects. An astronomical unit (AU) is equal to the average distance from the earth to 
the sun, about 92.9 X 10° miles. A parsec is the distance at which one astronomical 
unit would subtend an angle of 1 sec of arc. A light year is the distance that light, 
traveling through a vacuum with a speed of 186,000 miles/sec, would cover in one year. 
(a) Express the distance from earth to sun in parsecs and inlight years. (b) Express 
a light year and a parsec in miles. 

7. Assuming that the length of the day uniformly increases by 0.001 sec in a century, 
calculate the cumulative effect on the measure of time over twenty centuries. Such 
a slowing down of the earth’s rotation is indicated by observations of the occurrences 
of solar eclipses during this period. i 

8.. (a) A unit of time sometimes used in microscopic physics is the shake. One shake 
equals 10-5 sec. Are there more shakes in a second than there are seconds in a year? 
(b) Mankind has existed for about 10° years, whereas the universe is about 10!? years 
old. Tf the age of the universe is taken to be one day, for how many seconds has man- 


kind existed? 
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9. (a) The radius of the proton is about 1075 meter; the radius of the observable 
universe is about 10% em, Identify a physically meaningful distance which is approxi- 
mately halfway between these two extremes on a logarithmic scale. (b) ‘The mean life 
of a neutral pion: (an elementary particle) is about 2 X 107!* sec. The age of the uni- 
verse is about 4 X 10° years. Identify a physically meaningful time interval that is 
approximately halfway between these two extremes on a logarithmic scale. 

10. From Fig. 1-4, caleulate by what length of time the earth's rotation period in 
midsummer differs from that in the following spring. 

11, A naval destroyer is testing five clocks. Exactly at noon, as determined by the 
WWYV time signal, on the successive days of a week the clocks read as follows: 


Clock Sun. Mon. Tues. Wed. Thurs. Fri. Sat. 


12:36:40 — 12:36:56 12:37:12 12:37:27 12:37:44 12:37:59 12:38:14 
11:59:59 — 12:00:02 11:59:57 12:00:07 12:00:02 11:59:56 12:00:03 
15:50:45 15:51:43 15:52:41 15:53:30 15:54:37 15:55:35 10:56:33 
12:03:59 12:02:52 12:01:45 12:00:38 11:59:31 11:58:24 11:57:17 
12:03:59 — 12:02:49 12:01:54 12:01:52 12:01:32 12:01:22 ^ 12:01:12 


How would you arrange these five clocks in the order of their relative value as good 
timekeepers? Justify your choice. 


wawa 


Vectors 
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CHAPTER 2 


2-1 Vectors and Scalars 


A change of position of a particle is called a displacement. If a particle 
moves from position A to position B (Fig. 2-1a), we can represent its dis- 


' placement by drawing a line from A to B; the direction of displacement can 


be shown by putting an arrowhead at B indicating that the displacement 
was from A to B. The path of the particle need not necessarily be a 
straight line from A to B; the arrow represents only the net effect of the 
motion, not the actual motion. 

In Fig. 2-1b, for example, we plot a path followed by a particle from 
AtoB. The path is not the same as the displacement AB. If we were to 
take snapshots of the particle when it was at A and, later, when it was at 
some intermediate position P, we could obtain the displacement vector 
AP; representing the net effect of the motion during this interval, even 
though we would not know the actual path taken between these points. 
Furthermore, a displacément such as A'B' (Fig. 2-1a), which is parallel to 
AB, similarly directed, and equal in length to AB, represents the same 
change in position as AB. We make no distinction between these two dis- 
placements. A displacement is therefore characterized by a length and a 
direction. 

In a similar way, we can represent a subsequent displacement from B to 
C (Fig. 2-1c). The net effect of the two displacements will be the same as 
a displacement from A to C. We speak then of AC as the sum or resultant 
of the displacements AB and BC. Notice that this sum is not an algebraic 
sum and that a number alone cannot uniquely specify it. 

15 
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Fig. 2-1 Displacement vectors. (a) Vectors AB and A'B' are identical since they 
have the same length and point in the same direction. (b) The actual path of the 
particle in moving from A to B may be the curve shown; the displacement remains 
the vector AB. At some intermediate point P the displacement from A is the vector 
AP. (c) After displacement AB the particle undergoes another displacement BC. 
. The net effect of the two displacements is represented by the vector AC. 


Quantities that behave like displacements are called vectors.* Vectors, 
then, are quantities that have both magnitude and direction and combine 
according to certain rules of addition. "These rules are stated below. The 
displacement vector can be considered as the prototype. Some other 
physical quantities which are vectors are force, velocity, acceleration, elec- 
tric field strength, and Magnetic induction. Many of the laws of physics 
can be expressed in compact form using vectors; derivations involving 
these laws are often greatly simplified if this is done. 

Quantities that can be completely specified by a number and unit and 
that therefore have magnitude only are called scalars. Some physical 
quantities which are scalars are mass, length, time, density, energy, and 
temperature. Scalars can be manipulated by the rules of ordinary algebra. 


2-2 Addition of Vectors, Geometrical Method 


To represent a vector on a diagram we draw an arrow. We choose the 
length of the arrow proportional to the magnitude of the vector (that is, we 
choose a scale), and we choose the direction of the arrow to be the direction 
of the vector, with the arrowhead giving the sense of the direction. For 
example, a displacement of 40 ft north of east on a scale of 1.0 in. per 10 ft 
would be represented by an arrow 4.0 in. long, drawn at an angle of 45? to 
the horizontal direction with the arrowhead at, the top right extreme. A 
vector such as this is represented conveniently in printing by a boldface 
symbol such as d. In handwriting it is convenient to put an arrow above 


the symbol to denote a vector quantity, such as d. 


* The word vector comes from the Latin and means carrier, which suggests a displace- 


ment. A good general reference on vectors is Vector and Tensor Analysis by G. E. Hay, 
Dover Publications, 1953. 


4 


Fig. 2-3 (a) The commuta- 
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Often we shall be interested only in the magnitude of the vector and not 
in its direction. The magnitude of d may be written as jal , called the 
absolute value of d; more frequently we represent the magnitude alone by 
the italic letter symbol, such as d. The boldface 
symbol is meant to signify both properties of the 
vector, magnitude and direction. _ 

Consider now Fig. 2-2 in which we have redrawn 
and relabeled the vectors of Fig. 2-1c. The rela- 
tion among these displacements (vectors) can be 
written as 


ad b-r. (2-1) 


The rules to be followed in performing this (vector) Fig. 2-2 The vec- 


tor sum a +b =r. 


_addition geometrically are these: On a diagram Galaparonwith arin 


drawn to scale lay out the displacement vector a; 2-1c. 
then draw b with its tail at the head of a, and draw 
a line from the tail of a to the head of b to con- 
struct the vector sum r. ‘This is a displacement equivalent in length 
and direction to the successive displacements a and b. This procedure can 
be generalized to obtain the sum of any number of successive displacements. 
Since vectors are new quantities, we must expect new rules for their 
manipulation. The symbol “+” in Eq. 2-1 simply has a different mean- 
ing from arithmetic or ordinary algebra. It tells us to carry out a different 
set of operations. 
Using Fig. 2-3 we can prove two important properties of vector addition: 


at+b=b+a, (commutative law) (2-2) 


and 
d + (e + f) = (d + e) + f. (associative law) ; (2-3) 


These laws assert that it makes no difference in what order or in what 
grouping we add vectors; the sum is the same. In this respect, vector addi- 
tion and scalar addition fellow the same rules. 

The operation of subtraction can be included in our vector algebra by 
defining the negative of a vector to be another vector of equal magnitude 


tive law for vector sums, which 
States that a +b =b +a. 
(b) The associative law, which 
States that d + e + f. 
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Fig. 2-4 The vector difference a — b 
=a +(-b). 


, 


but opposite direction. Then 
a—b=a-+ (—b) (2-4) 


. as shown in Fig. 2-4. 
Remember that, although we have used displacements to illustrate these 
operations, the rules apply to all vector quantities. 


2-3 Resolution and Addition of Vectors, Analytic Method 


The geometrical method of adding vectors is not very useful for vectors 
in three dimensions; often it is even inconvenient for the two-dimensional 
case. Another way of adding vectors is the analytical method, involving 
the resolution of a vector into components with respect to à particular 
coordinate system. 

Figure 2-5a shows a vector a whose tail has been placed at the origin of 
a rectangular coordinate system. If we drop perpendicular lines from the 
head of a to the axes the quantities a, and a, so formed are called the com- 
ponents of the vector a. The process is called resolving a vector into its 
components. Figure 2-5 shows a two-dimensional case for convenience; 
the extension of our conclusions to three dimensions will be clear. 

A vector may have many sets of components. For example, if we rotate 
the z-axis and y-axis in Fig. 2-5a by 10? counterclockwise, the components 
of a would be different. Furthermore, we may use a nonrectangular 
coordinate system, that is, the angle between the two axes need not be 90°. 
Thus the components of a vector are only uniquely specified if we specify 


Fig. 2-5 Two examples of the resolution of a vector into its scalar components in 
a particular coordinate system. , 
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the particular coordinate system being used. The vector need not be 

drawn with its tail at the origin of the coordinate system to find its com- 

ponents—although we have done so for convenience; the vector may be 

moved any where in the coordinate space and, as long as its angles with the 

coordinate directions are maintained, its components will be unchanged. 
The components a; and a, in Fig. 2-5a are found readily from 


à, = acos0 and a= asin6, (2-5) 


where @ is the angle that the vector a makes with the positive z-axis, 
measured counterclockwise from this axis. Note that, depending on the 
angle 6, az and a, can be positive or negative. For example, in Fig. 2-55, 
b, is negative and b, is positive: The components of a vector behave like 
scalar quantities because, in any particular coordinate system of a given 
reference frame, only a number, with an algebraic sign, is needed to specify 
them. 

Once a vector is resolved into its components, the components them- 
selves can be used to specify the vector. Instead of the two numbers a 
(magnitude of the vector) and 6 (direction of the vector relative to the 
z-axisj, we now have the two numbers a, and ay. We can pass back and 
forth between the description of a vector in terms of its components az, ay. 
and the equivalent description in terms of magnitude and direction a and 
6. To obtain a and 6 from a, and ay, we note from Fig. 2-5a that 


a= Va,’ +a; (2-6a) 


tan 0 = ay/a;. (2-6b) 


The quadrant in which @ lies is determined from the sign of az and ay. 

When resolving a vector into components it is sometimes useful to intro- 
duce a vector of unit length in a given direction. Thus vector a in Fig. 
2-6a may be written, for example, as 


a = ua, (2-7) 
where u, is a unit vector in the direction of a. Often it is convenient to 


draw unit vectors along the particular coordinate axes chosen. In the 
rectangular coordinate system the special symbols i, j, and k are usually 


and 


Fig. 2-6 (a) The vector a 
may be written as uaa in 
which ua is a unit vector in 
the direction of a. (b) The 
unit vectors i, j, and k, used 
to specify the positive z-, y-- 
and z-directions respectively. 
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Fig. 2-7 Two examples of the resolution of a vector into its vector components 
in a particular coordinate System ; compare with Fig. 2-5. 


used for unit vectors in the positive z-, y-, and 2-directions, respectively; 


see Fig. 2-60. Note that i, j, and k need not be located at the origin. 
Like all vectors, they can be translated anywhere in the coordinate space 
as long as their directions with respect to the coordinate axes are not 
changed. 

The vectors a and b of Fig. 2-5 may be written in terms of their com- 
ponents and the unit vectors as 


a = iia + ja, í (2-8a) 
and l | 
b = ibs H jy; (2-8) 
see Fig. 2-7. The vector relation 1. 2-8a is equivalent to the scalar 


relation Eq. 2-6; each relates the vector (a, or a and 0) to its components 
(a, and ay). Sometimes we will call quantities such as ia, and jay in Eq. 
2-8a the vector components of a; they are drawn as vectors in Fig. 2-7a. 
The word component alone will continue to refer to the scalar quantities 
Qz and ay. i 

We now consider the addition of vectors by the analytical method. Let 
r be the sum of the two vectors a and b lying in the z-y plane, so that 


r-— a b. . (2-9) 


In a given coordinate System, two vectors such as r and a + b can only be 
equal if their corresponding components are equal, or 

Tz = Gz +b, (2-10a) 
and 
; fy = dy + by. (2-106) 
These two algebraic equations, taken together, are equivalent to the single 


vector relation Eq. 2-9. From Eqs. 2-6 we may find r and the angle 6 that 
r makes with the z-axis ; that is, 


r—- vu rn. 
and 
tan @ = 


[ 

3 
ES 
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Thus we have the following analytic rule for adding vectors: Resolve 
each vector into its components in a given coordinate system; the algebraic 
sum of the individual components along a particular axis is the component 
of the sum vector along that same axis; the sum vector can be reconstructed 
once its components are known. This method for adding vectors may be 
generalized to many vectors and to three dimensions (see Problems 6 
and 11). 

The advantage of the method of breaking up vectors into components, 
rather than adding directly with the use of suitable trigonometric rela- 
tions, is that we always deal with right triangles and thus simplify the 
calculations. ; 

In adding vectors by the analytical method, the choice of coordinate 
axes determines how simple the process will be. Sometimes the com- 
ponents of the vectors with respect to a particular set of axes are known 
to begin witi, so that the choice of axes is obvious. Other times a judicious 
choice of axes can greatly simplify the job of resolution of the vectors into 
components. For example, the axes can be oriented so that at least one 
of the vectors lies parallel to an axis. 


> Example 1. An airplane travels 130 miles on a straight course making an 
angle of 22.5? east of due north. . How far north and how far east did the plane 
travel from its starting point? 

We choose the positive z-direction to be east and 
the positive y-direction to be north. Next (Fig. 2-8) 
we draw a displacement vector from the origin (start- 
ing point), making an angle of 22.5° with the y-axis 
(norih) inclined along the positive x-direction (east). 
The length of the vector is chosen to represent a 
magnitude of 130 miles. If we call this vector d, then 
d, gives the distance traveled east of the starting 
point and dy gives the distance traveled north of the 
starting point. We have 


6 = 90.0° — 22.5" = 67.5°, 
so that (see Eqs. 2-5) 
dz -d cos 0 = (130 miles) cos 67.5? = 50 miles, 


and 
dy = d sin 0 = (130 miles) sin 67.5° = 120 miles. 


Fig. 2-8 Example 1. 


Example 2. ‘An automobile travels due east on a 
level road for 30 miles. It then turns due north at 
an intersection and travels 40 miles before stopping. Find the resultant displace- 
ment of the car. 

We choose a reference frame fixed with respect to the earth, with the positive 
z-direction of our coordinate system pointing east and the positive y-direction 
pointing north. The two successive displacements, a and b, are then drawn as 
shown in Fig. 2-9. The resultant displacement r is obtained from r = a + b. 


16236 
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Fig. 2-9 Example 2. [ 


Since.b has no z-component and a has no y-component, we obtain (see Eqs. 2-10) 
Tz = az + b. = 30 miles } 0 = 30 miles, 
Ty = dy + by = 0 + 40 miles = 40 miles. 
The magnitude and direction of r are then (see Eqs. 2-6) 
r = Wrz? + ry! = V (80 miles)? + (40 miles)? = 50 miles, 


40 miles 
tan 0 = = —— =]. 0 = tan^! (1.33) = 53°. 
0 = ry/rz anes Po an-! (1.33) 
The resultant vector displacement r has à magnitude of 50 miles and makes an 


angle of 53? north of east. 


Example 3. Three coplanar vectors are expressed, with respect to a certain 
rectangular coordinate system of a given reference frame, as 


, a = 4i — j, 
b = —3i + 2j, 
and CS —8j, 


in which the components are given in arbitrary units. Find the vector r which is 
the sum of these vectors. 


Fig. 2-10 "Three vectors, a, b, 
and e, and their vector sum r. 


Sec. 2-4 MULTIPLICATION OF VECTORS Mine c 
From Eqs. 2-10 we have 


T; = dg +b +c 2 4— 84-0 — 1, 
and 
: Ty = ay +by + ĉ&y = 71 +2 — 3 + -2. 
_ Thus 
r = irg jry 

=i— 3. 
Figure 2-10 shows the four vectors. From Eqs. 2-6 we can calculate that the 
magnitude of r is 4/5 and that the angle that r makes with the positive x-axis, 
measured counterclockwise from that axis, is 


tan-! (—2/1) = 297°. 4 
2-4 Multiplication of Vectors* 


We have assumed in the previous discussion that the vectors being added 
together are of like kind; that is, displacement vectors are added to dis- 
placement vectors, or velocity vectors are added to velocity vectors. Just 
as it would be meaningless to add together scalar quantities of different 
kinds, such as mass and temperature, so it would be meaningless to add 
together vector quantities of different kinds, such as displacement and 
electric field strength. 

However, like scalars, vectors of different kinds can be multiplied by one 
another to generate quantities of new physical dimensions. Because 
vectors have direction as well as magnitude, vector multiplication cannot 
follow exactly the same rules as the algebraic rules of scalar multiplication. 
We must establish new rules of multiplication for vectors. 

We find it useful to define three kinds of multiplication operations for 
vectors: (1) multiplication of a vector by a scalar, (2) multiplication of two 
vectors in such a way as to yield a scalar, and (3) multiplication of two 
vectors in such a way as to yield another vector. There are still other 
possibilities, but we shall not consider them here. 

The multiplication of a vector by a scalar has a simple meaning: The 
product of a scalar k and a vector a, written ka, is defined to be a new 
vector whose magnitude is k times the magnitude of a. The new vector 
has the same direction as a if k is positive and the opposite direction if k is 
negative. To divide a vector by a scalar we simply multiply the vector 
by the reciprocal of the scalar. 

When we multiply a vector quantity by another vector quantity, we 
must distinguish between the scalar (or dot) product and the vector (or cross) 
product. The scalar product of two vectors a and b, written as a * b, is 
defined to be 

a.b = ab cos $, (2-11) 


* The material of this section will be used later in the text. The seglar product is 
used first in Chapter 7 and the vector product in Chapter 11. The instructor can post- 
pone this section accordingly if he wishes. Its presentation here gives a unified treat- 
ment of vector algebra and serves as a convenient reference for later work. 


— 
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where a is the magnitude of vector a, b is the magnitude of vector b, and 
cos ¢ is the cosine of the angle ¢ between the two vectors* (see Fig. 2-11). 

Since a and b are scalars and cos ¢ is a pure number, the scalar product 
of two vectors is a scalar. The scalar product of two vectors can be regarded 
as the product of the magnitude 
of one vector and the component 
of the other vector in the direction 
of the first. Because of the nota- 
tion a+b is also called the dot 
product of a and b and is spoken 
as “a dot b." 

We could have defined a+b to 
be any operation we want, for 
example, to be ab” tan (¢/2), but 
this would turn out to be of no 
use to us in physics. With our 
definition of the scalar product, a 


h 


Fig. 2-11 The scalar product a+b 
(=a b cos $4) is the product of the 
magnitude of either vector (a, say) 
by the component of the other vector 
in the direction of the first vector 
b cos ¢, say). 


number of important physical 
quantities can be described as the 
scalar product of two vectors. 
Some of them are mechanical work, 
gravitational potential energy, elec- 


trical potential, electric power, and 
electromagnetic energy density. 
When such quantities are discussed later, their connection with the scalar 
product of vectors will be pointed out. 
The vector product of two vectors a and b is written as a x b and is 
another vector c, where e = a X b. The magnitude of c is defined by 


c = ab sin ¢, (2-12) 


where ¢ is the angle between a and b. 

: The direction of e, the vector product of a and b, is defined to be perpen- 
dicular to the plane formed by a and b. To specify the sense of the vec- 
tor e we must refer to Fig. 2-12. Imagine rotating a right-handed screw 
whose axis is perpendicular to the plane formed by a and b so as to turn it 
from a to b through the angle $ between them. "Then the direction of 
advance of the screw gives the direction of the vector product a x b (Fig. 
2-12a). Another convenient way to obtain the direction of a vector prod- 

uct is the following. Imagine an axis perpendicular to the plane of a and b 
through their origin. Now wrap the fingers of the right hand around this 
axis and push the vector a into the vector b through the smaller angle 
between them with the fingertips, keeping the thumb erect ; the direction 
of the erect thumb then gives the direction of the vector product a x b 


* There are two different angles between a pair of vectors, depending on the sense of 
tation. We always choose the smaller of the two in vector multiplication. ( 
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Fig. 2-12 The vector product. (a) 
Ine = a X b, the direction of cis that 
in which a right-handed screw ad- 
vances when turned from a to b 
through the smaller angle. (b) The 
direction of e can also be obtained 
from the "right-hand rule": If the 
right hand is held so that the curled 
fingers follow the rotation of a into 
b, the extended right thumb will point 
in the direction of e. (c) The vector 
product changes sign when the order 
of the factors is reversed: a X b = 
—b Xa. 


(Fig. 2-12b).* Because of the notation, a x b is also called the cross 
product of a and b and is spoken as “ʻa cross b.” 

Notice that b x a is not the same vector as a x b, so that the order of 
factors in a vector product is important. This is not true for scalars 
because the order of factors in algebra or arithmetic does not affect the 
resulting product. Actually, a x b = —b X a (Fig. 2-12c). This can 
be deduced from the fact that the magnitude ab sin $ equals the magnitude 
ba sin $, but the direction of a x b is opposite to that of b x a; this is so 
because the right-handed screw advances in one direction when rotated 
from a to b through ¢ but advances in the opposite direction when rotated 
from b to a, through ¢. The student can obtain the same result by apply- 
ing the right-hand rule. : 

If $ is 90°, a, b, and e (= a x b) are all at right angles to one another 
and give the directions of a three-dimensional right-handed coordinate 
system. 

The reason for defining the vector product in this way is that it proves 
to be useful in physics. We often encounter physical quantities that are 


* 'The procedure described in Fig. 2-12 is à convention. ‘Two vectors such as a and 
b form a plane and there are two directions that point away from any plane. The one 
selected (by convention) employs the right hand or a right-handed screw; the left hand 
or a left-handed screw would have led to the other choice for tlie direction of a X b. ji 
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vectors whose product, defined as above, is a vector quantity having impor- 
tant physical meaning. Some examples of physical quantities that are 
vector products are torque, angular momentum, the force on a moving 
charge in. a magnetic field, and the flow of electromagnetic energy. When 
such quantities are discussed later, their connection with the vector product 
of two vectors will be pointed out. 

The scalar product is the simplest product of two vectors. The order 
of multiplication does not affect the product. The vector product is the 
next simplest case. Here the order'of multiplication does affect the prod- 
uct, but only by a factor of minus one, which implies a direction reversal. 
Other products of vectors are useful but more involved. For example, a 
tensor can be generated by multiplying each of the three components of one 
vector by the three components of another vector. Hence a tensor (of 
the second rank) has nine numbers associated with it, a vector three, and a 
scalar only one. Some physical quantities that can be represented by 
tensors are mechanical and electrical stress, moments and products of 
inertia, and strain. ‘Still more complex physical quantities are possible. 
In this book, however, we are concerned only with scalars and vectors. 


2-5 Vectors and the Laws of Physics 


Vectors turn out to be very useful in physics. It will be helpful to 
look a little more deeply into why this is true. Suppose that we have three 
vectors a, b, and r, which have components az, ay, az; bz, by, bz; and rz, 
Try, Tz, respectively in a particular coordinate system xyz of our reference 
frame. Let us suppose further that the three vectors are related so that 


r=a+b. (2-13) 
By a simple extension of Eqs. 2-10 this means that 
Te = dz + bz; Ty = dy + by; and Tz = d, + b, (2-14) 


Now consider another coordinate system «’y'z’ which has these propèr- 
ties: (1) its origin does not coincide with the origin of the first, or vyz, sys- 
tem and (2) its three axes are not parallel to the corresponding axes in the 
first system. In other words, the second set of coordinates has been both 
translated and rotated with respect to the first. 

The components of the vectors a, b, and r in the new system 
. would all prove, in general, to be different; we may represent them by 
Qz’, Qy’, 0575 bz, by, bz; and rz, Tyr, Tz’, respectively. These new components 
would be found, however, to be related (see Problem 34) in that 


Tan = Ger + be} Ty = dy + by; and Ts = Gy +b. (2-15) 
That is, in the new system we would find once again (see Eq. 2-13) that 
r=a+hb. 


In more formal language: Relations among vectors, of which Eq. 2-13 is 
only one example, are invariant (that is, are unchanged) with respect to 
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Fig. 2-13 Showing (a) a left-handed and (b) a` 
right-handed coordinate system.  Natice that (a) 
and (b) are related in that each may be viewed as 
the image of the other in mirror MM. The 
“handedness” of a coordinate system cannot be 
changed by rotating it. Note thatin (b), i Xj =k, 
whereas in (a), i Xj = —k. 


translation or rotation of the coordinates. Now it is a fact of experience that 
the experiments on which the laws of physics are based and indeed the laws 
of physics themselves are similarly unchanged in form when we rotate or 
translate the reference system. Thus the language of vectors is an ideal 
one in which to express physical laws. If we can express a law in vector 
form, the invariance of the law for translation and rotation of the coordi- 
nate system is assured by this purely geometrical property of vectors. 


It was thought until about 1956 that all laws of physics were invariant under 
another kind of transformation of coordinates, the substitution of a right-handed 
coordinate system for a left-handed one (see Fig. 2-13). In that year, however, 
some experiments involving the decay of certain elementary particles were studied , 
in which the result of the experiment did turn out to depend on the “handedness” 
of the coordinate system used to express the results. In other words, the experi- 
ment and its image in a mirror would yield different results!* This surprising 
result led to a-re-examination of the whole question of the symmetry of physical 
laws; as of 1965 these studies remain among the most challenging in modern physics. 


QUESTIONS 


1. Can two vectors of different magnitude be combined to give a zero resultant? 
Can three vectors? 

2. Can a vector be zero if one of its components is not zero? 

3. Does it make any sense to call a quantity a vector when its magnitude is zerc ? 

4. Name several scalar quantities. Is the value of a scalar quantity dependent on 

` the reference frame chosen? , 

5. We can order events in time. For example, event b may precede event c but fol- 
low event a, giving usa time order of events a, b, c. Hence there is a sense of time, 
distinguishing past, present, and future. Is time a vector therefore? If not, why not? 


* C. N. Yang and T. D. Lee were awarded the Nobel prize in 1957 for their theoretical 
prediction that this would be the case. 
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6. Do the commutative and associative laws apply to vector subtraction? 
7. Can a scalar product be a negative quantity? 


PROBLEMS 


1. Two vectors a and b are added. Show that the magnitude of the resultant can- 
not be greater than a +b or smaller than la - bl, where the vertical bars signify 
absolute value. 


2. What are the properties of two vectors a and b such that 


(a) a+b=c¢ and a+b-=c, 
(5) actb-a-b, 
(c) actb-c and a?+b? =c 


3. Consider two displacements, one of magnitude 3 meters and another of magnitude 
4 meters. Show how the displacement vectors may be combined to get a resultant 
displacement of magnitude (a) 7 meters, (b) 1 meter, and (c) 5 meters. 

4. o vectors a and b have equal magnitudes, say 10 units. They are oriented as 
shown in Fig. 2-14 and their vector sum is r. Find (a) the z- and y-components of r; 
(b) the magnitude of r; and (c) the angle r makes with the z-axis. 


Fig. 2-14 


5. Given two vectors a — 4i — 3j and b — 6i + 8j, find the magnitude and direc- 
tion of a, of b, of a + b, of b — a, and of a — b. 

6. Generalize the analytical method of resolution and addition to the case of three 
or more vectors. 


T. A car is driven eastward for a distance of 50 miles, then northward for 30 miles, 
and then in a direction 30° east of north for 25 miles. Draw the vector diagram and 
determine the total displacement of the car from its starting point. 


8. A golfer takes three strokes to get his ball into the hole once he is on the green. 
The first stroke displaces the ball 12 ft north, the second stroke 6.0 ft southeast, and 
the third stroke 3.0 ft southwest. What displacement was needed to get the ball into 
the hole on the first stroke? . 

9. A particle undergoes three successive displacements in a plane, as follows: 4.0 
meters southwest, 5.0 meters east, 6.0 meters in-a direction 60° north of east. Choose 
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the y-axis pointing north and the z-axis pointing east and find (a) the components of 
each displacement, (b) the components of the resultant displacement, (c) the magnitude 
and direction of the resultant displacement, and (d) the displacement that would be 
required to bring the particle back to the starting point. 

10. Use a scale of 2 meters to the inch and add the displacements of Problem 9 
graphically. Determine from your graph the magnitude and direction of the resultant. 

11. Generalize the analytical method of resolving and adding two vectors to three 
dimensions. ) 

12. (a) A man leaves his front door, walks 1000 ft east, 2000 ft north, and then takes 
a penny from his pocket and drops it from a cliff 500 ft high. Set up a coordinate sys- 
tem and write down an expression, using unit vectors, for the displacement of the penny. 
(b) The man then returns to his iront door, following a different path on the return trip. 
What is his resultant displacement for the round trip? 

13. Find the sum of the vector displacements e and d whose components in miles 
along three perpendicular directions are 


cz = 5.0, cy = 0, c = —2.0; dz = —3.0, dy = 4.0, d; = 6.0. 


14. A vector d has a magnitude 2.5 meters and points due north. What are the 
magnitudes and directions of the vectors 


(a) —d, (b) d/2.0, (c) —2.5d and (d) 4.04? 


15. A room has the dimensions 10 ft x 12 ft X 14 ft. A fly starting at one corner 
ends up at a diametrically opposite corner. (a) What is the magnitude of its displace- 
ment? (b) Could the length of its path be less than this distance? Greater than this 
distance? Equal to this distance? (c) Choose a suitable coordinate system and find 
the components of the displacement vector in this frame. 

16. In Problem 15, if the fly does not fly but crawls, what is the length of the shortest 
path it can take? 

17. A man flies from Washington to Manila. Describe the displacement vector. 
What is its magnitude if the latitude and longitude of the two cities are 39° N, 77° W 
and 15° N, 121° E? 

18. Two vectors of lengths a and b make an angle 0 with each other when placed 
tail to tail. Prove, by taking components along two perpendicular axes, that the 
length of the resultant vector is 


r = Va? + b? + 2ab cos 0. 


19. Show for any vector a that a: a = a° and that a X a = 0. ; 

20. Use the standard (right-hand) zyz system of coordinates. Given vector a in the 
+2-direction, vector b in the --y-direction, and the scalar quantity d: (a) What is the 
direction of a X b? (b) What is the direction of b X a? (c) What is the direction of 
b/d? (d) What is the magnitude of a * b? ; 

21. A vector a of magnitude ten units and another vector 
point in directions differing by 60°. Find (a) the scalar produ 
(b) the vector product of the two vectors. 

22. In the coordinate system of Fig. 2-6b show that 


b of magnitude six units 
ct of the two vectors and 


i-iajejok-k=1 
and 
iejoj:k=kri=0. ) 
23. In the right-handed coordinate system of Fig. 2-6b show that 
iXi-jXj-kXk-0 


ixj-k kxisj ixk=i 
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24. (a) We have seen that the commutative law does not apply to vector products, 
that is, a X b does not equal b X a. Show that the commutative law does apply to 
scalar products, that is, a+b = b-a. (b) Show that the distributive law applies to 
both scalar products and vector products, that is, show that 


a-(b+c) =a+b+a-‘candthata X (b+c)=aXb+axXec. 
(c) Does the associative law apply to vector products, i.e., does a X (b X c) equal 
(a X b) X c? Does it make any sense to talk about an associative law for scalar 
producta? 

25. Scalar product in unit vector notation. Let two vectors be represented in terms of. 
their coordinates as 

a = ia, + ja, + ka, 
and 
b = ib. + jb, + kb. 
Show analytically that 
a*b = ab, + ayby + a;b,. 
(Hint: See Problem 22.) 

26. Use the definition of scalar produet a+b = ab cos ¢ and the fact that a * b = 
a:b, + a,b, + ab, (see Problem 25) to obtain the angle between the two vectors given 
by a = 3i + 3j — 3k and b = 2i + j + 3k. 

27. Vector product in unit vector notation. . Show analytically that a X b = i(ayb, — 
a,b) + j(asbz — azbs) + k(asb, — aybz). (Hint: See Problem 23.) 

28. Show that the magnitude of a vector product gives numerically the area of the 
parallelogram formed with the two component vectors as sides (see Fig. 2-15). Does 
this suggest how an element of area oriented in space could be represented by a vector? 


Fig. 2-15 


29. Show that the area of the triangle contained between the vectors a and b is 3|a X bl, 
where the vertical bars signify absolute value (see Fig. 2-15). 


30. Show that a: (b X c) is equal in magnitude to the volume of the parallelepiped 
formed on the three vectors a, b, and e 


31. Let b and c be the intersecting face diagonals of a cube of edge a, as shown in 


PROBLEMS f 3 
Fig. 2-16. (a) Find the components of the vector d, where K 
d=bXc. 


(b) Find the values of b c, of d * e, and of d * b. bs 
32. Suppose a, b, and c are any three noncoplanar vectors. They are not ni 
sarily mutually at right angles. (a) show that 


a*(bXc) = b: (c X a) = e+ (a X b). 

(b) Let 

.bXe passa ea nk) 
v v v 


A 


where v = a*(b X c). Evaluate the dot product of each of a, b, c with each of A, 
B,C. (c) If a, b, c have dimensions of length, what are the dimensions of A, B, c? 


33. Let N be an integer greater than one; then 


cos 0 + cos P. + cos TE + LL + es (N — DX = 0; 


N 
that is, 
n=N-1 
2rn 
CORN. =0. 
n= 
Also 
n=N-1 
aman 
n= 


Prove these two statements by considering the sum of N vectors of equal length, each 
vector making an angle of 2x/N with that preceding. TA E 

34. Invariance of vector addition under rotation of the coordinate system. Figure 2-17 
shows two vectors'a and b and two systems of coordinates which differ in that the 
z and z' axes and the y and y’ axes each make an angle ¢ with each other. Prove ana- 
lytically that a + b has the same magnitude and direction no matter which system is 
used to carry out the analysis. 


Fig. 2-17 


Motion in One Dimension 


CHAPTER 3 


3-1 Mechanics 


. Mechanics, the oldest of the physical sciences, is the study of the motion 
of objects. The calculation of the path of an artillery shell or of a space 
probe sent from Earth to Mars are among its problems. So too is the 
analysis of tracks formed in bubble chambers, representing the collisions, 
decay, and interactions of elementary particles (see Fig. 10-11 and 
Appendix E). 

When we describe motion we are dealing with that part of mechanics 
called kinematics. When we relate motion to the forces associated with it 
and to the properties of the moving objects, we are dealing with dynamics. 
In this chapter we shall define some kinematical quantities and study them 
in detail for the special case of motion in one dimension. In Chapter 4 we 
, discuss some cases of two- and three-dimensional motion. Chapter 5 
deals with the more general case of dynamics. 


3-2 Particle Kinematics 


A real object can rotate as it moves. For example, a baseball may he 
spinning while it is moving as a whole in some trajectory. Also, a body may 
vibrate as it moves, as, for example, a falling water droplet. These com- 
plications can be avoided by considering the motion of a very small body 
called a particle. Mathematically, a particle is treated as a point, an 


„Object without extent, so that rotational and vibrational considerations 
are not involved. 


Actually, there is no such thing in nature as an object without extent. . 


The concept of "particle" is nevertheless very useful because real objects 
32 


Fig. 3—1 Translational motion of an object. Translation can occur in three dimen- 
sions, but only two are shown for simplicity. 


often behave to a very good ‘approximation as though they were particles. 
A body need not be “small” in the usual sense of the word in order to be 
treated as à particle. For example, if we consider the distance from the 
earth to the sun, with respect to this distance the earth and. the sun can 
usually be considered to be particles. We can find out a great deal about 
the motion of the sun and planets, without appreciable error, by treating 
these bodies as particles. Baseballs, molecules, protons, and electrons can 
be often treated as particles. Even if a body is too large to be considered 
.& particle for a particular problem, it can always be thought of as made 
up of a large number of particles, and the results of particle motion may 
be useful in analyzing the problem. As a simplification, therefore, we 
confine our present treatment to the motion of a particle. 

Bodies that have only motion of translation behave like particles An 
observer will call motion translational if the axes of a reference frame which 
is imagined rigidly attached to the object, say z', y’, and z’, always remain 
parallel to the axes of his own reference frame, say z, y, and z. In Fig. 
3-1, for example, we show the translational motion of an object moving 
from positions A to B to C. Notice that the path taken is not necessarily 
a straight line. Notice too that throughout the motion every point of the 
body undergoes the same displacements as every other point. We can 
assume the body to be a particle because in describing the motion of one 
point on the body we have described the motion of the body as a whole. 


3-3 Average Velocity 

The velocity of a particle is the rate at which its position changes with time. 
The position of a particle in a particular reference frame is given by a 
position vector drawn from the origin of that frame to the particle. At 
time tı, let a particle be at point A in Fig. 3-2a, its position in the z-y plane 
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Fig. 3-2 (a) A particle moves from A to B in time At (= tg — ti) undergoing a 
displacement Ar (= ra — rı). The average velocity ¥ between A and B is in the direction 
of Ar. (b) As B moves closer to A the average velocity approaches the instantaneous 
velocity v at A; v is tangent to the path at A. 


being described by position vector rj. For simplicity we treat motion in 
two dimensions only; the extension to three dimensions will not be difficult. 

At a later time tz let the particle be at point B, described by position 
vector r». The displacement vector describing the change in position of 
the particle as it moves from A to B is Ar (= ra — r 1) and the elapsed time 
for the motion between these points is At (= tg — 4). The average velocity 
for the particle during this interval is defined by 


_ Ar displacement (a vector) 


3-1 
Al. elapsed timé (a scalar) En 


A bar above a symbol indicates an average value for the quantity in 
question. 

The quantity v is a vector, for it is obtained by dividing the vector Ar ` 
by the scalar At. Velocity, therefore, involves both direction and magni-. 
tude. Its direction is the direction of Ar and its magnitude is |Ar/At]. 
The magnitude is expressed in distance units divided by time units, as, 
for example, meters per second or miles per hour. 

The velocity defined by Eq. 3-1 is called an average velocity because the 

. measurement of the net displacement and the elapsed time does not tell . - 
us anything at all about the motion between A and B. The path may have 
been eurved or straight; the motion may have been steady orerratic. The 
average velocity involves simply the total displacement and the total 
elapsed time. For example, suppose a man leaves his house and goes on 
an automobile trip, returning to his house in a time At after he left it. 
His average velocity for the trip is zero because his displacement for this 

> articular time interval At is zero. : $ : 
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If we were to measure the time of arrival of the particle at each of many 


points along the actual path between A and B in Fig. 3-2a, we could , 


describe the motion in more detail. If the average velocity turned out to 
be the same (in magnitude and direction) between any two points along 
the path, we would conclude that the particle moved with constant velocity, 
that is, along a straight line (constant direction) at a uniform rate (con- 
stant magnitude). 


3-4 Instantaneous Velocity 


Suppose that a particle is moving in such a way that its average velocity, ji 


measured for a number of different time intervals, does not turn out to be 
constant. This particle is said to move with variable velocity. Then we 
must seek to determine a velocity of the particle at any given instant of 
time, called the instantaneous velocity. 

Velocity can vary by a change in magnitude, by a change in direction, or 
both. For the motion portrayed in Fig. 32a, the average velocity during 
the time interval tg — tı may differ both in magnitude and direction from 
the average velocity obtained during another time interval t? — 4. In 
Fig. 3-25 we illustrate this by choosing the point B to be successively closer 
to point A. Points B' and B" show two intermediate positions of the 
particle corresponding to the times ts’ and t?" and described by position 
vectors re’ and rg”, respectively. The vector displacements Ar, Ar’, and 


Ar" differ in direction and become successively smaller. Likewise, the . 


corresponding time intervals At (= t» — t), AU (= te’ — tı), and AU 


(= te!’ — ty) become successively smaller. 

As we continue this process, letting B approach A, we find that the ratio 
of displacement to elapsed time approaches a definite limiting value. 
Although the displacement in this process becomes extremely small, the 
time interval by which we divide it becomes small also and the ratio is not 
necessarily a small quantity. Similarly, while growing smaller, the dis- 
placement vector approaches a limiting direction, that of the tangent to 
the path of the particle at A. This limiting value of Ar/At is called the 
instantaneous velocity at the point A, or the velocity of the particle at the 
instant tı. 

Tf Ar is the displacement in a small interval of time At, following the 
time t, the velocity at the time t is the limiting value approached by Ar/At 
as both Ar and At approach zero. That is, if we let v represent the instan- 
taneous velocity, 


ato At - 


The direction of v is the limiting direction that Ar takes as B approaches A 
or as At approaches zero. As we have seen, this limiting direction is that 
of the tangent to the path of the particle at point A. a 

In the notation of the calculus, the limiting value of Ar/At as At 
approaches zero is written dr/dt and is called the derivative of r with respect 
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tot. We have then 


v= lim — = —. (3-2) 


The magnitude v of the instantaneous velocity is called the speed and is 
simply the absolute value of v. That is, 


v = |v| = [dr/dd. (3-3) 
Speed, being the magnitude of a vector, is intrinsically positive. 

Just as a particle is a physical concept making use of the mathematical 
concept of a point, so here velocity is a physical concept using the mathe- 
matical concept of differentiation. In fact, the caleulus was invented 
originally by Isaac Newton (1642-1727) in order to have & proper mathe- 
matical tool for treating fundamental mechanical problems. 

In the next section we shall examine the concept of instantaneous 


velocity in detail for the special case of motion in one dimension, sometimes 
- called rectilinear motion. 


3-5 One-Dimensional Motion—Variable Velocity 


Figure 3-3 shows a particle moving along a path in the z-y plane. At 
time ¢ its position with respect to the origin is described by position vector 
r (see Fig. 3-3a) and it has a velocity v (see Fig. 3-35) tangent to its path 
as shown. We can write (see Eq. 2-8) 


r= iz + jy, (3-4) 
where i and j are unit vectors in the positive z- and y-directions, respec- 


tively, and z and y are the (scalar) components of vector r. Because i and 
j are constant vectors, we have, on combining Eqs. 3-2 and 3-4, 


Fig. 3-3 A particle at time t has (a) a position described by r, (b) an instantaneous 
velocity v, and (c) an instantaneous acceleration a. The vector components iz and jy of 


Eq. and jv of Eq. 3-5, and ia, and jay of Eq. 3-10 are also shown, as are the 
' Y ‘tors i and j. 
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Fig. 3-4 A particle is moving to the right along the z-axis. 


which we can express as 
y = iv, + joy (two-dimensional motion), (3-5) 


where v, (= dx/dt) and v, (= dy/dt) are the (scalar) components of the 
vector v. 

We now consider motion in one dimension only, chosen for convenience 
to be the z-axis. We must then have v, = 0 so that Eq. 3-5 reduces to 


v = iv (one-dimensional motion). (3-6) 


Since i points in the positive x-direction, vz will be positive (and equal to 
+v) when v points in that direction, and negative (and equal to —v) 
when it points in the other direction. Since, in one-dimensional motion, 
there are only two choices as to the direction of v, the full power of the 
vector method is not needed; we can work with the velocity component vz 
alone. : 


> Exampie 1. The limiting process. As an illustration of the limiting process 
in one dimension, consider the following table of data taken for motion along the 
z-axis. The first four columns are experimental data. The symbols refer to 
Fig. 3-4 in which the particle is moving from left to right, that is, in the positive 
x-direction. The particle was at position xı. (100 cm from the origin) at time tı 
(1.00 sec). It was at position zz at time tz. As we consider different values for 
xa and different corresponding times tz, we find ` 


$2 — 71 tz — tı Ax/At, 


zı, cm ly, sec 23, em te, sec = Az, cm. = At, sec cm/sec 
100.0 1.00 200.0 11.00 100.0 10.00 10.0 
100.0 1.00 180.0 9.60 80.0 8.60 9.3 
100.0 1.00 160.0 7.90 60.0 6.90 8.7 
100.0 1.00 140.0 5.90 40.0. 4.90 8.2 
100.0 1.00 120.0 3.56 20.0 2.56 7.8 
100.0 1.00 110.0 2.33 10.0 1.33 7.5 
100.0 1.00 105.0 1.69 5.0 0.69 7.3 
100.0 1.00 103.0 1.42 3.0 0.42 ma 
100.0 1.00 101.0 1.14 1.0 0.14 7.1 


Equation 3-2, which holds for the general case of motion in three dimensions, is 
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For one-dimensional motion along the z-axis we have a similar relation, scalar in 
character, in which each vector quantity is replaced by its corresponding compo- 
nent or 


vz = lim — = —. (3-7). 


ao At dt 


It is clear from the table that as we select values of z, closer to £1, At approaches 
zero and the ratio Az/At approaches the apparent limiting value +7.1 cm/sec. 
At time tı, therefore, v, = 4-7.1 cm/sec, as closely as we are able to determine from 
the data. Since v, is positive, the velocity v (— iv.; see Eq. 3-6) points to the 
right in Fig. 3-4. This is tangent to the path in the direction of motion, as it 
must be. 

Example 2. Figure 3-5a shows six successive “snapshots” of a particle moving 
along the z-axis with variable velocity. At t= 0 it is at position x = +1.00 ft 
to the right of the origin; at £ = 2.5 sec it has come to rest at z = +5.00 ft; at 

= 4.0 sec it has returned to z = +1.40 ft. Figure 3-55 is a plot of position z 
versus time ¢ for this motion. The average velocity for the entire 4.0-sec interval 
is the net displacement or change of position (+0.40 ft) divided by the elapsed 
time (4.0 sec) or v. = +0.10 ft/sec. (We call dz average velocity and v, velocity, 


3-6 Acceleration 


_Often the velocity of a moving body changes either in magnitude, in 
direction, or both as the motion proceeds. The body is then said to have 
an acceleration. The acceleration of a particle is the rate of change of its 


velocity with time. Suppose that at the instant tı a particle, as in Fig. 3-6, ` 


is at point A and is moving in the z-y plane with the instantaneous velocity 

Vi, and at a later instant t it is at point B and moving with the instan- 

“taneous velocity v». The average acceleration à during the motion from 

A to B is defined to be the change of velocity divided by the time interval, or 
v2— Yi Av 


dk Sa ae MESI 


-———— 


Slope = ard 
= - 18 ft/sec? 


0 7 
t, sec 


cu! | of a particle moving al 


— 


ity; that below the particle 


ig. 3-5 (a) Six consecutive 
t for the motion of the 


The vector joined to the particle is its instantaneous ve 
is its instantaneous acceleration. (b) A plot of z versus 
particle. (c) A plot of v, versus t. (d) A plot of a, versus t. 
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The quantity à is a vector, for it is obtained by dividing a vector Av by a 
scalar At. Acceleration is therefore characterized by magnitude and 
direction. Its direction is the direction of Av and its magnitude is |Av/At. 
The magnitude of the acceleration is expressed in velocity units divided by 
time units, as for example meter/sec per sec (written meters/sec? and read 
"meters per second squared"), cm/sec”, and ft/sec’. 

We call à of Eq. 3-8 the average acceleration because nothing has been 
said about the time variation of velocity during the interval At. We know 
only the net change in velocity and the 
total elapsed time. If the change in 
velocity (a vector) divided by the corre- 
sponding elapsed time, Av/At, were to 
remain constant, regardless of the time 
intervals over which we measured the 
acceleration, we would have constant 
acceleration. Constant accele ration, 
therefore, implies that the change in ve- 
locity is uniform with time in direction 
and magnitude. If there is no change in 
velocity, that is, if the velocity were to 
Fig. 3-6 A particle has velocity remain constant both in magnitude and 
v1 at point A and moves to point direction, then Av would be zero for all 


B, where its velocity is v2. The time intervals and the acceleration would 
triangle shows the (vector) 


change in velocity Av (= v — be zero. : a ator! 
v1) experienced by the particle If a particle is moving in such a way 
as it moves from A to B. that its average acceleration, measured 


for a number of different time intervals, 
does not turn out to be constant, the 
particle is said to have a variable acceleration. The acceleration can vary 
in magnitude, or in direction, or both. In such cases we seek to determine 
the acceleration of the particle at any given time, called the instanta- 
neous acceleration. 
The instantaneous acceleration is defined by 


Am TUS = 
That is, the acceleration of a particle at time t is the limiting value of Av/At 
at time ¢ as both Av and At approach zero. The direction of the instan- 
taneous acceleration a is the limiting direction of the vector change in 
velocity Av. The magnitude a of the instantaneous acceleration is simply 
a = |a| = |dv/di. When the acceleration is constant the instantaneous 
acceleration equals the average acceleration. The student should note 
that the relation of a to v, in Eq. 3-9, is the same as that of v to r, in 
Eq. 3-2. 
3 Two special cases illustrate that acceleration can arise from a change 
>» either the magnitude or the direction of the velocity. In one case we 


—————————— S 
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have motion along a straight line with uniformly changing speed (as in 
Section 3-8). Here the velocity does not change in direction but its mag- 
nitude changes uniformly with time. This is a case of constant accelera- 
tion. In the second case we have motion in a circle at constant speed 
(Section 4-4). Here the velocity vector changes continuously in direction 
but its magnitude remains constant. This, too, is accelerated motion, 
though the direction of the acceleration vector is not constant. Later we 
will encounter other important cases of accelerated motion. 3 


3-7 One-Dimensional Motion—Variable Acceleration 


From Eqs. 3-5 and 3-9 we can write, for motion in two dimensions as in 
Fig. 3-3, 


or 
a = ia, + jay, . (8-10) 


where a, (= dv,/dt) and ay (= dv,/dt) are the (scalar) components of the 
acceleration vector a (see Fig. 3-3c). | i 
We again restrict-ourselves to motion in one dimension only, chosen for 
convenience to be the z-axis. Since v, for such motion does not change 
with time (and is, in fact, zero), ay, which is dv,/dt, must also be zero so that 


a = ia;. (3-11) 
Since i points in the positive x-direction, a; will be positive when ‘a points 
in this direction and negative when it points in the other direction. 


> Example3. The motion of Fig. 3-5a is one of variable acceleration along the 
z-axis. To find the acceleration* a; at each instant we must determine dvz/dt 
at each instant. This is simply the slope of the curve of v; versus t at that istant. 
The slope of Fig, 3-5c at point bis — 1.3 ft/sec? and that at point d is —1.8 ft/sec , 
as shown in the figure. The result of calculating the slope for all points 1s shown 
in Fig. 3-5d. Notice that a, is negative at all instants, which means that the 
acceleration vector a points in the negative z-direction. This means that vz 18 
always decreasing with time, as is clearly seen from Fig. 3-5c. The motion is one 
in which the acceleration vector has a constant direction but varies n magnitude 
(see Fig. 3-5a). i 


3-8 One-Dimensional Motion—Constant Acceleration 


Let us now further restrict our considerations to motion which not only 
occurs in one dimension (the x-axis) but for which az = à constant. For 
such constant acceleration the average acceleration for any time interval is 
equal to the (constant) instantaneous acceleration dz. Let ty = 0 and let 


i i i jon 
* As for velocity, we commonly call az for one-dimensional motion the accelerat: 7 
is correctly an acceleration component. 


even though acceleration is a vector and dz ; i 
For one-dimensional motion there is only one component if the axis 1s chosen along ihe 
line of the m« ; 
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t2 be any arbitrary time t. Let vzo be the value of v, at t = 0 and let v, be 
its value at the arbitrary time ¢. With this notation we find a, (see Eq. 
3-8) from 


or 


Vz = Uzo + azt. (3-12) - 


This equation states that the velocity v. at time ¢ is the sum of its value 
vzo at time / = 0 plus the change in velocity during time ¢, which is azt. 

Figure 3-7c shows a graph of v, versus t for constant acceleration; it is 
a graph of Eq. 3-12. Notice that the slope of the velocity curve is con- 
stant, as it must be because the acceleration a, (= dv,/dt) has been 
assumed to be constant, as Fig. 3-7d shows. 

When the velocity v, changes uniformly with time, its average value 
over any time interval equals one-half the sum of the values of v, at the 
beginning and at'the end of the interval. That is, the average velocity 
v. between t = 0 and t = t is 


D 3(0z0 + vz). (3-13) 


This relation would not be true if the acceleration were not constant, for 
then the curve of v, versus ¢ would not be a straight line. 

If the position of the particle at t = 0 is zo, the position x at t = ¢ can 
be found from 


z = To + Uzt 
which can be combined with Eq. 3-13 to yield 
; z = Xo +t 320 + vat. o. (3-14) 


The displacement due to the motion in time t is z — zo. Often the origin 
is chosen so that zo = 0. 

Notice that aside from initial conditions of the motion, that is, the 
values of z and v, at t = 0 (taken here as z = Xo and vz = vz), there are 
four parameters of the motion. These are z, the displacement; vz, the 
velocity; az, the acceleration; and i, the elapsed time. If we know only 
that the acceleration is constant, but not necessarily its value, from any 
two of these parameters.we can obtain the other two. For example, if 
a, and t are known, Eq. 3-12 gives v,, and having obtained vz, we find x 
from Eq. 3-14. s 

In most problems in uniformly accelerated motion, two parameters are 
known añd a third is sought. It is convenient, therefore, to obtain rela- 
tions between any three of the four parameters. Equation 3-12 contains 
75, Gz, and t, but not z; Eq. 3-14 contains T, Vz, and t but not az. To com- 
plete our system of equations we need two more relations, one containing 
T, az, and t but not v, and another containing z, vz, and a, but not t. These 
,are easily obtained by combining Eas. 3-12 and 3-14. 


- 
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of rectilinear motion with constant accelera- 
below represent a. (b) The dis- 
Its slope increases 


ud u^ (a) Five successive "snapshots" 
safe e RE on the spheres represent y; those 
"ie ; increases quadratically according to z = vz0t + jas". 

mly and at each instant has the value vz, the velocity. (c) The velocity vz 


in : : 
T dee uniformly according to vz = vzo + ast. Its slope is constant and at each 
nt has the value az, the acceleration. (d) The acceleration az has a constant 
e-dimensional motion 


value: i is 2 
E its slope is zero. Figure 3-5 shows similar plots for on 
aich the acceleration is not constant. PORA A 
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Thus, if we substitute into Eq. 3-14 the value of v, from Eq. 3-12, we 
thereby eliminate v, and obtain $ 


z = zo + vot + das. (3-15) 


When Eq. 3-12 is solved for ¢ and this value for t is substituted into Eq. 
3-14, we obtain 


v,* = 020" + 2a,(z — 9). (3-16) | 

Equations 3-12, 3-14, 3-15, and 3-16 (see Table 3-1) are the complete set 

of equations for motion along a straight line with constant acceleration. | 
Table 3-1 


| 
KINEMATIC EQUATIONS FOR STRAIGHT LINE MOTION j 
WITH CONSTANT ACCELERATION | 


(The position zo and the velocity vzo at the initial instant 4 = 0 are the 
given initial conditions) 


Equation 


. Contains | 

Number Equation , SOP A Gs t | 
3-12 Vz = Uso + asl NEQU NV. V 
3-14 z = zo + 3(020 + va)t MeV AX V 
3-15 z= To + v.ob + aut O V wf 
3-16 Vz? = zo? + 2a.(x — zo) Wages = X 


A special case of motion with constant acceleration is one in which the 
accéleration is zero, that is, ag = 0. In this case the four equations in 
Table 3-1 reduce to the expected results », = vzo (the velocity does not 
change) and æ = zo + v;ot (the displacement changes linearly with time). 


b Example 4. The curve of Fig. 3-7b is a displacement-time graph for motion 
with constant acceleration; that is, it is a graph of Eq. 3-15 in which x» = 0. ` 
The slope of the tangent to the curve at time t equals the velocity v, at that time. 
Notice that the slope increases continuously with time from vs at t = 0. ‘The 
rate of increase of this slope should give the acceleration az, which is constant in this | 
case. The curve of Fig. 3-70 is a parabola since Eq. 3-15 is the equation for & | 
parabola having slope vzo at t = 0. We obtain, on successive differentiation of | 


Eq. 3-15, | 

z = Zo + vao + fadt’ i 

dz/dt = vio + ad Or Vz = veo + ad, l 

which gives the velocity v, at time t (compare Eq. 3-12), and 
dv,/dt = az, 


the constant acceleration. 


The displacement-time graph for uniformly acceler 
ated rectilinear motion will 


therefore always be parabolic. =. 


— 
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3-9 Consistency of Units and Dimensions 


The student should not feel compelled to memorize relations such as 
those of Table 3-1. The important thing is to be able to follow the line of 
reasoning used to obtain the results. These relations will be recalled 
automatically after the student has used them repeatedly to solve prob- 
lems, partly as a result of the familiarity acquired but chiefly as a result of 
the better understanding obtained through application. 

We can use any convenient units of time and distance in these equations. 
If we choose to express time in seconds and distance in feet, for self-con- 
sistency we must express velocity in ft/sec and acceleration in ft/sec. 
If we are given data in which the units of one quantity, as velocity, are not 
consistent with the units of another quantity, as acceleration, then before 
using the data in our equations we should transform both quantities to 
units that are consistent with one another. Having chosen the units of 
our fundamental quantities, we automatically determine the units of our 
derived quantities consistent with them, In carrying out any calculation, 
always remember to attach the proper units to the final result, for the result 
is meaningless without this label. 


b Example 5. Suppose we wish to find the speed of a particle which has a 
uniform acceleration of 5.00 cm/sec? for an interval of 3 hr if the particle has a 
speed of 10.0 ft/sec at the beginning of this interval. We decide to choose the 
foot as our length unit and the second as our time unit. Then 


1 in, 1 ft 
= 5. BE 1 E 
0, = 5.00 cm/sec 5.00 cm/sec? X (; ) x (a ) 


5.00 
m -— ft/sec? = 0. 2 
305 /sec 0.164 ft/sec 


The time interval 


ih 90 min, (90 sec 
At = t= to jx (SES) x (Ret) 1800 sec. 


Note that the conversion factors in large parentheses are equal to unity. Taking 
the initial time f = 0, as in Eq. 3-12, we then have 


Ua ™ Vao + ast 10.0 ft/sec + (0.164 ft/sec?) (1800 sec) 
= 305 ft/sec. 4 


One way to spot an erroneous equation is to check the dimensions of all 
its terms. The dimensions of any physical quantity can always be 
expressed as some combination of the fundamental quantities, such as 
mass, length, and time, from which they are derived. "The dimensions of 
velocity are length (L) divided by time (T); the dimensions of acceleration 
are length divided by time squared, etc, Jn any legitimate physical equa- 
tion the dimensions of all the terms must be the same. This means, for exam- 
ple, that we cannot equate a term whose total dimension is a velocity to 
one whose total dimension is an acceleration. The dimensional labels 
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attached to various quantities may be treated just like algebraic quantities 
and may be combined, canceled, etc., just as if they were factors in the 
equation: For example, to check Eq. 3-15, z = zo + vol + Fazt?, 
dimensionally, we note that z and zy have ihe dimension of & length. 
Therefore the two remaining terms must also have the dimension of & 
length. The dimension of the term vzot is 


length L L’ 
Cite X time = length or T xT=L, 


and that of azt" is 


h ; L 
rent z X time? = length or 7X T? = L. 


The equation is therefore dimensionally correct. The student should check 
the dimensions of all the equations he uses. 


P Example 6. The speed of an automobile traveling due east is uniformly 
reduced from 45.0 miles/hr to 30.0 miles/hr in a distance of 264 ft. 

(a) What is the magnitude and direction of the constant acceleration? 

We choose, arbitrarily, the direction from west to east to be the positive z-direc- 
tion. We are given z and vz and we seek az. The time is not involved. Equa- 
tion 3-18 is therefore appropriate (see Table 3-1). We have vz = 4-30.0 miles/hr, 
veo = + 45.0 miles/hr, z — zo = +264 ft = 0.0500 mile. From Eq. 3-16, »,* = 
vzo? + 2as(z — Zo), we obtain 


rM Ac — 28) 


E (30.0 miles/hr)* — (45.0 miles/hr)? — — im " 
Gz 75 eC OMIGOO a va 1.13 X 10 miles/hr 


= —4.58 it/sec*. 


The direction of the acceleration a is due west, that is, in the negative x-direction 
because a, is negative. The car is slowing down as it moves eastward, as it must 
do if it is being accelerated toward the west. When the speed of a body is decreas- 
ing, we often say that it is decelerating. 

(b) How much time has elapsed during this deceleration? 

If we use only the original data, Table 3-1 shows that Eq. 3-14 is appropriate. 
From Eq. 3-14, z = zo + 2(v20 + v;)t, we obtain 


te X829, 
zo + Us 
or " 
» t (2) (0:0500 mil ie = 4.80 see, 


Z 


= (45.0 + 30.0) miles/hr 750 


t 
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If we use the derived data of part (a), Eq. 3-12 is appropriate. This gives us a 
check. From Eq. 3-12, v = vzo + azt, we have 
Uz — Vz0 


az 


t= 


( 30.0 - 45.0) miles/hr 


—143 X 10* miles/hr? = 1.33 X 107? hr = 4.80 sec. 


or 


(c) If one assumes that the car continues to decelerate at the same rate, how 
much time would elapse in bringing it to rest from 45.0 miles/hr? 

Equation 3-12 is useful here. We have vzo = 45.0 miles/hr, az = —1.13 X 10* 
miles/hr?, and the final velocity v; = 0. Then from Eq. 3-12, ve = vzo + al, we 
obtain ¢ 

Tons vz — vzo, 
az 
or 
_ (0 — 45.0) miles/hr 


1.13 X 10* miles/hr? = 4.00 X 107? hr = 14.4 sec. 


(d) What total distance is required to bring the car to rest from 45.0 miles/hr? 
Equation 3-15 is appropriate here. We have vzo = 45.0 miles/hr, a; = —1.13 X 
104 miles/hr?, £ = 4.00 X 10-3 hr. From Eq. 3-15, z = zo + vzot + dasti, we 
obtain 


Z — To = vol + $a 


= (45.0 miles/hr)(4.00 x 10—? hr) 
+ $(—1.13 X 104 miles/hr?) (4.00 X 107? hr)? 
= 0.0900 mile = 475 ft. 


Example 7. The nucleus of a helium atom (alpha-particle) travels along the 
inside of a straight hollow tube 2.0 meters long which forms part of a particle 
accelerator. (a) If one assumes uniform acceleration, how long is the particle 
in the tube if it enters at a speed of 1000 meters/sec and leaves at 9000 meters/sec? 
(b) What is its acceleration during this interval? 

(a) We choose an z-axis parallel to the tube, its positive direction being that in 
which the particle is moving and its origin at the tube entrance. We are given 
z and vz and we seek t. The acceleration az is not involved. Hence we use Eq. 
8-14, z = zo + 4(v20 + vz) t with zy = O or 


FERE ME 
Uzo + vs 


(2) (2.0 meters) 
(1000 + 9000) meters/sec 


or 400 microseconds. : 
(b) The acceleration follows from Eq. 3-12, v, = vao + ast, or 


Oz — Ua (9000 — 1000) meters/sec 
4.0 X 10-4 sec 


t= = 4.0 X 10-4 sec, 


= +2.0 X 107 meters/sec?, 
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or 20 million meters per second per second! Although this acceleration is enor- 
mous by standards of the previous example, it oceurs over an extremely short 
time. The acceleration a is in the positive z-direction, that is, in the direction in 
which the particle is moving, because a; is positive. 4 


3-10 Freely Falling Bodies 


The most common example of motion with (nearly) constant accelera- 
tion is that cf a body ‘falling toward the earth. In the absence of air 
resistance it is found that all bodies, regardless of their size, weight, or 
composition, fall with the same acceleration at the same point of the earth's 
surface, and if the distance covered is not too great, the acceleration 
remains constant throughout the fall. This ideal motion, in which air 
resistance and the small change in acceleration with altitude are neglected, 
is called “free fall.” : 

The acceleration of a freely falling body is called the acceleration due to 
gravity and is denoted by the symbol g. Near the carth's surface its mag- 
nitude is approximately 32 ft/sec’, 9.8 meters/sec”, or 980 cm/sec”, and 
it is directed down toward the center of the earth. The variation of the 
exact value with latitude and altitude will be discussed later (Chapter 16). 


The nature of the motion of a falling object was long ago a subject of interest in 
natural philosophy. Aristotle had asserted that “the downward movement . . . 
of any body endowed with weight is quicker in proportion to its size." It was not 
until many centuries later when Galileo Galilei (1564-1642), an Italian scientist of 
the Renaissance, appealed to experiment to discover the truth, and then publicly 
proclaimed it, that Aristotle’s authority on the matter was seriously challenged. 
In the later years of his life, Galileo wrote the treatise entitled Dialogues Concerning 
Two New Sciences in which he detailed his studies of motion.* ‘This treatise may 
be considered as marking the beginning of the science of dynamies. 

Aristotle’s belief that a heavier object will fall faster is a commonly held view. 
It appears to receive support from a well-known lecture demonstration in which a 
ball and a sheet of paper are dropped at the same instant, the ball reaching the floor 
much sooner than the paper. However, when the lecturer first crumples the paper 
tightly and then repeats the demonstration, both ball and paper strike the floor at 
essentially the same time. In the former case, it is the effect of greater resistance of 
the air which makes the paper fall more slowly than the ball. In the latter case, the 
effect of air resistance on the paper is reduced and is about the same for both bodies, 
so that they fall at about the same rate. Of course, a direct test can be made by 
dropping bodies in vacuum. Even in easily obtainable partial vacuums we can 
show that a feather and a ball of lead thousands of times heavier drop at rates that 
are practically indistinguishable. 

In Galileo's time, however, there was no effective way to obtain a partial vacnuin, 
nor did equipment exist to time freely falling bodies with sufficient precision to 
obtain reliable numerical data. Nevertheless, Galileo proved his result by showing 


* Galileo made noteworthy contributions to astronomy by the application of his tele- 
Scope. His strong evidence in favor of the Copernican hypothesis of the solar system 
served to refute the Ptolemaic system and on this account raised strong feelings against 
him in the minds of the leaders of the Church. Twice he was brought before the Inquisi- 
tion. He was ordered not to publish anything in support of the Copernican system and 
was compelled to publicly disclaim his belief in it. It was during a period of fear and 

certainty that he wrote his dialogue on motion, not published until after his death. 


———————— OR 
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first that the character of the motion of a ball rolling down an incline was the same 
as that of a ball in free fall. The incline merely served to reduce the effective accel- 
eration of gravity and to slow the motion thereby. Time intervals measured by 
the volume of water discharged from a tank could then be used to test the speed and 
acceleration of this motion. Galileo showed that if the acceleration along the 
incline is constant, the acceleration due to gravity must also be constant; for the 
acceleration along the incline is simply a component of the vertical acceleration of 
gravity, and along an incline of constant slope the ratio of the two accelerations 
remains fixed, 

He found from his experiments that the distances covered in consecutive time 
intervals were proportional to the odd numbers 1, 3, 5, 7, . . . , ete. Total dis- 
tances for consecutive intervals thus were proportional to 1 4-3, 1 4- 3 +5, 
1 +3 4 5 4 7, etc., that is, to the squares of the integers 1, 2, 3, 4, ete. But if 
the distance covered is proportional to the square of the elapsed time, velocity 
acquired is proportional to the elapsed time, a result which is true only if motion is 
uniformly accelerated. He found that the same results held regardless of the mass 
of the ball used. 


3-11 Equations of Motion in Free Fall 


We shall select a reference frame rigidly attached to the earth. The 
y-axis will be taken as positive vertically upward. Then the acceleration 
due to gravity g will be a vector pointing vertically down (toward the 
center of the earth) in the negative y-direction. (This choice is arbitrary. 
In other problems it may be convenient to choose down as positive.) 
Our equations for constant acceleration are applicable here. We simply 
replace x by y and set yo = Oin Eqs. 3-12, 3-14, 3-15, and 3-16, obtaining 


Vy = Vyo + Gl, r 
ý = byo + vy)t 
mos ee (3-17) 
y = rot + dau, 
vy” a vyo + 2ayy, 
and, for problems in free fall, we set ay = —g. Notice that we have chosen 


the initial position as the origin, that is we have chosen yo = 0 at t = 0. 
Note also that g is the magnitude of the acceleration due to gravity. 


P» Example 8. A body is dropped from rest and falls freely. Determine the 
position and speed of the body after 1.0, 2.0, 3.0, and 4.0 sec have elapsed. 

We choose the starting point as the origin. We know the initial speed and the 
acceleration and we are given the time. To find the position we use 


y = vyot — 4g. 
Then, vyo = 0 and g = 32 ft/sec, and with t = 1.0 sec we obtain 
‘ y = 0 — $(32 ft/sec?) (1.0 sec)? = —16 ft. 
To find the speed with ¢ = 1.0 sec, we use 
Vy = vyo — gt 


and obtain vy = 0 — (32 ft/sec?) (1.0 sec) = —32 ft/sec. 
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Fig. 3-8 A body in free 
fall; showing y, v,, and 
a, at particular times t. 


After 1.0 sec of falling from rest, the body is 16 ft below its starting point and has 
a velocity directed downward whose magnitude is 32 ft/sec; the negative signs 
for y and v, show that the associated vectors each point in the negative y-direction, 
that is, downward. ; 

The student should now show that the values of y, vy, and ay obtained at times 

= 2.0, 3.0, and 4.0 sec are those shown in Fig. 3-8. 

Example 9. A ball is thrown vertically upward from the ground with a speed 
of 80 ft/sec. 

(a) How long does it take to reach its highest point? 

At its highest point, v, = 0, and we have vyo = +80 ft/sec. To obtain the 
time t we use vy = vyo — gt, or 


A Vyo — Vy 

g 
hee (80 — 0) ft/sec 
32 ft/sec? 


t 
= 2.5 sec. 


(b) How high does the ball rise? > Using only the original data, we choose the. 
relation vy? = vyo? — 2gy, or 


_ yo” — vy? 
DN YES 3 

_ (80 ft/sec)? — 0 
2 X 32 ft/sec? 


y 


= +100 ft. 


QUESTIONS X 5i 


(c) At what times will the ball be 96 ft above the ground? Using y = ty — . 


igt*, we have 
agi — vyt +y =0, 


^ 4(32 ft/sec*)t? — (80 ft/sec)t + 96 ft = 0, 
or 
{i ~ 5.0t + 6.0 = 0, 


which yields ¢ = 2.0 sec and ¢ = 3.0 sec. 
At t = 2.0 sec, the ball is moving upward with a speed of 16 ft/sec, for 


ty = vyo — gt = 80 ft/sec — (32 ft/sec?) (2.0 sec) = +16 ft/sec. 
At t = 3.0 sec, the ball is moving downward with the same speed, for 
vy = vyo — gt = 80 ft/sec — (32 ft/sec”) (3.0 sec) = —16 ft/sec, 


Notice that in this 1.0-sec interval the velocity changed by —32 ft/sec, correspond- 
ing to an acceleration of —32 ft/sec’. 


The student should be able to convince himself that in the absence of air resist- 


ance the ball will take as long to rise as to fall the same distance, and that it will 
have the same speed going down at each point as it had going up. 4 


QUESTIONS 


1. Can you think of physical phenomena involving the earth in which the earth can- 
not be treated as a particle? : 

2. Each second a rabbit moves half the remaining distance from his nose to a head of 
lettuce. Does he ever get to the lettuce? What is the limiting value of his average 
velocity? Draw graphs showing his velocity and position as time increases. 

3. Average speed can mean the magnitude of the average velocity vector. Another 
meaning given to it is that average speed is the total length of path traveled divided by 
the elapsed time. Are these meanings different? If so, give an example. 

4. Wher the velocity is constant, does the average velocity over any time interval 
differ from the instantaneous velocity at any instant? È 

5. Is the average velocity of a particle moving along the z-axis 4(vz0 + vz) when the 
acceleration is not uniform? Prove your answer with the use of graphs. E 

6. Does the speedometer on an automobile register speed as we defined it? 

7. (a) Can a body have zero velocity and still be accelerating? (b) Can a body have 
a constant speed and still have a varying velocity? (c) Can a body have a constant 
velocity and still have a varying speed? 

8. Can àn object have an eastward velocity while experiencing a westward acceler- 
ation? 

9. Can the direction of the velocity of a body change when its acceleration is constant? 

10. Devise a scheme for keeping time with a “water clock" such as Galileo used. 
Can you avoid repetitive operations and still keep accurate time? ~ 


11. If particle is released from rest (vyo = 0) at yo = O at the time t = 0, Eq. 3-17 ` 


for constant acceleration says that it is at position y at two different times, namely, 
+/2y/a, and — V 2y/a,. What is the meaning of the negative root of this 
quadratic equation? : 

12. What happens to our kinematic equations-under the operation of time reversal, 
that is, replacing t by —t? Explain. 


——'"—— PÀÀ 
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13. Consider a ball thrown vertically up. Taking air resistance into account, would 
you expect the time during which the ball rises to be longer or shorter ‘han the time 
during which it falls? 

14. Can there be motion in two dimensions with an acceleration in only one dimen- 
Bion? : 

15. A man standing on the edge of a cliff at some height above the ground below 
throws one ball straight up with initial speed v and then throws another ball straight, 
down with the same initial speed. Which ball, if either, has the larger speed when it 
hits the ground? Neglect air resistance. 

16. From what you know about angular measure, what dimensions would you assign 
to an angle?. Can a quantity have units without having dimensions? 

17. If m is a light stone and M is a heavy one, according to Aristotle M should fall 
faster than m. Galileo attempted to show that Aristotle's belief was logically incon- 
sistent by the following argument. Tie m and M together to form a double stone. 
Then, in falling, m should retard M, since it tends to fall more slowly, and the combi- 
nation would fall faster than m but more slowly than M; but according to Aristotle the 
double body (M + m) is heavier than M and hence should fall faster than M. 

Tf you accept Galileo’s reasoning as correct, can you conclude that M and m must fall 
at the same rate? What need is there for experiment in that case? 

If you believe Galileo’s reasoning is incorrect, explain why. 


PROBLEMS 


1. Compare your average speed in the following two cases. (a) You walk 240 ft 
at a speed of 4.0 ft/sec and then run 240 ft at a speed of 10 ft/sec along a straight track. 
(6) You walk for 1.0 min at a speed of 4.0 ft/sec and then run for 1.0 min at 10 ft/sec 
along a straight track. : 

2. A train moving at an essentially constant speed of 60 miles/hr moves eastward 
for 40 min, then in a direction 45° east of north for 20 min, and finally westward for 
50 min. What is the average velocity of the train during this run? 

3. Two trains, each having a speed of 30 miles/hr, are headed at each other on the 
same straight track. A bird that can fly 60 miles/hr flies off one train when they are 
60 miles apart and heads directly for the other train. On reaching the other train it 
flies directly back to the first train, and so forth. (a) How many trips can the bird 
make from one train to the other before they crash? (b) What is the total distance 
the bird travels? i 

4. A particle moving along a horizontal line has the following positions at various 
instants of time: 


3 0.68 


z(meters) = 0.080 0.050 — 0.040 0. 1 
1.0 2.0 3. 0 10 


050 0.080 0. 
t(sec) = 0.0 0 4.0 5. 
(a) Plot displacement (not position) versus time. (6) Find the average velocity of 
the particle in the intervals 0.0 to 1.0 sec, 0.0 to 2.0 sec, 0.0 to 3.0 sec, 0.0 to 4.0 sec. 
(c) Find the slope of the curve drawn in part a at the points ¢ = 1.0, 2.0, 3.0, 4.0, and 
5.0. (d) Plot the slope (units?) versus time. (e) From the curve of part d determine 
the acceleration of the particle at times ¢ = 2.0, 3.0 and 4.0 sec. 
5. A tennis ball is dropped onto the fioor from a height of 4.0 ft. It rebounds to 
a height of 3.0 ft. If the ball was in contact with the floor for 0.010 sec, what was its 
average acceleration during contact? 
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6. The graph of x versus ¢ (see Fig. 3-9a) is for a particle in straight line motion. 
State for each interval whether the velocity v. is +, —, or 0, and whether the accelera- 
tion a, is +, —, or 0. The intervals are OA, AB, BC, and CD. From the curve is 
there any interval over which the acceleration is obviously not constant? (Ignore the 
behavior at the end points of the intervals.) 


Fig. 3-9 


7. Answer the previous questions for the motion described by the graph of Fig. 3-95. 

8. An arrow while being shot from a bow was accelerated over a distance of 2.0 ft. 
If its speed at the moment it left the bow was 200 ft/sec what was the average accelera- 
tion imparted by the bow? Justify any assumptions you need to make. 

9. Ah electron with initial velocity vzo = 1.0 X 104 meters/sec enters a region where 
it is electrically accelerated: (Fig. 3-10). It 


emerges with a velocity vs = 4.0 X 109 Nonaccelerated 

meters/sec. What was its acceleration, as- regions 

sumed constant? (Such a process occurs in ( 

the electron gun in a cathode-ray tube, used in T 

television receivers and oscilloscopes.) Ao aes 
10. Suppose that you were called upon to Path of— ——- = > p—— 

give some.advice to a lawyer concerning the electrons a, 

physics involved in one of his cases. "The Accelerating P] ^ 

question is whether a driver was exceeding a region 

30 miles/hr speed limit before he made an pli 

emergency stop, brakes locked and wheels x 

sliding. The length of skid marks on the road Fig. 3-10 


was 19.2 ft. The policeman made the reason- 

able assumption that the maximum decelera- has 

tion of the car would not exceed the acceleration of a freely falling body and arrested the 
driver for speeding. "Was he speeding? Explain. 

11. A meson is shot with constant speed 5.00 X 10° meters /sec into a region where 
an electric field produces an acceleration on the meson of magnitude 1.25 X 104 
meters/sec? directed opposite to the initial velocity. How far does the meson travel 
before coming to rest? How long does the meson remain at rest? 

12. A rocketship in free space moves with constant acceleration equal to 32 ft/sec?. 
(a) If it starts from rest, how long will it take tu acquire a speed one-tenth that of 
light? (b) How far will it travel in so doing? 

13. A train started from rest and moved with constant acceleration. At one time it 
was traveling 30 ft/sec, and 160 ft farther on it was traveling 50 ft/sec. Calculate (a) 
the acceleration, (b) the time required to travel the- 160 ft mentioned, (c) the time 
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required to attain the speed of 30 ft/sec, (d) the distance moved from rest to the time 
the train had a speed of 30 ft/sec. 

14, At the instant the traffic light turns green, an automobile starts with a constant 
acceleration a, of 6.0 ft/sec?. At the same instant a truck, traveling with a constant 
speed of 30 ft/sec, overtakes and passes the automobile. (a) How far beyond the 

_ Starting point will the automobile overtake the truck? (6) How fast will the car be 


180 ft apart in 6.0 sec. Its speed as it passes the second point is 45 ft/sec, (a) What 
is its speed at the first point? (b) What is its acceleration? (c) At what prior dis- 


d ahead of him on the same track moving in the same direction with a slower speed v». 
He puts on the brakes and gives his irain a constant deceleration a. Show that 


P1 
if a> frm, there will be no collision: 


ci 2 
i d« A there will be a collision. 


4 18. A rocket-driven sled running on a straight level track is used to investigate the 
physiological effects of large accelerations on humans. One such sled can attain a speed 
of 1000 miles/hr in 1.8 sec starting from rest, (a) Assume the acceleration is constant 
and compare it to 9. (b) What is the distance traveled in this time? 

19. (a) With what speed must a ball be thrown vertically upward in order to rise 
to a height of 50 ft? (b) How long will it be in the air? 

20. Water drips from the nozzle of a shower onto the stall floor 81 in. below. The 
drops fall at regular intervals of time, the first drop striking the floor at the instant the 
fourth drop begins to fall. Find the location of the individual drops when a drop strikes 
the floor. 

_ 21. If a body travels half its total path in the last second of its fall from rest, find the 
time and height of its fall, Explain the physically unacceptable solution of the quad- 
rastie time equation. , 

. 22. An artillery shell is fired directly up from a gun; a rocket, propelled by burning 
fuel, takes off vertically from a launching area, Plot qualitatively (numbers not 
Tequired) possible graphs of @y versus ¢, of v, versus t, and of y versus t for each. Take 
t= 0 at the instant the shel] leaves the gun barrel or the rocket leaves the ground. 


23. A rocket 
` 64 ft/sec? for 1.0 min. Its fuel is then all used and it continues as a free particle. 
(a) What is the maximum altitude reached? (b) What is the total time elapsed from 
take-off until the rocket strikes the earth? 
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the lake? (b) What is the average velocity of the ball? (c) Suppose all the water is 
drained from the lake. The ball is thrown from the diving board so that it again 
reaches the bottom in 5.0 sec. What is the initial velocity of the bali? 1 

25. A stone is dropped into the water from a bridge 144 ft above the water. Another: 
stone is thrown vertically down 1.0 sec after the first is dropped. Both stones strike 
the water at the same time. (a) What was the initial speed of the second stone? 
(b) Plot speed versus time on & graph for each stone, taking zero time as the instant 
the first stone was released. 

26. A steel ball bearing is dropped from the roof of a building (the initial velocity of 
the ball is zero). An observer standing in front of a window 4.0 ft high notes that the 
ball takes 4 sec to fall from the top to the bottom of the window. The ball bearing 


continues to fall, makes a completely elastic collision with a horizontal sidewalk, and - 


reappears at the bottom of the window 2.0 sec after passing it on the way down. How 
tall is the building? (The ball will have the same speed at a point going up as it had 
going down after a completely elastic collision.) t 

21. A dog sees a flowerpot sail up and then back down past a window 5.0 ft high. 
If the total time the pot is in sight is 1.0 sec, find the height above the window that the 
pot rises. i 

28. A balloon is ascending at the rate of 12 meters/sec at a height 80 meters above the 
ground when a package is dropped. How long does it take the package to reach the 
ground? d 


29. A parachutist after bailing out falls 50 meters without friction. When the 


parachute opens, he decelerates downward 2.0 meters/sec?. He reaches the ground 
with a speed of 3.0 meters/sec. (a) How long is the parachutist in the air? (6) At 
what height did he bail out? ^d 

30. An elevator ascends with-an upward acceleration of 4.0 ft /sec?. At the instant 
its upward speed is 8.0 ft/sec, a loose bolt drops from the ceiling of the elevator 9.0 ft 
from the floor. Calculate (a) the time of flight of the bolt from ceiling to fioor and (b) 
the distance it has fallen relative to the elevator shaft. 

31. The position of a particle moving along the z-axis depends on the time according 
to the equation 

z — at? — bi, 


where z is in feet and (in seconds. (a) What dimensions and units must a and b have? 
For the following, let their numerical values be 3.0 and 1.0, respectively. (b) At what 
time does the particle reach its maximum positive z-position? . (c) What total length 
of path does the particle cover in the first 4.0 sec? (d) What is its displacement dur- 
ing the first 4.0 sec? (e) What is the particle's speed at the end of each of the first 
four seconds? (f) What is the particle’s acceleration at the end of each of the firet 
four seconds? Ñ 

32. An electron, starting from rest, has an acceleration that increases linearly with 
time, that is, a = kt, the change in acceleration being k — (1.5 meters /sec?) /sec. 
(a) Plot a versus ¢ during the first 10-sec interval. (b) From the curve of part (a) 
plot the corresponding v versus ¿ curve and estimate the electron’s velocity 5:0 sec 
after its motion starts. (c) From the v versus t curve of part (b) plot the corresponding 
x versus t curve and estimate how far the electron moved during the first 5.0 sec of its 
motion. i i 

33. The position of a particle moving along the z-axis depends on the time according 
to the relation 


in which v,o and k are constants. (a) Plot a curve of z versus t. Notice that z = 0 
at t = 0 and that z = v,o/k at t = œ; that is, the total distance through which the 
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particle moves is vo/k. (b) Show that the velocity v, is given by 
Na vyoe 


so that the velocity decreases exponentially with time from its initial value of Vro, 
homing to rest only in infinite time. (c) Show that the acceleration a, is given by 


a, = —kvz 


so that the acceleration is directed opposite to the velocity and has a magnitude pro- 
portional to the speed. (d) This particular motion is one with variable acceleration. 
Give a plausible physical argument explaining how it can take an infinite time to bring 
to rest a particle that travels a finite distance. 


Motion in a Plane 


4—1 Displacement, Velocity, and Acceleration 


CHAPTER 4 


In this chapter we return to à consideration of motion in two dimen- 


sions taken, for convenience, to be the x-y plane. 


Figure 4-1 shows a par- 


ticle at time ¢ moving along a curved path in this plane. Its position, or 


displacement from the origin, is measured by 
the vector r; its velocity is indicated by the 
vector v which, as we have seen in Section 
3-4, must be tangent to the path of the par- 
ticle. The acceleration is indicated by the 
vector a; the direction of a, as we shall see 
more explicitly later, does not bear any 
unique relationship to the path of the par- 
ticle but depends rather on the rate at which 
the velocity v changes with time as the par- 
ticle moves along its path. 

The vectors r, v, and a are interrelated 
(see Eqs. 8-4, 3-5, and 3-10) and can be 
expressed in terms of their components, 
using unit vector notation, as. 


r = iz + jy, (4-1) 
mec 4 
v= a iv, + jv, (4-2) 
and a- 2 = iaz + jay. (4-3) 
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Fig. 4-1 A particle moves 
along a curved path in the 
z-y plane. Its position r, 
velocity v, and acceleration 
a are shown at time t, along 
with the vector components 
of those vectors. Note that 
I, Y, Vz, Vy, and az are posi- 
tive but that a, is negative. 
Compare to Fig. 3-3. 
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These equations can easily be extended to three dimensions by adding to 
them the terms kz, kv, and ka;, respectively in which k is a unit vector in 
the z-direction. 

In Chapter 3 we considered the special case in which the particle moved 
in one dimension only, say along the z-axis, where the vectors r, v, and a 
were directed along this axis, either in the positive z-direction or the nega- 
tive z-direction. The components y, vy, and ay were zero and we described 
the motion in terms of equations relating the scalar quantities z, vs, and ay. 
Or, when the particle moved along the y-axis, the components 2, vz, and ag 
were zero and the motion was described in terms of equations relating the 
scalar quantities y, vy, and ay. In this chapter we consider motion in the 
z-y plane so that, in general, both sets of components have nonzero values. 


4-2 Motion in a Plane with Constant Acceleration 


Let us consider first the special case of motion in a plane with constant 
acceleration. Here, as the particle moves, the acceleracivn a does not vary 
either in magnitude or in direction. Hence the components of a in any 
particular reference frame also will not vary, that is, c, = constant and 
a,'- constant. We then have a situation which can be described as the 
sum of two component motions occurring simultaneously with constant 
acceleration along each of two perpendicular directions. The particle 
will move, in general, along a curved path in the plane. This may be so 
even if one component of the acceleration, say az, is zero, for then the cor- 
responding component of the velocity, say vz, may have a constant, non- 

~sero value. An example of this latter situation is the motion of an artillery 
shell which follows a curved path in a vertical plane and, neglecting the 
effects of air resistance, is subject to a constant acceleration g directed 
down along the y-axis only. 

We can obtain the general equations for plane motion with constant a 
simply by setting 


= constant. and a, = constant. 


The equations for constant acceleration, summarized in Table 3-1, then 
apply to both the z- and y-components of the position vector r, the sralonity 
vector v, and the acceleration vector a (see Table 4-1). 

The two sets of equations in Table 4-1 are related in that the time 
p eter ¢ is the same for each, since ¢ represents the time at which the 
particle, moving in a curved path in the z-y plane, occupied a position 
. described by the position components z and y. 

The equations of motion in Table 4-1 may also be expressed in vector 
form. For example, substituting Eqs. 4-4a, 4a’ into Eq. 4-2 yields 


y = iv, + joy 
= i(ve0 + &f) + jv + aul) 
= (ivzo + jovo) + (ias + jay)t. 
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Motion WITH Constant ACCELERATION IN THE 2-y PLANE 


Equation Equation 
No. z-Motion Equations No. y-Motion Equations 
4-4a Uz = Uso + adl 44a’ Vy = Yyo + ad 
4-45 z= zo + (ozo + 92)t 4-4b' y = Yo Iloyo + v)t 
4—te £ = to + Vrot + gad? 4-4c! y = yo + %yot + Flt? 


4-4d vz? = v0? + 2a,(z — xo) 4-4d' vy? = vyo? + 2ay(y — yo) 


v 


The first quantity in parentheses is the initial velocity vector vo (see Eq. 
4-2) and the second is the (constant) acceleration vector a (see Eq. 4-3). 
Thus the vector relation : 


v= vo 3 al (4-5a) 


is equivalent to the two scalar relations Eqs. 4-4a, a’ in Table 4-1. It 
shows simply and compactly that the velocity v at time ¢ is the sum of the 
initial velocity vo which the particle would have in the absence of accelera- 
tion plus the (vector) change in velocity, at, acquired during the time ¢ 
under the constant acceleration a. Similarly, the scalar equations 4-4c, 
.¢/ are equivalent to the single vector equation 


r = ro + vo + fat’, (4-5b) 


which is also easily interpreted. The proof of this and other relations is 
left to Problem 17. : 


4-3 Projectile Motion 


An example of curved motion with constant acceleration is projectile 
motion. This is the two-dimensional motion of a particle thrown obliquely 
into the air. The ideal motion of a baseball, a golf ball, or a bullet is an 
example of projectile motion.* We assume that the effect the air itself 
would have on their motions can be neglected. 

The motion of a projectile is one of constant acceleration g, directed 
downward, and thus should be described by the equations in, Table 4-1. 


There is no horizontal component of acceleration. If we choose s reference | 


frame with the positive y-axis vertically upward, we may put dy = —9 and. 
a, = 0 in these equations. | 

Let us further choose the origin of our reference frame to be the point at 
which the projectile begins its flight (see Fig. 4-2). Hence the origin will, 
be the point at which the ball leaves the thrower's hand or the fuel in the! 
rocket burns out, for example. In Table 4-1 this choice of origin implies 


* See Galileo Galilei, Dialogues Concerning Two New Sciences, the “Fourth Day,” for 
a fascinating discussion of Galileo's research on projectiles. k r 
\ / I 
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zi 


Fig. 4-2 The trajectory of a projectile, showing the initial velocity vo and its vector 
components and also the velocity v and its vector components at five later times. 
Note that vz = vzo throughout the flight. The distance R is the horizontal range. 


that x = yo — 0. The velocity at t= 0, the instant the projectile 
begins its flight, is vo, which makes an angle 6o with the positive z-direction. 
"The z- and y-components.of vo (see Fig. 4-2) are then 


Yeo = Vo COSA) and vyo = vo sin bo. 


Because there is no horizontal component of acceleration, the horizontal 
component of the velocity will be constant. In Eq. 4-4a we set az — 0 
and vzo = vo cos ĝo, so that 


Uz = vo COS ĝo. 3 (4-6a) 


, FR 
The horizontal velocity component retains its initial value throughout the 
flight. i n id : 
.. The vertical component of the velocity will change with time in accord- 
. ance with vertical motion with constant downward acceleration. In 
.. Eq. 4-4a' we set. deser thet | ] $ 
i a@y=—g and vy = vosin 6o, 
that ioni t EE COE rS i 
ya vy = vosin bo — gt (4-6a^) 
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The vertical veloeity component is that of free fall. Indeed, if we view 
the motion of Fig. 4-2 from a reference frame that moves to the right with 
a speed vzo, the motion will be that of an object thrown vertically upward 
with an initial speed vo sin ĝo. 

The magnitude of the resultant velocity vector at any instant is 


v= Mv! + vy. (4-7) 


The angle @ that the velocity vector makes with the horizontal at that 
instant is given by 


The velocity vector is tangent to the path of the particle at every point, 
as shown in Fig. 4-2. 

The z-coordinate of the particle's position at any time, obtained from 
Eq. 4-4c with zo = 0, az = 0, and vzo = vo cos 6o, is 


= (vo cos Oo)E. (4-6c) 


The y-coordinate, obtained from Eq. 4-4c' with yo = 0, a, = —g, and 
Uyo = Vo sin 0o, is 
y = (vo sin 65)t — 3g". (4-6c’) 


Equations 4—6c, c' give us x and y as functions of the common parameter 
i, the time in flight. By combining and eliminating ¢ from them, we obtain 


y = (tan 00)" — (4-8) 


g a 
2(vo cos 09)?" ' 
which relates y to x and is the equation of the trajectory of the projectile. 
Since vo, 0o, and g are constants, this equation has the form 


= bx — cx, 
the equation of a parabola. Hence the trajectory of a projectile is 
parabolic. 


> Example 1. A bomber is flying at a constant horizontal velocity of 820 
miles/hr at an elevation of 52,000 ft toward a point directly above its target. At 
what angle of sight ¢ should a bomb be released to strike the target (Fig. 4-3)? 

We choose a reference frame fixed with respect to the earth, its origin O being 
the bomb release point. The motion of the bomb at the instant of release is the 
same as that of the bomber. Hence the initial projectile velocity vo is horizontal 
and its magnitude is 820 miles/hr or 1200 ft/sec. The angle of projection 0o 
is zero. 

The time of fall is obtained from Eq. 4-6c/. With 0) = 0 and y = — 52,000 ft, 


this gives 
s 4-3 2y aie 2(—520009 _ 57 sec. 
32 T 32 ft/sec. 
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Fig. 4-3 Example 1. A bomb is released from an airplane with horizontal velocity vo. 


Note that the time of fall of the bomb does not depend on the speed of the plane 
for & horizontal projection. (See, however, Problem 10.) 
The horizontal distance traveled by. the bomb in this time is given by Eq. 4-66, 
z = (vo cos 0p), or x = (1200 ft/sec)(57 sec) = 68,000 ft so that the angle of | 
sight (Fig. 4-3) should be 
ES 
$ = tan bi = tan“ Bhat 3 
P" 


52,000 


Does the motion of.the bomb appear to be parabolic when viewed from a r»ference : 
frame fixed with respect to the bomber? 


Example 2. A soccer player kicks a ball at an angle of 37° from the horizontal 
with an initial speed of 50 ft/sec. (A right triangle, one of whose angles is 37°, 
has sides in the ratio 3:4:5, or 6:8:10.) Assuming that the ball moves in a ver- 
tical plane: e 

(a) Find the time żı at which the ball reaches the highest point of its trajectory. 
At the highest point, the vertical component of velocity v, is zero. Solving Eq. 
4-6a’ for t, we obtain 


g = Posin bo — vy. 


g 
With 
d $550; vo = 50 ft/sec, bo = 37°, g = 82 ft/sec”, 
we have 
Ed n = BO) — 01 ft/sec 18... 


32 ft/sec” 16 


(b) How high does the ball go? The maximum height is reached at t = 15/16 | 
. sec. By using Eq. 4-6e’, > 


y = (vo sin O0)t — àgt?, 
we have - 


Ymax = (50 ft/sec) (10) (T8 sec) — 3(32 ft/sec?) (13)? sec? = 14 ft 
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(c) What is the horizontal range of the ball and how long is it in the air? 

The horizontal distance from the starting point at which the ball returns to its 
original elevation (ground level) is the range R. We set y = 0.in Eq. 4-6c' and 
find the time t» required to traverse this range. We obtain 


. 3»osin 0o _ 2(50 ft/sec) (x's) . 15 


t 
: g 32 ft/sec? 8 


sec. 


Notice that ta = 2tı. This corresponds to the fact that the same time is required 
for the ball to go up (reach its maximum height from ground) as is required for the 
ball to come down (reach the ground from its maximum height). 

The range R can then be obtained by inserting this value t» for t in Eq. 4-6c. 
We obtain, from z = (vo cos 6o)t, ; 


R = (vo cos Oo)t2 = (50 ft/sec) (35) Cg* sec) = 75 ft. 


(d) What is the velocity of the ball as it strikes the ground? From Eq. 4-6a 
we obtain 


v, = vo cos 0o = (50 ft/sec) (3%) = 40 ft/sec. 
From Eq. 46a’ we obtain for t = t; = 4° sec, 
vy = vo sin ĝo — gt = (50 ft/sec) (35) — (32 ft/sec?) Cg" sec) = —30 ft/sec. 


Hence, from Eq. 4-7, 


v= Vi? +v’ = vao ft/sec)? + (—30 ft/sec)? = 50 ft/sec, 
and tan 0 = v/v, = —to; 


so that 0 = —37°, or 37° clockwise from the z-axis. Notice that 0 = — ĝo, as we 
expect from symmetry (Fig. 4-2). 


Example 3. In a favorite lecture demonstration a gun is sighted at an elevated 
target which is released in free fall by a trip mechanism as the bullet leaves the 
muzzle. No matter what the initial speed of the bullet, it always hits the falling 
target. 

The simplest way to understand this is the following. If there were no acclera- 
tion due to gravity, the target would not fall and the bullet would move along the 
line of sight directly into the target (Fig. 4-4). The effect of gravity js to cause 
each body to accelerate down at the same rate from the position it would otherwise 
have had. "Therefore, in the time t, the bullet will fall a distance 3gt? from the 
position it would have had along the line of sight and the target will fall the same 
distance from its starting point. When the bullet reaches the line of fall of the 
target, it will be the same distance below the target’s initial position as the target 
is and hence the collision. If the bullet moves faster than shown in the figure 
(vo larger), it will have a greater range and will cross the line of fall at a higher 
point; but since it gets there sooner, the target will fall a correspondingly smaller 
distance in the same time and collide with it. A similar argument holds for slower 
speeds. 

For an equivalent analysis, let us use Eq. 4-56 


r = ro + vot + zal? 
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Fig. 4-4 Example 3. In the ' 
motion of a projectile, its J 
displacement from the origin | 
at any time ¢ can be thought .— 
of as the sum of two vectors: | 
vopt, directed along vop, and — 
g*/2, directed downward. 


to describe the positions of the projectile and the target at any time ¢. For the ' 
projectile P, ro = 0 and a = g, and we have 


rp = vopi + 3gt?. 
For the target T, ro = ror, vo = 0, and a = g, leading to 
rr = ror + $gt?. 


If there is a collision, we must have rp = rr. Inspection shows that this will 
always occur at a time ¢ given by ror = vopt, that is, in the time ¢ (= ror/vop) 
required for the projectile to travel to the target position along the line of sight, 
assuming that its initial velocity remains unchanged. 4 


4-4 Uniform Circular Motion 


In Section 3-6 we saw that acceleration arises from a change in velocity. 
- In the simple case of free fall the velocity changed in magnitude only, but 
not in direction. In a particle moving in a circle with constant speed, 
called uniform cireular motion, the velocity vector changes continuously 
: in direction but not in magnitude. . We seek now to obtain the acceleration 
in uniform circular motion. S 
The situation is shown in Fig. 4-5a. Let P be the position of the par- 
ticle at the time ¢ and P" its position at the time ¿£ + At. The velocity at 
P is v, a vector tangent to the curve at P. The velocity at P' is v’; a vector 
tangent to the curve at P’, Vectors v and v' are equal in magnitude, the - 
. Speed being constant, but their directions are different. The length of 
path traversed during At is the arc length PP’, which is equal to v At, v being 
the constant speed. i 
Now redraw the vectors v and v', as in Fig. 4-5b, so that they originate 
at a common point. We are free to do this as long as the magnitude and 
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direction of each vector are the same as in Fig. 4-5a. This diagram (Fig. 

4-5b) enables us to see clearly the change in velocity as the particle moved - 
from P to P’. This change, v’ — v = Ay, is the vector which must be 

added to v to get v’. Notice that it points inward, approximately toward 

the center of the circle. 

Now the triangle OQQ' formed by v, v’, and Av is similar to the triangle 
CPP’ formed by the chord PP’ and the radii CP and CP’. This is so 
because both are isosceles triangles having the same vertex angle; the angle 
0 between v and v' is the same as the angle PCP’ because v is perpendicular 
to CP and v’ is perpendicular to CP’. We can therefore write 


edd approximately, . 


` the chord PP’ being taken equal to the arc length PP’. This relation 
becomes more nearly exact as At is diminished, since the chord and the are 
then approach each other. Notice also that Av approaches closer and 

. closer to a direction perpendicular to v and v’ as At is diminished and there- 
fore approaches closer and closer to a direction pointing to the exact center 
of the circle. It follows from this relation that 


Av v? 7 
RETEA approximately, 


and in the limit when At — 0 this expression becomes exact. We therefore 
obtain 


(4-9) 


as the magnitude of the acceleration. "The direction of a is instantaneously 
along a radius inward toward the center of the circle. 


Fig. 4-5 Uniform circular motion. The particle travels around a circle at constant 
speed. Its velocity at two points P and P’ is shown. Its change in velocity in going 
from P to P' is Av. f i 
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Figure 4-6 shows the instantaneous relation between v and a at various. 
points of the motion. The magnitude of v is constant, but its direction 
changes continuously. This gives rise to an acceleration a which is also | 
constant in magnitude (but not zero) 
but continuously changing in direc- E 
tion. The velocity v is always tan- 
gent to the circle in the direction of — 
motion; the acceleration a is always 
directed radially inward. Because: 
of this, a is called a radial, or - 
centripetal, acceleration. Centripetal - 
means "seeking a center," 

Both in free fall and in projectile 
motion a is constant in direction and — 
magnitude and we can use the equa- - 
tions developed for constant accel- 
eration (see Table 4-1). We cannot ;| 

à z : use these equations for uniform cir- — 
the aeceleration a is always directed : ae j; 
toward the center of the circle und cular motion because a varies in di- i 
hence is perpendicular to v. rection and is therefore not constant. 
The units of centripetal accelera- 
tion are the same as those of an accel- 
eration resulting from a change in the magnitude of a velocity. Dimen- | 
sionally, we have 


v? length V? Ve length L 
ca (pion chon jones Es 
r ee e ) ees time? or qm 


Fig. 4-6 In uniform circular motion 


which are the dimensions of acceleration. The units therefore may be 
- ft/sec?, meters/sec", among others. 

The acceleration resulting from a change in direction òf a velocity is just 
as real and just as much an acceleration in every sense as that arising from : 
a change in magnitude of a velocity. By definition, acceleration is the time — 
rate of change of velocity, and velocity, being a vector, can change in 
direction as well as magnitude. If a physical quantity is a vector, its — 
directional aspects cannot be ignored, for their effects will prove to be every 
bit as important and real as those produced by changes in magnitude. 

It is worth emphasizing at this point that there need not be any motion | 
in the direction of an acceleration and that there is no fixed relation in 
general between the directions o; a and v. In Fig. 4-7 we give examples in 
which the angle between v auc a varies from 0 to 180°. Only in one case, 
0 = 0°, is the motion in the direction of a. 


> Example 4. The moon revolves about the earth, making a complete revolu- 
tion in 27.3 days. Assume that the orbit is circular and has a radius of 239,000 
miles. What is the magnitude of the acceleration of the moon toward the earth? 

We have r = 239,000 miles = 3.85 X 108 meters. The time for one complete 
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Uniform 
Ball thrown up Rise of a circular Fall of a Ball thrown 
projectile motion projectile down 


Fig. 4-7 Showing the relation between v and a for various motions. 


revolution, called the period, is T = 27.3 days = 2.36 X 109 sec. The speed of 
the moon (assumed constant) is therefore 


v = 2nr/T = 1020 meters/sec. 
The centripetal acceleration is 


(1020 meters/sec)? 
3.85 X 10? meters 


Example 5. Calculate the speed of an artificial earth satellite, assuming that 
it is traveling at an altitude h of 140 miles above the surface of the earth where 
g = 30 ft/sec?. The radius of the earth R is 3960 miles. 

Like any free object near the earth’s surface the satellite has an acceleration ¢ 
toward the earth’s center. It is this acceleration that causes it to follow the 
circular path. Hence the centripetal acceleration is g, and from Eq. 4-9, a = 
v?/r, we have 


2 
jens = 0.00273 meter/sec?, or only 2.78 X 10749. 
r 


g=v/(R+h), 
or 


v = V(R + h)g = V (3960 miles + 140 miles) (5280 ft/mile) (30 ft/sec?) 
= 2.55 X 104 ft/sec = 17,400 miles/hr. 4 


Let us now derive Eq. 4-9 using vector methods. Figure 4-8a shows a particle 
in uniform circular motion about the origin O of a reference frame. For this 
motion the polar coordinates r, 0 are more useful than the rectangular coordi- 
nates x, y because r remains constant throughout the motion and @ increases in & 
simple linear way with time; the behavior of z and y during such motion is more 
complex. „The two sets of coordinates are related by 


r-4X/z +y and 6= tan y/z (4-10a) 


or by the reciprocal relations 
z=rcos0 and y=rsin ð. (4-10b) 
In rectangular reference frames we used the unit vectors i and j to describe 
motion in the z-y plane. Here we find it more convenient to introduce two new 
unit vectors u, and uy. These, like i and j, have unit length and are dimension- 
less; they designate direction only. à 4 
The unit vector u, at any point is in the direction of increasing r at that point; 
it is directed radially outward from the origin. The unit vector uy at any point 
is in the direction of increasing @ at that point; it is always tangent to a circle 
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Fig. 4-8 (a) A particle E | 


a circle of radius r. (b) 
The unit vectors ue, and 
ug, at times / and (s re- 
spectively, and the change — 
Aus (= up, — up). 


through the point in a counterclockwise direction. As Fig. 4-8a shows, u, and ug 
are at right angles to each other. "The unit vectors u, and up differ from the unit 
vectors i and j in that the directions of u, and ug vary from point to point in the 
plane; the unit vectors u, and ug are thus not constant vectors. 

In terms of u, and uy the motion of a particle moving counterclockwise at uni- 
form speed » in a circle about the origin in Fig. 4-8a can be described by the vector 
equation 
v = up. (4-11) 


This relation tells us, correctly, that the direction of v (which is the same as the 


direction of ug) is tangent to the circle and that the magnitude of v is the con- 


stant quantity v (because the magnitude of ug is unity). 
To find the acceleration we combine Eqs. 4-3 and 4-11, yielding 


a=—.=—~», (4-12) 


Note that v in Eq. 4-11 is a constant, but ug is not since its direction changes as 
the particle moves. To evaluate due/dt, consider Fig. 4-8b which shows the unit 
vectors ug, and ue, corresponding to an elapsed time At (= te — tı) for the moving . 
particle. The vector Aus (= ue, — ug,) points radially inward toward the origin 
in the limiting case as A£— 0. In other words, dus at any point has the direction 
of —u,. The angle between us, and uy, in the figure is A0, which is the angle 
swept out by a radial line from the origin to the particle in time At. The magni- 
tude of Au, is simply AQ; bear in mind that the vectors uo, and ue, in Fig. 4-8b 
have the magnitude unity. Thus 


and, from Eq. 4-12, 


0 
a=—ve= Zur a? (4-18) 
Now, d6/dt is the uniform angular rotation rate of the particle and is given by 


ee ath db 2r radians _ oe $ 
dt time for one revolution  2mr/v 


moving counterclockwisein 7 
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Putting this into Eq. 4-13 leads us finally to 


» 

AE UU (4-14) 
which tells us that the acceleration in uniform circular motion has a magnitude v?/r 
(see Eq. 4-9) and points radially inward (note the factor —u,). The vector rela- 
tion Eq. 4-14 thus tells us both the magnitude and the direction of. the centripetal 
acceleration a. Note that, as expected, a has a constant magnitude but changes 
continually in direction because u, changes continually in direction. 


4—5 Tangential Acceleration in Circular Motion 


We now consider the more general case of circular motion in which the speed v 
of the moving particle is not constant. We shall use vector methods in polar 
coordinates. 

As before, the velocity is given by Eq. 4-11, or 


v= ug 


except that, in this case, not only up but also v varies with time. Recalling the 
formula for the derivative of a product, one obtains for the acceleration 


Tn dv dd dv dug 1 ay 

acg apt me (4-15) 

In Eq. 4-12 the first term in this equation was not present because, v being there 

assumed to be constant, dv/dt was zero. The last term in Eq. 4-15 reduces, as we 
saw in the last section, to —u,(v?/r). We can now write Eq. 4-15 as 


a = ugar — u,üg, $ ; (4-16) 


in which ap = dv/dt and ag = v?/r The first term, ugar, is the vector component 
of a that is tangent to the path of the particle and arises from a change in the 
magnitude of the velocity in circular motion (see Fig. 4-9). This term and ar 
are called the tangential acceleration. The second term —u,Gr is the vector com- 
ponent of a directed radially in toward the center of the circle and arises from a 


Fig. 4-9 In nonuniform circular motion the speed is variable. The change in 
velocity Av in going from P to P' is made up of two parts: Avr caused by the change 
in direction of v, and Avr caused by the change in magnitude of v. In the limit as 
At— 0, Avr points toward the center C of the circle and Avr is tangent to the cir- 


cular path. - 
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Fig. 4-10 A track left in a 10-in. liquid-hydrogen-filled bubble chamber by an 
energetic spiralling electron. (Courtesy Lawrence Radiation - Laborato This 
picture is one of a number in a collection prepared for easy stereoscopic viewing and 
published, with explanatory material, as Introduction to the Detection of Nuclear 
Particles in a Bubble Chamber, The Ealing Press, Cambridge 40, Massachusetts 
(1964). When viewed stereoscopically the electron is seen to be moving toward the 
reader as it moves in along the spiral. Its velocity vector at any point, thus, does 
not lie in the plane of the figure, but tilts up out of it; its motion is thus three-dimen- 
sional, rather than two-dimensional as we assumed for other examples in this chapter 


change in the direction of the velocity in circular motion (see Fig.4-9). This term 
and ag are called the centripetal acceleration. 
The magnitude of the instantaneous acceleration is 


a = Var? + ag? (4-17) 


If the speed is constant, then ar = dv/dt = 0 and Eq. 4-16 reduces to Eq. 4-14. 
When the speed v is not constant, ap is not zero and ag varies from point to point. 
If the speed changes at a rate that is not constant, then az will also vary from 
point to point. 
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If the motion is not circular, the formulas for ar (= dv/dt) and for ag (= */r) 
can still be applied if instead of using for r the magnitude of the radius vector from. 
the origin we substitute the radius of curvature of the path at the instantaneous 
position of the particle. Then ar gives the component of acceleration tangent to 
the curve at that position, and ag gives the component of acceleration normal to 
the curve at that position. Figure 4-10 shows the track left in a liquid-hydrogen- 
filled bubble chamber by an energetic electron that spirals inward. The electron 
loses energy as it traverses the liquid in the chamber so that its speed v is being 
reduced steadily. Thus there is at every point a tangential acceleration ar given by 
dv/dt. The centripetal acceleration ar at any point is given by v?/r, where r is the 
radius of curvature of the track at the point in question; both v and r become 
smaller as the particle loses energy. The force causing the electron to spiral is 
produced by a magnetic field present in the bubble chamber and at right angles to 
the plane of Fig. 4-10 (see Chapter 33). ^ 


4—6 Relative Velocity and Acceleration 


In earlier sections we considered the addition of velocities in a particular 
reference frame. Let us now consider the relation between the velocity 
of an object as determined by one observer S (= reference frame S) and 
the velocity of the same object as determined by another observer S' 
(=: reference frame S^) who is moving with respect to the first. 

Consider observer S fixed to the earth, so that his reference frame is the 
earth. ‘The other observer S' is moving on the earth—for example, à pas- 
senger sitting on a moving train—so that his reference frame is the train. 
They each follow the motion of the same object, say an automobile on a 
road or a man walking through the train. Each observer will record a dis- 
placement, a velocity, and an acceleration for this object measured relative 
to his reference frame. How will these measurements compare? In this 
section we consider only the case in which the second frame is in motion 
with respect to the first with a constant velocity u. : 

In Fig. 4-11 the reference frame S represented by the z- and y-axes can 


y A 


Fig. 4-11 Two reference frames, 
S (=z, y) and 8 (—z, y); 
8' moves to the right, relative to 
S, with speed u. 
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be thought of as fixed to the earth. The shaded region indicates another 
reference frame S’, represented by 2’- and y’-axes, which moves along the 
z-axis with a.constant velocity u, as measured in the S-system; it can be 
thought of as drawn on the floor of a railroad flatcar. 

Initially, a particle (say a ball on the flatcar) is at & position called A 
in the S-frame and called A’ in the S'-frame. At a time ¢ later the flat- 
car and its S’ reference frame have moved a distance ut to the right and 
the particle has moved to B. The displacement of the particle from its 
initial position in the S-frame is the vector r from A to B. The displace- 
ment of the particle from its initial position in the S'-frame is the vector 
r'from A’ to B. These are different vectors because the reference point 
A’ of the moving frame has been displaced a distance ut along the z-axis 
during the motion. From the figure we see that r is the vector sum of r’ 
and ut: 


r=r 4 ut. (4-18) 
Differentiating Eq. 4-18 leads to 

de de 

an E 


But dr/dt — v, the instantaneous velocity of the particle measured in the 
S-frame, and dr'/dt — v', the instantaneous velocity of the same particle 
measured in the S' frame, so that 


vv -ru. (4-19) 


Hence the velocity of the particle relative to the S-frame, v, is the vector 
sum of the velocity of the particle relative to the S'-frame, v’, and the 
velocity u of the S’-frame relative to the S-frame. 


> Example 6. (a) The compass of an airplane indicates that it is heading due 
east. Ground information indicates a wind blowing due north. Show on a dia- 
gram the velocity of the plane with respect to the ground. 

The object is the airplane. The earth is one reference frame (S) and the air is 
the other reference frame (S’) moving with respect to the first. Then 


u is the velocity of the air with respect to the ground. 
v’ is the velocity of the plane with respect to the air. 
v is the velocity of the plane with respect to the ground. 


In this case u points north and v' points east. Then the relation v = v^-4- u 
determines the velocity of the plane with respect to the ground, as shown in Fig. 
4-12a. 


The angle a is the angle N of E of the plane's course with respect to the ground 
and is given by 


tan a = u/v'. 
The airplane's speed with respect to the ground is given by 


v= V (v)? +u. 


QUESTIONS 73 


N 


Fig. 4-12 Example 6. 


(b) 


For example, if the air-speed indicator shows that the plane is moving relative 
to the air at a speed of 200 miles/hr, and if the speed of the wind with respect to 
the ground is 40.0 miles/hr, then 


v = v (200)? + (40.0)? miles/hr = 204 miles/hr 
is the ground speed of the plane and 


a = tan! —— = 11° 20’ 


gives the course of the plane N of E. 

(b) Now draw the vector diagram showing the direction the pilot must steer 
the plane through the air for the plane to travel due east with respect to the ground. 

He would naturally head partly into the wind. His speed relative to the earth 
will therefore be less than before. The vector diagram is shown in Fig. 4-125. 
The student should calculate 6 and v, using the previous data for u andy’. 4 

We have seen that different velocities are assigned to & particle by dif- 
ferent observers when the observers are in relative motion. "These veloci- 
ties always differ by the relative velocity of the two observers, which here is 
a constant velocity. It follows that when the particle velocity changes, the 
change will be the same for both observers. Hence they each measure the 
same acceleration for the particle. The acceleration of a particle is the same 
in all reference frames moving relative to one another with constant 
velocity; that is, a = a’. This result follows in a formal way if we differ- 
entiate Eq. 4-19. Thus dv/dt = dv'/dt + du/dt; but du/dt = 0 when 


u is constant, so that a = a’. 


QUESTIONS 


otion when air resistance is negligible, is it ever necessary to con- 
her than two-dimensional? 
ump? What factors determine 


1. In projectile m 
sider three-dimensional motion rat 

2. In broad jumping does it matter how high you j 
the span of the jump? 
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3. Why doesn't the electron in the beam from an electron gun fall as much because of 
gravity as a water molecule in the stream from a hose? Assume horizontal motion 
initially in each case. 


4. An aviator, pulling out of a dive, follows the arc of a circle. He was said to have 
“experienced 39's" in pulling out of the dive. Explain what this statement means. 


5. Describe qualitatively the acceleration acting on a bead which moves inward 
with constant speed along a spiral. 


6. Could the acceleration of a projectile be represented in terms of a radial and a 
tangential component at each point of the motion? If so, is there any advantage to this 
representation? 


7. À boy sitting in a railroad car moving at constant velocity throws a ball straight 
up into the air. Will the ball fall behind him? In front of him? Into his hand? 
What happens if the car accelerates forward or goes around a curve while the ball is 
in the air? h 


8. A man on the observation platform of a train moving with constant velocity drops 
a coin while leaning over the rail. Describe the path of the coin as seen by (a) the man 
on the train, (b) a person standing on the ground near the track, and (c) a person in à 
second train moving in the opposite direction to the first train on a parallel track. 


9. A bus with a vertical windshield moves along in a rainstorm at speed v». The 


raindrops fall vertically with a terminal speed v. At what angle do the raindrops strike 
the windshield? 


10. Drops are falling vertically in a steady rain. In order to go through the rain from 
one place to another in such a way as to encounter the least number of raindrops, should 


you move with the greatest possible speed, the least possible speed, or some intermediate 
speed? 


-li. An elevator is descending at a constant speed. A passenger takes a coin from his 
pocket and drops it to the floor. What accelerations would (a) the passenger and (b) 
a-person at rest with respect to the elevator shaft observe for the falling coin? 


PROBLEMS 


1. Prove that for a vector a defined by 


a = ia, + jay + ka, 


the scaler components are given by 
a; =i*a, ay =j a, and a, = k-a, 


2. A ball rolls off the edge of a horizontal table top 4.0 ft high. If it strikes the floor 


at a point 5.0 ft horizontally away from the edge of the table, what was its speed at the 
instant it left the table? $ 


3. A ball rolls off the top of a stairway with a horizontal velocity of magnitude 5.0 
ft/sec. The steps are 8.0 in. high and 8.0 in. wide. Which step will the ball hit first? 


4. A shell is fired horizontally from a powerful gun located 144 ft above a horizontal 
plane with a muzzle speed of 800 ft/sec, (a) How long does the shell remain in the air? 


(b) What is its range? (c) What is the magnitude of the vertical component of its 
velocity as it strikes the target? 


5. Show that the maximum height reached by a projectile is ymax = (vo sin 00)?/2g. 
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6. Show that the horizontal range of a projectile having an initial speed vo and angle 
of projection 0 is R = (vo?/g) sin 20. Then show that a projection angle of 45° gives 
the maximum horizontal range 
(Fig. 4-13). 

7. Find the angle of projection 
at which the horizontal range and 
the maximum height of a projec- 
tile are equal. 

8. In Galileo’s Two New Sci- 
ences the author states that “for 
elevations (angles of projection) 
which exceed or fall short of 45° 
by equal amounts, the ranges are 
equal... ". Prove this state- 
ment. 

9. A rifle with a muzzle veloc- 
ity of 1500 ft/sec shoots a bullet 
at a small target 150 ft away. 
How high above the target must 
the gun be aimed so that the bullet will hit the target? 

10. A dive bomber, diving at an angle of 53° with the vertical, releases a bomb at an 
altitude of 2400 ft. "The bomb hits the ground 5.0 sec after being released. (a) What 
is the speed of the bomber? (b) How far did the bomb travel horizontally during its 
flight? (c) What were the horizontal and vertical components of its velocity just 
before striking the ground? iy i 

11. A batter hits a pitched ball at a height 4.0 ft above ground so that its angle of 
projection is 45° and its horizontal range is 350 ft. The bali is fair down the left field 
line where a 24-ft-high fence is located 320 ft from home plate. Will the ball clear 
the fence? 

12. A football is kicked off with an initial speed of 64 ft/sec at a projection angle of 
45°. A receiver on the goal line 60 yd away in the direction of the kick starts running to 
meet the ball at that instant. What must his speed be if he is to catch the ball before it 
hits the ground? 

13. In a cathode-ray tube a beam of electrons is projected horizontally with a speed 
of 1.0 X 10? cm/sec into the region between a pair of horizontal plates 2.0 cm long. 
An electrie field between the plates exerts a constant downward acceleration on m 
electrons of magnitude 1.0 X 10! cm/sec. Find (a) the vertical displacement a d 
beam in passing through the plates and (b) the velocity of the beam (direction an 
magnitude) as it emerges from the plates. 

14. (a) Show that if the acceleration of gravity changes by an amount, dy, cba 
of a projectile (see Problem 6) of given initial speed vo and angle of projection ^ e pus 
by dR where dR/R = —dg/g. (b) If the acceleration of gravity changes y P ln 
amount Ag (say by going from one place to another), the range for a E3 d adl 
system will change as well. Let the change in range be AR. If Ag, ba in estab- 
enough, we may write AR/R = —4A9/9- In 1936, Jesse Owens is cedar as at 
lished a world's running broad jump record of 8.09 meters at the OS E Tad 
Berlin (g = 9.3128 meters /sec?). By how much would his record Ms i eh oe 
competed instead in 1956 at Melbourne (g = 9.7099 meterse: oF, ee 
nection see “Bad Physics in Athletic Measurements, by P. 


Journal of Physics, February 1944.) TT fatis vill tall under the 
K like all forms o: ] 
18. Electrons, nuclei, atoms and molecules, like ns, of nuclei, of atoms, and 


. z "nsi lectro: 
influence of gravity. Consider separately a beam of € 
of molecules traveling & horizontal distance of 1.0 meter. Let the average speed be 


Fig. 4-13 
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for an electron 3.0 X 10’ meters/sec, for a thermal neutron 2.2 X 10? meters /sec, for a 
neon atom 5.8 X 10* meters/sec, and for an oxygen molecule 4.6 X 10? meters /sec, 
Let the beams move through vacuum with initial horizontal velocities and find by how 
much their paths deviate from a straight line (vertical displacement in 1.0 meter) due 
to gravity. How do these results compare to that for a beam of golf balls (use reasona- 
ble data)? What is the controlling factor here? 


16. A radar observer on the ground is “watching” an approaching projectile. Ata 
certain instant he has the following information: (a) the projectile has reached maximum 
altitude and is moving horizontally with a speed v; (b) the straight-line distance to the 


projectile is l; (c) the line of sight to the projectile is an angle @ above the horizontal, 
Find the distance D between the observer and the point of impact of the projectile. ' 


Does the projectile pass over his head or strike the ground before reaching him? D is 
to be expressed in terms of the observed quantities v, /, and @ and the known value of g. 
Assume a flat earth; assume also that the observer lies in the plane of the projectile's 
trajectory. : 

17. Show that Eqs. 4-4d, d' in Table 4-1 can be expressed in vector form as 


v*v = vo* vo + 2a * (r + ro), 
that Eqs. 4-46, b' can be expressed as 


r = ro + $(vo + v)t, 
and Eqs. 4—4c, c' as 


r = ro + vol + jat*. 


18. Projectiles are hurled at a horizontal distance R from the edge of a cliff of height 
hin such a way as to land a horizontal distance z from the bottom of the cliff. If you 
want z to.be as small as possible, how would you adjust @ and vo, assuming that vo can 
be varied from zero to some maximum finite value and that 69 ean be varied continu- 
ously? Only one collision with the ground is allowed (see Fig. 4-14). 


Fig. 4-14 


19. Consider a projectile at the top of its trajectory. (a) What is its speed in terms of 
vo and 097. (b) What is its acceleration? (c) How is the direction of its acceleration 
related to that of its velocity? (d) Over a short distance a circular arc is a good 
approximation to a parabola. What then is the radius of the circular arc approximat- 
ing the projectile's motion near the top of its path? 

20. A particle rests on the top of a hemisphere of radius R. Find the smallest hori- 


zontal velocity that must be imparted to the particle if it is to leave the hemisphere 
without sliding down it. 


21. A magnetic field will deflect a charged particle perpendicular to its direction of 
motion. An electron experiences a radial acceleration of 3.0 X 10!* meters/sec? in one 
such field. What is its speed if the radius of its curved path is 0.15 meter? 
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22. In Bohr’s model of the hydrogen atom an electron revolves around a proton in a 
circular orbit of radius 5.28 X 10-!! meter with a speed of 2.18 X 10* meters /sec. 
What is the acceleration of the electron in the hydrogen atom? : 

23. Find the magnitude of the centripetal acceleration of a particle on the tip of a fan 
blade, 0.30 meter in diameter, rotating at 1200 rev /min. 

24. By what factor would the speed of the earth's rotation have to increase for a body 
on the equator to require a centripetal acceleration of g to keep it on the earth? Such a 
body now requires a centripetal acceleration of only about 3.0 cm /sec?, 

25. A particle travels with constant speed on a circle of radius 3.0 meters and com- 
pletes one revolution in 20 sec (Fig. 4-15). Starting from the origin O, find (a) the 
magnitude nnd direction of the displacement 
vectors 5.0 sec, 7.5 sec, and 10 sec later; (b) the 
magnitude and direction of the displacement in 
the 5.0-sec interval from the fifth to the tenth 
second; (c) the average velocity vector in this 
interval; (d) the instantaneous velocity vector 
at the beginning and at the end of this interval; 
(e) the average acceleration vector in this 
interval; and (f) the instantaneous acceleration 
vector at the beginning and at the end of this 
interval. 

26. An earth satellite moves in a circular 
orbit 400 miles above the earth's surface. The 
time for one revolution (the period) is found to 
be 98 min. Find the acceleration of gravity at 
the orbit from these data. 

27. The earth revolves about the sun in a 
(nearly) circular orbit with a (nearly) constant 
speed of 30 km/sec. What is the acceleration 
of the earth toward the sun? 

28. A particle moves in a plane according to 


z = Rsin ot + oRt, 
y = R cos ot +R, 


where w and R are constants. This curve, called a cycloid, is the path traced out by & 
point on the rim of a wheel which rolls without slipping along the z-axis. (a) Sketch 
the path. (b) Calculate the instantaneous velocity and acceleration when the particle 


is at its maximum and minimum value of y. ! ; 
29. (a) Write an expression for the position vector r fora particle describing gan ; 

circular motion, using rectangular coordinates and the unit vectors iandj. (b) jm A 

(a) derive vector expressions for the velocity v and the acceleration a. (c) Prove tha! 


the acceleration is directed toward the center of the circular motion. 


31. Express the unit vectors u, and ue in terms of i, j, and the angle 0 in Fig. 4-8. 


i ding on the same 
32. A person walks up a stalled escalator in 90 sec. When standing s 
escalator, now moving, he is carried up in 60 sec. How much time would it take him to 


walk up the moving escalator? 
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34. A man can row a boat 4.0 miles/hr in still water. (a) If he is crossing a river 
where the current is 2.0 miles/hr, in what direction will his boat be headed if he wants 
to reach a point directly opposite from his starting point? (b) If the river is 4.0 miles 
wide, how long will it take him to cross the river? (c) How long will it take him to row 
2.0 miles down the river and then back to his starting point? (d) How long will it 
take him to row 2.0 miles up the river and then back to his starting point? (e) In 
what direction should he head the boat if he wants to cross in the smallest possible time? 

35. A man wants to cross a river 500 meters wide. His rowing speed (relative to the 
water) is 3000 meters/hr. The river flows at a speed of 2000 meters/hr. If the man's 
walking speed on shore is 5000 meters/hr, (a) find the path (combined rowing and 
walking) he should take to get to the point directly opposite his starting point in the 
Shortest time. (b) How long does it take? 

36. A train travels due south at 88.2 ft/sec (relative to ground) in a rain that is 
blown toward the south by the wind. The path of each raindrop makes the angle 
21.6? with the vertical, as measured by an observer stationary on the earth. An 
observer seated in the train, however, sees perfectly vertical tracks of rain on the 
windowpane. Determine the speed of each raindrop relative to the earth. 


37. An airplane has a speed of 135 miles/hr in stillair. It is flying straight north so 
that it is at all times directly above a north-south highway. A ground observer tells 
the pilot by radio that a 70-miles/hr wind is blowing, but neglects to tell him the wind 
direction. The pilot observes that in spite of the wind he can travel 135 miles along 
the highway in one hour. Inother words, his ground speed is the same as if there were 
no wind. (a) What is the direction of the wind?  (L) What is the heading of the plane, 
that is, the angle between its axis and the highway? 

38. A pilot is supposed to fly due east from A to B and then back again to A due west. 
"The velocity of the plane in air is v' and the velocity of the air with respect to the ground 
is à», The distance between A and B is | and the plane's air speed v’ is constant. (a) 
Ifu = (still air), show that the time for the round trip is to = 21/v. (b) Suppose that 
the air vetocity is due east (or west). Show that the time for a round trip is then 


to E 
1 —u?/(v’)? 


(c) Suppose that the air velocity is due north (or south). Show that the time for a 
round trip is then 


tg = 


: to 
Iu on md) 
al V1 — uto) 


(d) In parts (b) and (c) one must assume that u < v’. Why? 


ae 


Particle Dynamics ~l 
ee 
CHAPTER 5 


5-1 Classical Mechanics 


In Chapters 3 and 4, we studied the motion of a particle, with emphasis 
on motion along a straight line or in a plane. We did not ask what 

caused” the motion; we simply described it in terms of the vectors r, v, 
and a. Our discussion was thus largely geometrical. In this chapter 
and the next we discuss the causes of motion, an aspect of mechanics called 
dynamics. As before, bodies will be treated as though they were single 
particles. Later in the book we shall treat groups of particles and extended 
bodies as well. 

The motion of a given particle is deter 
arrangement of the other bodies that form 
only nearby objects need to be included in t 
more distant objects usually being negligible. 

particles” and possible environments for them. 

In what follows, we limit ourselves to the very important special case of 
gross objects moving at speeds that are small compared to c, the speed of 
light; this is the realm of classical mechanics. Specifically, we shall not 
inquire here into such questions as the motion of an electron in a uranium 


atom or the collision of two protons whose speeds are, say, 0.90c. The 
first inquiry would involve us with the quantum theory and the second with 
ideration of these theories, of 


the theory of relativity. We leave consi 
which classical mechanics is a special case (see Section 6-4), to later. 
The central problem of classical particle mechanics is this; (1) We are 
charge, magnetic dipole 


given a particle whose characteristics (mass, 
79 


mined by the nature and the 
its environment. In general, 
he environment, the effects of 
Table 5-1 shows some 
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Table 5-1 


The Pare 


—> The spring; 
: 1 the rough surface 
ITE A golf ball The earth 
A 


A large uniformly 
charged sphere 


An artificial 


A second bar magnet 


moment, etc.) we know. (2) We place this particle, with a known initial 
velocity, in an environment of which we have a complete description. | 
(3) Problem: what is the subsequent motion of the particle? ; 

This problem was solved, at least for a large variety of environments, by | 
Isaac Newton (1642-1727) when he put forward his laws of motion and 
formulated his law of universal gravitation. The program for solving this | 
problem, in terms of our present understanding of classical mechanics, * is: 
(1) We introduce the concept of force F and define it in terms of the accel- 
eration a experienced by a particular standard body. (2) We develop à 
procedure for assigning a mass m to a body so that we may understand the — 
fact that different particles of the same kind experience different accelera- 
tions in the same environment, (3) Finally, we try to find ways of caleu- | 
lating the forces that act on particles from the properties of the particle | 
and of its environment; that is, we look for force laws. Force, which is at 


* Bee "Presentation of Newtonian Mechanics" by Norman Austern, American — 
Journal of Physics, September 1961, “On the Classical Laws of Motion'^ by Leonard | 
Eisenbud, American Journal of Physics, March 1958, and “The Laws of Classical 
Motion: What's F? What's m? What’s a?” by Robert Weinstock, American Journa! 


of Physics, October 1961, for expositions of the laws of classical mechanics as we now — 
view them, almost 300 years after Newton. 5 


y 
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root a technique for relating the environment to the motion of the particle, 

appears both in the laws of motion (which tell us what acceleration a given 

body will experience under the action of a given force) and in the force laws 

(which tell us how to calculate the force that will act on a given body in a 

given environment). The laws of motion and the force laws, taken 
together, constitute the laws of mechanics. 

The program of mechanics cannot be tested piecemeal. We must view 
it as a unit and we shall judge it to be successful if we can say “yes” to 
these two questions. (1) Does the program yield results that agree with 
experiment? (2) Are the force laws simple in form? It is the crowning 
glory of Newtonian mechanics that we can indeed answer each of these 
questions in the affirmative. 

In this section we have used the terms force and mass rather unprecisely, 
having identified force with the influence of the environment, and mass 
with the resistance of a body to be accelerated when a force acts on it, a 
property often called inertia. In later sections we shall refine these primi- 
tive ideas about force and mass. 


5-2 Newton's First Law 


For centuries the problem of motion and its causes was a central theme 
of natural philosophy. It was not until the time of Galileo and Newton, 
however, that dramatic progress was made. Isaae Newton, born in Eng- 
land in the year of Galileo’s death, is the principal architect of classical 
mechanics.* He carried to full fruition the ideas of Galileo and others who 
preceded him. His three laws of motion were first presented (in 1686) in 
his Principia Mathematica Philosophiae N aturalis. 

Before Galileo’s time most philosophers thought that some influence or 
“force” was needed to keep a body moving. They thought that a body 
was in its “natural state” when it was at rest. For a body to move in & 
straight line at constant speed, for example, they believed that some exter 
nal agent had to continually propel it; otherwise it would “naturally 
stop moving. i 
" ci we wanted to test these ideas expe 

nd a way to free a body from all influences © 
forces. This is hard MIS but in certain cases we can make the M 
very small. If we study the motions as we make the forces smaller pes 
smaller, we shall have some idea of what the motion would be like if the 


external forces were truly zero. zh : ; 
Let us place our test body, say & block, on a rigid horizontal sea If 
we let the block slide along this plane, we notice that it gradu: y 8 oe 
down and stops. This observation was used, in fact, to fps. t m 1 
that motion stopped when the external force, in this case the hand initially 


ITA * n " l 

* Newton also invented the (fluxional) calculus, conceived ul Er EXC NE 
gravitation and formulated its law, and discovered the Poe tial code caval 
was a skillful experimenter, a mathematician of first rank, and a bi 


as what today would be called theoretical physicist. 


rimentally, we would first have to 
f its environment or from all 
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pushing the block, was removed. Galileo argued against this idea, how- 
ever, reasoning as follows: Let us repeat our experiment, now using a 
smoother block and a smoother plane and providing a lubricant. We 
notice that the velocity decreases more slowly than before. Let us use 
still smoother blocks and surfaces and better lubricants. We find that 
the block decreases in velocity at a slower and slower rate and travels 
farther each time before coming to rest.* We can now extrapolate and 
say that if all friction could be eliminated, the body would continue indefi- 
nitely in a straight line with constant speed. This was Galileo’s conclu- 
sion. Galileo asserted that some external force was necessary to change 
the velocity of a body but that no external force was necessary to maintain 
the velocity of a body. Our hand, for example, exerts a force on the block 
when it sets it in motion. The rough plane exerts a force on it when it 
slows it down. Both of these forces produce a change in the velocity, 
that is, they produce an acceleration. ^ 

This principle of Galileo was adopted by Newton as the first of his three 
laws of motion. Newton stated his first law in these words: “Every body 
persists in its state of rest or of uniform motion in a straight line unless tt 18 
compelled to change that state by forces impressed on it.” 

Newton’s first law is really a statement about reference frames, For, in 
general, the acceleration of a body depends on the reference frame relative 
to which it is measured, The first law tells us that, if there are no nearby 
objects (and by this we mean that there are no forces because every force 
must be associated with an object in the environment) then it is possible to 
find a family of reference frames in which a particle has no acceleration. 
The fact that bodies stay at rest or retain their uniform linear motion in 
the absence of applied forces is often described by assigning a property to 
matter called inertia. Newton’s first law is often called the law of inertia 
and the reference frames to which it applies are therefore called inertial 
frames. Such frames are either fixed with respect to the distant stars or 
moving at uniform velocity with respect to them. 


In nearly all cases in this book we will apply the laws of classical mechanics 
from the point of view of an observer in an inertial frame. -It is possible to solve 
problems in mechanics using a noninertial frame, such as a frame rotating with 
respect to the fixed stars, but to do so we have to introduce forces (often called 
pseudo-forces) that cannot be associated with objects in the environment. We will 
discuss this in Chapters 6, 11, and 16. A reference frame attached to the earth 
can be considered to be an inertial frame for most practical purposes. We shall 
see in Chapter 16 how good an approximation this is. 


Notice that there is no distinction in the first law between a body at 
rest and one moving with a constant velocity. Both motions are “natural” 
in the absence of forces. That this is so becomes clear when a body at rest 


_ * The student may have experimented in the laboratory with a “dry ice puck.” This 
is a device which can be made to move over a smooth horizontal surface, floating on a 
layer of CO: gas. The friction between the puck and the surface is very low indeed 
and it is hard to measure any reduction in speed for path lengths of practical dimensions. 
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in one inertial frame is viewed from a second inertial frame, that is, a frame 
moving with constant velocity with respect to the first. An observer in 
the first frame finds the body to be at rest; an observer in the second frame 
finds the same body to be moving with uniform velocity. Both observers 
find the body to have no acceleration, that is, no change in velocity, and 
both may conclude from the first law that no force acts on the body. 

Notice, too, that by implication there is no distinction in the first law 
between the absence of all forces and the pres- 
ence of forces whose resultant is zero. For 
example, if the push of our hand on the book 
exactly counteracts the force of friction on it, 
the book will move with uniform velocity. 
Hence another way of stating the first law is: 
If no net force acts on a body its acceleration a is 
zero. 

If there is an interaction between the body 
and. objects present in the environment, the 
effect may be to change the “natural” state of 
the body’s motion. To investigate this we 
must now examine carefully the concept of 
force. 


je fent Fig. 5-1 The national 
Let us refine our concept of force by defining standard kilogram No. 4, 
it operationally. In our everyday language kept es "us Muse: 
force is associated with a push or a pull, perhaps Pa eie ders 
exerted by our muscles. In physics, however, A asi volausiot« dd 
we need a more precise definition. We define International standard 
force here in terms of the acceleration that a kept at the International 
given standard body experiences when placed in Bureau of eat and 
i Measures near Paris. 
5 Suitable cae : The standard kilogram 
As a standard body we find it convenient to is: the platinum eylinder 
use (or rather to imagine that we use!) a par- housed under the double 
ticular platinum cylinder carefully preserved bell-jar. 


at the International Bureau of Weights a 
Measures near Paris, and called the stangar t 
kilogram (see Fig. 5-1). For use in later sections we Dal ve kn 
body has been selected as our standard of mass and eo had d 
by definition, a mass mo of exactly 1 kg. Later we wi 


masses are assigned to other bodies. A 

As for an inven we place the standard body on Es Bette d 
having negligible friction and we attach a spring to it. ij dre aeu Mao 
end of thé spring in our hand, as inFig.5-2a. Now we Pid IN expert 
zontally to the right so that by trial and error the stan 


: 2 We then 
ences a measured uniform acceleration of 1.00 D ser : 
declare, as a matter of definition, that the spring (whic 
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Fig. 5-2 (a) A "particle" P (the 
standard kilogram) at rest on a 
(@ horizontal frictionless surface, 
(b) The body is accelerated by 
pulling the spring to the right. 


body in the environment) is exerting a constant force whose magnitude we 
will call “1.00 newton” on the standard body. We note that, in imparting 
this force, the spring is kept stretched an amount Al beyond its normal 
unextended length, as Fig. 5-2b shows. À 

We can repeat the experiment, either stretching the spring more or using 
a stiffer spring, so that we measure an acceleration of 2.00 meters/sec? for 
the standard body. We now declare that the spring is exerting a force of 
2.00 newtons on the standard body. In general, if we observe this par- 
ticular standard body to have an acceleration a in a particular environ- 
ment, we then say that the environment is exerting a force F on the stand- 
ard body, where F (in newtons) is numerically equal to a (in meters/sec?). 

Now let us see whether force, as we have defined it, is a vector quantity. 
In Fig. 5-20 we assigned a magnitude to the force F, and it is a simple 
matter to assign a direction to it as well, namely, the direction of the accel- 
eration that the force produces, However, to be a vector it is not enough 
for a quantity to have magnitude and direction; it must also obey the laws 
of vector addition described in Chapter 2. We can learn only from experi- 
ment whether forces, as we defined them, do indeed obey these laws. 

‘Let us arrange to exert a 4.00-newton force along the z-axis and a 3.00- 
newton force along the y-axis and let us apply these forces simultaneously 
to the standard body placed, as before, on a horizontal, frictionless surface. 
What will be the acceleration of the standard body? We would find by 
experiment that it was 5.00 meters/sec?, directed along a line that makes 
an angle of 37° with the z-axis. In other words, we would say that the 
standard body was experiencing a force of 5.00 newtons in this same direc- 
tion. This same result can be obtained by adding the 4.00-newton and 
3.00-newton forces vectorially according to the parallelogram method. 
Experiments of this kind show conclusively that forces are vectors; they 


have magnitude; they have direction; they add according to the paral- 


lelogram law. 
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5-4 Mass; Newton's Second Law 


In Section 5-3 we considered only the accelerations given to one par- 
ticular object, the standard kilogram. We were able thereby to define 
forces quantitatively. What effect would these forces have on other 
objects? Since our standard body was chosen arbitrarily in the first place, 
we know that for any given object the acceleration will be directly propor- 
tional to the force applied. The significant question remaining then is: 
What effect will the same force have on different objects? Everyday experi- 
ence gives us a qualitative answer. The same force will produce different, 
accelerations on different bodies. A baseball will be accelerated more by 
a given force than will an automobile. In order to obtain a quantitative 
answer to this question we need a method to measure mass, the property of 
a body which determines its resistance to a change in its motion. 

Let us attach a spring to our standard body (the standard kilogram, to 
which we have arbitrarily assigned a mass mo = 1.00 kg, exactly) and 
arrange to give it an acceleration ao of, say 2.00 meters/sec?, using the 
method of Fig. 5-25. Let us measure carefully the extension Al of the 
spring associated with the force that the spring is exerting on the block. . 

Now we remove the standard kilogram and substitute an arbitrary body, 
whose mass we label mı. We apply the same force (the one that accelerated 
the standard kilogram 2.00 meters/sec?) to the arbitrary body (by stretch- 
ing the spring by the same amount) and we measure an acceleration a of, 
say, 0.50 meter/sec?. i 

We define the ratio of the masses of the two bodies to be the inverse ratio 
of the accelerations given to these bodies by the same force, or 


mı/mo = ao/a; (same force F acting). 


In this example we have, numerically, 


mo(ao/a1) = 1.00 kg [(2.00 meters/sec*)/ (0.50 meters/sec")] 


mı 


4.00 kg. 
The second body, which has only one-fourth the acceleration of the first 


body when the same force acts on it, has, by definition, four times the mass 
of the first body. Hence mass may be regarded as & quantitative measure 
of inertia. 5 

If we repeat the preceding experiment with £ different yu i< 
acting, we find the ratio of the accelerations, do Jai’, to be the sa 


the previous experiment, or 


m,/mo = 40/41 = ag /a1'. 


The ratio of the masses of two bodies is thus independent of the common 


force used. 
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Furthermore, experiment shows that we can consistently assign masses 
to any body by this procedure. For example, let us compare a second 
arbitrary body with the standard body, and thus determine its mass, say 
m2. We can now compare the two arbitrary bodies, m» and m,, directly, 
obtaining accelerations as” and a,” when the same force is applied. The 
mass ratio, defined as usual from 


M/m, = a," faz", (same force acting) 


turns out to have the same value that we obtain by using the masses ma 
and m, determined previously by direct comparison with the standard. 
` We can show, in still another experiment of this type, that if objects of 
mass m, and m» are fastened together they behave mechanically as a single 
object of mass (mi + ms). In other words, masses add like (and are) 
scalar quantities. 

Table 5-2 shows the range of values over which masses can be deter- 
mined, using various techniques. 


Table 5-2 
Some MEASURED MASSES 

Object Mass (kg) 
Our galaxy 2.2 X 104 
The sun 2.0 x 103° 
The earth 6.0 x 1074 
T he moon 7.4 X 102? 
Mass of all the water in the oceans 1.4 X 10% 
An ocean liner 7.2 X 107 
An elephant 4.5 X 10? 
A man 7.3 X 10! 
A grape 3.0 x 10-3 
A tobacco mosaic virus 6.7 X 10-10 
À speck of dust 2.3: X 1071! 
A penicillin molecule 5.0 X 10-17 
À uranium atom 4.0 x 10-35 
A proton 1.7 X 107? 
An electron 9.1. X 10-8! 


We can now summarize all the experiments and definitions described 
above in one equation, the fundamental equation of classical mechanics, 


F — ma. (5-1) 


In this equation F is the (vector) sum of all the forces acting on the body, 
m is the mass of the body, and a is its (vector) acceleration. Equation 
5-1 may be taken as a statement of Newton’s second law. If we write it 
in the form a = F/m, we can see easily that the acceleration of the body is 
directly proportional to the resultant force acting on it and parallel in 
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direction to this force and that the acceleration, for a given force, is 
inversely proportional to the mass of the body. 

Notice that the first law of motion is contained in the second law as a. 
special case, for if F = 0, then a = 0. In other words, if the resultant 
force on a body is zero, the acceleration of the body is zero. Therefore in 
the absence of applied forces a body will move with constant velocity or be 
at rest (zero velocity), whieh is what the first law of motion says. There- 
fore of Newton’s three laws of motion only two are independent, the second 
ahd the third (Section 5-5). The division of translational particle dynam- 
ics that includes only systems for which the resultant force F is zero is 
called statics. 

Equation 5-1 is a vector equation. We can write this single vector 
equation as three scalar equations, 


F, = ma, F, =m, and F,= maz, (5-2) 


relating the z, y, and z components of the resultant force (Fz, Fy, and F;) 
to the z, y, and z components of acceleration (az,a,, and az) for the mass m. 
It should be emphasized that F, is the sum of the z-components of all 
the forces, F, is the sum of the y-components of all the forces, and F; is the 
sum of the z-components of all the forces acting on m. 


5-5 Newton's Third Law of Motion 


Forces acting on a body originate in other bodies that make up its 


environment. Any single force is only one aspect of a mutual interaction 


between two bodies. We find by experiment that when one body exerts 
a force on a second body, the second body always exerts a force on the 
first. Furthermore, we find that these forces are equal in magnitude but 
opposite in direction. A single isolated force is therefore an impossibility. 

If one of the two forces involved in the interaction between two bodies is 
called an “action” foree, the other is called the “reaction” force. Either 


force may be considered the “action” and the other the “reaction.” Cause 


and effect is not implied here, but a mutual’ simultaneous interaction is 
implied. ral Sa 

This property of forces was first stated by Newton in his ake law ^d 
motion: “To every action there is always opposed an equal i ji » 
mutual actions of two bodies upon each other are always equal, and direc 


contrary parts." 
In other words, if body A exerts & force on body B, body B exerts an 


equal but oppositely directed force on body A; and furthermore AR de 
lie along the line joining the bodies. Notice that the action PR mee 
forces, which always occur in pairs, act on different bodie: vs AA 
to act on the same body, we could never have accelerated moti 
the resultant force on every body would always be Lut Er sy mol 
Imagine a boy kicking open & door. ‘The force exerte » AT MAE 
the door D accelerates the door (it flies open); at the eu ERARA P. 
D exerts an equal but opposite force on the boy B, which dec 
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Fig. 5-3 Example 1. A 
man pulls on a rope at- 
tached. to a block. (a) 
The forces exerted on the 
rope by the block and by 
the man are equal and op- 
posite. Thus the resultant 
horizontal force on the rope 
is zero, as is shown in 
the free-body diagram, The 
rope does not accelerate. 
(b) The force exerted on 
the rope by the man ex- 
ceeds that exerted by the 
block. The net horizontal 
force has magnitude Fyr 
— Fyg and points to the 
right. Thus the rope is 
accelerated to the right. 
The block is also acted 
upon by a frictional force 
not shown here. 


boy (his foot loses forward velocity). The boy will be painfully aware of 
the “reaction” force to his “action,” particularly if his foot is bare. 
The following examples illustrate the application of the third law and 
. clarify its meaning. 


P Example 1. Consider a man pulling horizontally on a rope attached to a 
block on a horizontal table as in Fig. 5-3. The man pulls on the rope with a force 
Fur. The rope exerts a reaction force Fru on the man. According to Newton’s 
third law, Fur = —Fru. Also, the rope exerts a force Fry on the block, and 
the block exerts a reaction force Fer on the rope. Again according to the third 
law, Fre = —Fpgr. 
Suppose that the rope has a mass mg. Then, in order to start the block and 
"rope moving from rest, we must have an acceleration, say a. The only forces 
acting on the rope are Fur and Fan, so that the resultant force on it is Fun + Fpr, 
and this must be different from zero if the rope is to accelerate. In fact, from the 
second law we have 


Fur + Fer = mga 


Since the forces and the acceleration are along the same line, we can drop the 
_ vector notation and write the relation between the magnitudes of the vectors, 
namely : : : 


Fun n Fur = mna. 


We see therefore that in general Fyr does not have the same magnitude as Fon 

(Fig. 5-3b). These two forces act on the same body and are not action and reaction 
airs. . : 

According to Newton's third law the magnitude of Fur always equals the 

agnitude of Frm, and the magnitude of Frs always equals the magnitude of 

Fsr. However, only if the acceleration a of the system is zero will we have the 
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pair of forces Fur and Fry equal in magnitude to the pair of forces Fs and Fgr 
(Fig. 5-3a). In this special case only, we could imagine that the rope merely . 
transmits the force exerted by the man to the block without change. This same 
result holds in principle if mg = 0. In practice, we never find a massless rope. 
However, we can often neglect the mass of a rope, in which case the rope is assumed 
to transmit a force unchanged. The force exerted at any point in the rope is 
called the tension at that point. We may measure the tension at any point in 
the rope by cutting a suitable length from it and inserting a spring scale; the tension 
is the reading of the scale. The tension is the same at all points in the rope only 
if the rope is unaccelerated or assumed to be massless. 


Example 2. Consider a spring attached to the ceiling and at the other end 
holding a block at rest (Fig. 54a). Since no body is accelerating, all the forces 
on any body will add vectorially to zero. ; 
For example, the forces on the suspended 
block are T, the tension in the stretched 
spring, pulling vertically up on the mass, 
and W, the pull of the earth acting verti- 
cally down on the body, called its weight. 
These are drawn in Fig. 54b, where we 
show only the block for clarity. There 
are no other forces on the block. 

In Newton’s second law, F represents 
the sum of all the forces acting on a body, 
80 that for the block 


F=T+W. 


The block is at rest so that its acceleration 
is zero, or a = 0. Hence, from the rela- 
tion F = ma, we obtain T + W = 0, or 


= -W. 
The forces act along the same line, so that 
their magnitudes are equal, or Fig. 5-4 Example 2. (a). block 
iT = W. j is suspended by a spring. (b A 


free-body diagram showing all the 

Therefore the tension in the spring is vertical forces exerted on the block. 
an exact measure of the weight of the (c) A similar diagram for the verti- 
block. We shall use this result later in cal forces on the spring. : 
presenting a static procedure for measur- 
ing forces. FO 

It is instructive to examine the forces exerted on the spring; they are TA ži $ 
Fig. 5-4c, T" is the pull of the block on the spring and is the "pes Pi 
the action force T. T" therefore has the same magnitude as T, Mer Par idi 
the upward pull of the ceiling on the spring, and w is the weig e m Mire iot 
that is, the pull of the earth on it. Since the spring 1S at rest ra 
along the same line, we have ; 

PT R€-0 


or s 
P=W+w. 
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The ceiling therefore pulls up on the spring with a force whose magnitude is the 
sura of the weights of the block and spring. 

From the third law of motion, the force exerted by the spring on the ceiling, P", + 
must be equal in magnitude to P, which is the reaction force to the action force P’, 
P' therefore has a magnitude W + w. 

In general, the spring exerts different forces on the bodies attached at its different 
ends, for P’ # T. In the special case in which the weight of the spring is negligi- 
ble, w = 0 and P’ = W = T. Therefore a weightless spring (or cord) may be 
considered to transmit a force from one end to the other without change. 

It is instructive to classify all the forces in this problem according to action and 
reaction pairs. "The reaction to W, a force exerted by the earth on the block, must 
be a force exerted by the block on the eartn. Similarly, the reaction to w is a force 
exerted by the spring on the earth. Because the earth is so massive, we do not 
expect these forces to impart a noticeable acceleration to the earth. Since the 
earth is not shown in our diagrams, these forces have not been shown. The forces 
T and T’ are action-reaction pairs, as are P and P’, Notice that although T — 
—W in our problem, these forces are not an action-reaction pair because they act 
on the same body. 4 


5—6 Systems of Mechanical Units 


Unit force is defined as a force that causes a unit of acceleration when 
applied to a unit mass. The mks (meter, kilogram, second) unit of mass is 
the kilogram (Fig. 5-1). The cgs (centimeter, gram, second) unit of mass 
is the gram, defined as one-thousandth of the kilogram mass. 

In the mks system unit force is the force that will accelerate a one- 
kilogram mass at one meter/sec?; we have seen that this unit is called the 
newton. In the cgs system, which includes the Gaussian system, unit 
force is the force that will accelerate a one-gram mass at one cm/sec’; 
this unit is called the dyne. Since 1 kg = 10° gm and 1 meter/sec? = 
10? cm/sec’, it follows that 1 nt = 10° dynes. 

In each of our systems of units we have chosen mass, length, and time as 
our fundamental quantities. Standards were adopted for these funda- 
mental quantities and units defined in terms of these standards. Force 
Appears as a derived quantity, determined from the relation F = ma. 

In the British engineering system of units, however, force, length, and 
time are chosen as the fundamental quantities and mass is a derived quan- 
tity. In this system, mass is determined from the relation m = F/a. 
The standard and unit of force in this system is the pound. Actually, 
the pound of force was originally defined to be the pull of the earth on a 
certain standard body at a certain place on the earth. We can get this 
force in an operational way by hanging the standard body from a spring at 
the particular point where the earth's pull on it is defined to be 1 lb of 
force. If the body is at rest, the earth's pull on the body, its weight W, is 
balanced by the tension in the spring. Therefore T = W = 1 lb, in this 
Instance. We can now use this spring (or any other one thus calibrated) 
to exert a force of 1 Ib on any other body; to do this we simply attach the 
Spring to another body and stretch it the same amount as the pound force 
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had stretched it. The standard body can be compared to the kilogram 
and it is found to have the mass 0.45359237 kg. The acceleration'due to 
gravity at the certain place on the earth is found to be 32.1740 ft/sec?. 
The pound of force can therefore be defined from F = ma as the force 
that accelerates a mass of 0.45359237 kg at the rate of 32.1740 ft/sec’. 
This procedure enables us to compare the pound-force with the newton. 
Using the fact that 32.1740 ft/sec” equals 9.8066 meters/sec?, we find that 


llb = (0.45359237 kg) (32.1740 ft/sec’) 
= (0.45359237 kg) (9.8066 meters/sec?) 
= 4.45 nt. 


The unit of mass in the British engineering system can now be derived. 
It is defined as the mass of a body whose acceleration is 1 ft/sec? when the 
force on it is 1 lb; this mass is called the slug. Thus, in this system 


F[Ib] = m [slugs] X a [ft/sec?]. 


is a good approximation.) 

In this book only forces will be measured in pounds. Thus the corre- 
The units of force, mass, and accelera- 
arized in Table 5-3. 
those of mass times acceleration. 
the fundamental quantities, 


sponding unit of mass is the slug. 

tion in the three systems are summ 
The dimensions of force are the same as 

Ina system in which mass, length, and time are 


Table 5-3 


Units iN F = ma 


Systems of Units Force Acceleration 
co tk PN EE ae ET 
Mks newton (nt) | kilogram (kgj | meter/sec* 
Duct as à 
i cm/sec? 
Cgs (Gaussian) | dyne / 
ft/sec? 


pound (Ib) slug 
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the dimensions of force are, therefore, mass X length/time?, or MLT-*, 
We shall arbitrarily adopt mass, length, and time as our fundamental 
mechanical quantities. 


Recalling that our length and time standards are atomic standards, some have 
speculated that the standard kilogram may some day be replaced by an atomic 
standard of mass. This new standard might consist of a specification of a number 
of atoms of a certain type whose collective mass under suitable circumstances is 
lkg. At the present time, however, the accuracy with which masses can be com- 
pared, as on a balance, exceeds the accuracy with which we can determine the 
exact number of atoms that make up a given mass. 


5-7 The Force Laws 


The three laws of motion that we have described are only part of the 
program of mechanics that we outlined in Section 5-1. It remains to 
investigate the force laws, which are the procedures by which we calculate 
the force acting on a given body in terms of the properties of the body and 
its environment. Newton’s second law 


F = ma (5-3) 


is essentially not a law of nature but a definition of force. We need to. 
identify various functions of the type: 


F = a function of the properties of the particle 
and of the environment (5-4) 


so that we can, in effect, eliminate F between Eqs. 5-3 and 5-4, thus 
obtaining an equation that will let us calculate the &cceleration of a par- 
ticle in terms of the properties of the particle and its environment. We 
see here clearly that-force is a concept that connects the acceleration of the 
particle on the one hand with the properties of the particle and its environ- 
ment on the other. We indicated earlier that one eriterion for declaring 
the program of mechanics to be successful would be the discovery that 
simple laws of the type of Eq. 5-4 do indeed exist. This turns out to be the 
case, and this fact constitutes the essential reason that we “believe” the 
laws of classical mechanics. If the force laws had turned out to be very 
complicated, we would not be left with the feeling that we had gained much 
insight into the workings of nature. 

The number of possible environments for an accelerated particle is so 
great that a detailed discussion of all the force laws is not feasible in this 
chapter. We shall, however, indicate in Table 5-4 the force laws that 
apply to the five particle-plus-environment situations of Table 5-1. At 
appropriate places throughout the text we will discuss these and other 
force laws in detail; several of the laws in Table 5-4 are approximations or 
special cases. - 
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Table 5-4 
Tue Force LAWS FOR THE Systems or TABLE 5-1 
System Force Law 


1. A block propelled by (a) Spring force: F = —kz, where z is the extension of 
& stretched spring the spring and k is a constant that describes the 
over a rough hori- spring; F points to the right; see Chapter 15 ` 
zontal surface (b) Friction force: F = umg, where u is the coefficient 

of friction and mg is the weight. of the block; F 
points to the left; see Chapter 6 

2. A golf ball in flight F = mg; F points down (see Section 5-8) 

3. An artificial satellite F = GmM/r*, where G is the gravitational constant, 
M the mass of the earth, and r the orbit radius; 
F points toward the center of the earth; see Chap- 
ter 16. This is Newton’s law of universal gravitation 

4. An electron near a F = (i/4m€)eQ/r?, where eo is a constant, e is the 
charged sphere electron charge, Q-is the charge on the sphere, and ` 

r is the distance from the electron to the center of - 
the sphere; F points to the right; see Chapter 26. 
This is Coulomb’s law of electrostatics i 
5. Two bar magnets F = (8uo/27)u*/r*, where yo is a constant, wis the 
magnetic dipole moment of each magnet, and r is 
` the center-to-center separation of the magnets; we 
assume that r> l, where l is the length of each 
magnet; F points to the right 


5-8 Weight and Mass 

The weight of a body is the gravitational force exerted on it by the earth. 
Weight, being a force, is a vector quantity. The direction of thüs vector D 
the direction of the gravitational force, that is, toward the center of the 
earth. The magnitude of the weight is expressed in force units, such as 
pounds or newtons. ED 1 

When a body bf mass m is allowed to fall freely, its acceleration is a 
of gravity g and the force acting on it is its weight W. pico hii 
law, F = ma, when applied to a freely falling body, gives us Ww Ms. 
Both W and g are vectors directed toward the center of the earth. We can 
the ri ( 

refore write Wd, ` ei (5-5) 


pi / i of the weight and acceleration vectors. 
keep an CUORE DER 4 t an upward force equal 


In Fig. 5-4a the ten- 
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ing two downward forces, can be used in practice to compare masses, If 
a sample of salt in one pan of a balance is pulling down on that pan with 
the same force as is a standard one gram-mass on the other pan, we know* 
that the mass of salt is equal to one gram. We are likely to say that the 
salt "weighs" one gram, although a gram is a unit of mass, not weight. 
However, it is always important to distinguish carefully between weight 
and mass. 

We have seen that the weight of a body, the downward pull of the earth 
on that body, is a vector quantity. The mass of a body is a scalar quan- 
tity. The quantitative relation between weight and mass is given by 
W = mg. Because g varies from point to point on the earth, W, the 
weight of a body of mass m, is different in different localities. Thus, the 
weight of a one kg-mass in a locality where g is 9.80 meters/sec? is 9.80 nt; ` 
‘in a locality where g is 9.78 meters/sec?, the same one kg-mass weighs 9.78 
nt. Ifthese weights were determined by measuring the amount of stretch 
required in a spring to balance them, the difference in weight of the same 
one kg-mass at the two different localities would be evident in the slightly 
different stretch of the spring at these two localities. Hence, unlike the 
mass of a body, which is an intrinsic property of the body, the weight of a 
body depends on its location relative to the center of the earth. Spring 
scales read differently, balances the same, at different parts of the earth. 

We shall generalize the concept of weight in Chapter 16 in which we 
discuss universal gravitation. There we shall see that the weight of a body 
is zero in regions of space where the gravitational effects are nil, although 
the inertial effects, and hence the mass of the body, remain unchanged 
from those on earth. In a space ship free from the influence of gravity it is 
a simple matter to lift a large block of lead (W = 0), but the astronaut 
would still stub his toe if he were to kick the block (m = 0). 

It takes the same force to accelerate a body in gravity-free space as it 
does to accelerate it along a horizontal frictionless surface on earth, for its 
mass is the same in each place. But it takes a greater force to hold the - 
body up against the pull of the earth on the earth’s surface than it does 
high up in space, for its weight is different in each place. 

Often, instead of being given the mass, we are given the weight of a body 
on which forces are exerted. The acceleration a produced by the force F 
acting on a body whose weight has a magnitude W can be obtained by com- 
bining Eq. 5-3 and Eq. ;-5. Thus from F = ma and W = mg we obtain 


m = W/g, so that F — (W/g)a. (5-6) 

The quantity W/g plays the role of m in the equation — ma and is, in 
fact, the mass of a body whose weight has the magnitude W. For exam- 
ple, a man whose weight is 160.Ib at a point where g = 32.0 ft/sec? has a 


* Corrections for buoyancy, owing to the different volumes of air displaced by the salt 
and the standard, must be made. These are discussed in Chapter 17. 


Sec. 5-9 A STATIC PROCEDURE FOR MEASURING FORCES 95 


mass m = W/g = (160 1b)/(32.0 ft/sec?) = 5.00 slugs. Notice that his 
weight at another point where g = 32.2 ft/sec? is W = mg = (5.00 slugs) 
(32.2 ft/sec”) = 161 Ib. ` 


5-9 A Static Procedure for Measuring Forces 


In Section 5-3 we defined force by measuring the acceleration imparted 
to a standard body by pulling on it with a stretched spring. That may 
be called a dynamie method for measuring force. Although convenient 
for the purposes of definition, it is not a particularly practical procedure 
for the measurement of forees. Another method for measuring forces is 
based on measuring the change in shape or size of a body (a spring, say) 
on which the foree is applied when the body is unaccelerated. This may 
be called the statie method of measuring forcés. : | 

The idea of the static method is to use the fact that when a body, under 
the action of several forces, has zero acceleration, the vector sum of all the 
forces acting on the body must be zero. This is, of course, just the con- 
tent of the first law of motion. A single force acting on a body would pro- 
duce an acceleration; this acceleration can be made zero if we apply another 
force to the body equal in magnitude but oppositely directed. In practice 
we seek to keep the body at rest. If now we choose some force as our unit 
force, we are in a position to measure forces. The pull of the earth on a 
standard body at a particular point can be taken as the unit force, for 
example. 5 

The instrument most commonly used to measure forces in this way is the 
spring balance. It consists’of a coiled spring having a pointer at one end 
that moves over a scale. A force exerted.on the balance changes the length 
of the spring. If a body weighing 1.00 Ib is hung from the spring, the 
Spring stretches until the pull of the spring on the body is equal in magni- 
tude but opposite in direction to its weight. A mark can be made on the 
scale next to the pointer and labeled “1.00-Ib force.” Similarly, oa 
3.00-Ib, ete., weights may be hung from the spring SU gUrERDOR GNE 
marks can be made on the seale next to the pointer in eaeb VE In this 
Way the spring is calibrated. We assume that the force exerted; on the 
spring is always the same when the pointer stands at the same position. 
The calibrated balance can now be used to aai any suitable unknown 
force, not merely the pull of the earth on some body. — . i 

The third ls: is tantly used in our static procedure because we yes e 
that the force exerted by the spring on the body ís the EO QM As 
as the force exerted by the body on the spring. This latter force sie 
force we wish to measure, The first law is used too, because eee a n 
zero when a is zero, Tt is worth noting again here that if the es B 
Were not zero, the body of weight W would not stretch the En c 
Same length as it did with a = 0. In fact, if the spring een [M ie 
of weight W were to fall freely under gravity so that a = & ‘he Spring 

. Would not stretch at all and its tension would be zero. 


f 
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5-10 Some Applications of Newton's Laws of Motion 


It will be helpful to write down some procedures for solving problems in 
classical mechanics and to illustrate them by several examples. Newton's | 
second law states that the vector sum of all the forces acting on a body is. f 
equal to its mass times its acceleration. The first step in problem solving | 
is therefore: (1) Identify the body to whose motion the problem refers. — 
As obvious as this seems, lack of clarity on the point as to what has been or 
should be picked as “the body” is a major source of mistakes. (2) Having 
selected “the body," we next turn our attention to the objects in "the : 
1 environment" because these objects (inclined planes, springs, cords, the. 

earth, etc.) exert forces on the body. We must be clear as to the nature of | 
these forces. (3) The next step is to select a suitable (inertial) reference ' 
frame. We should position the origin and orient the coordinate axes so as ~ 
to simplify the task of our next step as much as possible. (4) We now - 
make a separate diagram of the body alone, showing the reference frame - 
and all of the forces acting on the body. This is called a free-body diagram: — 
(5) Finally we apply Newton's second law, in the form of Eq. 5-2, to each ™ 
: component of force and acceleration. : 
The following examples illustrate the method of analysis used in apply- 
ing Newton’s laws of motion. Each body is treated as if it were a particle — 
of definite mass, so that the forces acting on it may be assumed to act . 
at a point. Strings and pulleys are considered to have negligible mass. - 
Although some of the situations picked for analysis may seem simple and — 
Sa artificial, they are the prototypes for many interesting real situations; but, 
more important, the method of analysis—which is the chief thing to under- - 
. . Stand—is applicable to all the modern and sophisticated situations of 
> classical mechanics, even sending a spaceship to Mars. 


` > Example 3. Figure 5-5a shows a weight W hung by strings. Consider the 1 
knot at the junction of the three strings to be “the body." The body remains at . 
rest under the action of the three forces shown in Fig. 5-55. Suppose we are given - 


Fig. 5-8 Example 3. (d) A mass is suspended bP strings. (b) A free-body diagram 
showing all the forces acting on the knot. The strings are assumed to be weightless.. 
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the magm ida of one of these forces. How can we find the magnitude of the other 
orces? 

F4, Fa, and Fc are all the forces acting on the body. Since the body is unae- 
celerated (actually at rest), FA + Fa + Fc = 0. Choosing the z- and y-axes as 
shown, we can write this vector equation as three scalar equations: 


Faz + Foz = 90, 
Fay + Fay + Feu = 0, 

using Eq. 5-2. The third scalar equation for the z-axis is simply 
Fas = Foe = Fes = 0. 


That is, the vectors‘all lie in the x-y plane so that they have no z-components. 
From the figure we see that j 


Fas = —Fa cos 30° = —0.866F 4, 
Fa, = Fa sin 30° = 0.5007 4, 


and 


Fas = Fg cos 45° = 0.707F a, 


Fg, = Fg sin 45° = 0.707F 5. 


Also, 
Poy = Fop V, 


because the string C merely serves to transmit the force on one end to the junction 
at its other end. . Substituting these results into our original equations, we obtain 


—0,866F 4 + 0.707F a = 9, 
0.500F4 + 0.707Fs — W = 0. 
r 


hese three forces, we can solve these 


If we are given the magnitude of any one of t 
= 100 Ib, we obtain F4 = 73.3 Ib 


equations for the other two. For example, if W 
and Fg = 89.6 lb. — 


Example 4. We wish to analyze the motion of a block on a smooth incline. 

(a) Static case. Figure 5-6a shows a block of mass m kept at rest on a smooth 
plane, inclined at an angle 0 with the horizontal, by means of a string attached to 
the vertical wall. The forces acting on the block are shown in Fig. 5-65. Fis 
the force exerted on the block by the string; mg is the force exerted on the block by 
the earth, that is, its weight; and F; is the force exerted on the block by the inclined 
surface. Fs, called the normal force, is normal to the surface of contact because 
there is no frictional force between the surfaces.* If thefe were a frictional force, 


F, would have à component parallel to the incline. Because we wish to analyze 
the motion of the block, we choose ALL the forces acting ON the block. The student 


will note that the block will exert forces on other bodies in its environment (the 
string, the earth, the surface of the incline) in accordance with the action-reaction 
one which limits the freedom 


* The normal force is an example of à constraining force, 


of movement a body might otherwise have. 
deformations of the bodies in contact, which are never perfeetly ri 


tacitly assume. 


It is an elastic force arising from small 
igid as we often 


“~ 
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Fig. 5-6 Example 4. (a) A block Fig. 5-7 Example 5. A block 


is held on a smobth inclined plane is being pulled along a smooth 
by a string. (b) A Íree-body dia-. table, The forces acting on the 
gram showing all the forces acting on block are shown. 

the block. 


principle; ‘these forces, however, are not needed to determine the motion of the 
block because they do not act on the block. 7 3 

Suppose @ and m are given. How do we find F; and F? Since the block is” 
unaccelerated, we obtain 


Fi + F: + mg = 0. 


It is convenient to choose the z-axis of our reference frame to be along the incline 
and the y-axis to be normal to the incline (Fig. 5-65). With this choice of voor- 
dinates, only one force, mg, must be resolved into components in solving the prob- 2 
lem. The two scalar equations obtained by resolving mg along the z- and y-axes 
are P 

1 Fi — mgsin 0 = 0, and F2 — mg cos 0 = 0, i 


from which F, and F» can be obtained if 6 and m are given. ; 

(b) Dynamic case. Now suppose that the string is cut. Then the force F 1, the — 
pull of the string on the block, will be removed. The resultant force on the block 
will no longer be zero, and the block will accelerate. What is its acceleration? 


From Eq. 5-2 we have Fz = ma, and Fy = ma, Using these relations we ~ 
obtain l 


à Fz — mg cos 0 = ma, = 0, 
and $ —mg sin 0 = ma;, 
which yield a, = 0, a, = —gsin 6. 


‘exerted on the block by the frictionless surface and W is the weight of the block. 
(a) If the block has a mass of 2.0 kg, what is the normal force? 
From the second law of motion with a, = 0, we obtain 
Fy = ma, or N-W-0 
ence, N = W = mg = (2.0 kg)(9.8 meters/sec?) = 20 nt. 
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(b) What force P is required to give the block a horizontal velocity of 4.0 
meters/see in 2.0 sec starting from rest? 
The acceleration a, follows from 


ig 40 us — 0 L 2.0 meters/sec?. 
t 32.0 sec 


From the second law, F = maz or P = maz. The force P is then 
P = ma, = (2.0 kg)(2.0 meters/sec?) — 4.0 nt. 


Example 6. Figure 5-8a shows a block of mass mı on a smooth horizontal 
surface pulled by a string which is at- ` 
tached to a block of mass m» hanging 
over & pulley. We assume that the 
pulley has no mass and is frictionless 
and that it merely serves to change the 
direction of-the tension in the string at 
that point. Find the acceleration of 
the system and the tension in the string. 

Suppose we choose the block of mass 
m as the body whose motion we investi- 
gate. The forces on this block, taken 
to be a particle, are shown in Fig. 5-85. 
T, the tension in the string, pulls on the 
block to the right; mig is the downward 
pull of the earth on the block and N is 
the vertical force exerted on the block by 
the smooth table. The block will accel- Fig. 5-8 Example 6. (a) Two 
erate in the x-direction only, so that masses are connected by a string; 


ai = 0. We, therefore, can write m, lies on a smooth table, m, hangs 
freely. (b) A free-body diagram 


showing all the forces acting on m. 
(5-7) (cy ,A similar diagram for m;. 


N-mg-70- Maiy 


and T = Mtis. 


From these equations we conclude that N = mg: Wedo not know T, so we can- 


not solve for aiz- x 
To determine T we must consider the motion of the block mz. The forces acting 


on mg are shown in Fig. 5-8c. Because the string and block are accelerating, we 

cannot conclude that T equals mag., In fact, if T were to equal mag, the resultant 

force on m would be zero, a condition holding only if the system is not accelerated. 
The equation of motion for the suspended block is 


mag — T = may: ' (5-8) 
The direction of the tension in the string changes at the pulley and, because the 
string has a fixed length, it is clear that ; 
Qy = üiz, y. . 
y a. We then 


so that we can represent the acceleration of the system as simpl 
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obtain from Eqs. 5-7 and 5-8 


mg — T = maa, ' (5-9) 
and 
T= ma. 
These yield 
mag = (mı + mə)a, (5-10) 
or 
a= ma 
S mı + ma " 
and 
4 we RTM 5-11 
T m; + ma ph cn 


which gives us the acceleration of the System e and the tension in the siring T. 
: Notice that the tension in the string is always less than mag. This is clear from 
Eq. 5-11, which can be written 


m; 
mi + me 


T = myg 


Notice also-that a is always less than g, the acceleration due to gravity. Only - 
when m; equals zero, which means that there is no block at all on the table, do we 
obtain a ='g (from Eq. 5-10). In this case T = 0 (from Eq. 5-9). 
We can interpret Eq. 5-10 in a simple way. The net unbalanced force on the - 
System of mass m; + m» is represented by mg. Hence, from F = ma, we obtain 
Eq. 5-10 directly. 
To make the example specific, suppose mı = 20 kg and m: = 1.0 kg. Then 


a= my = 19-33 ters/sec? 
: mi +m? 9 = 3.3 meters/sec?, 
an i 
mim ni 
ie es ‘i - = (8)(9.8) kg-m/sec? = 6.5 nt. 


Example 7. Consider two unequal masses connected by a string which passes 
over a frictionless and massless pulley, as shown in Fig. 5-9a. Let m be greater 
than mi. Find the tension in the string and the acceleration of the masses. E 

We consider an upward acceleration positive, IT the acceleration of m; is a, the’ 
acceleration of mz must be —a, The forces acting on m; and on ms are shown in 
Fig. 5-9b in which 7 represents the tension in the string. 

The equation of motion for m; is 
T — mig — mia 
and for ms is l 


- T — msg = —mya. 
Combining these equations, we obtain 


m$ —my 
———— 


= 12 
f mo +m, 9 (5- ) 


and 


s y 2mims 
T =———_9. 
, : > $ mi +m” 
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Fig. 5-9 Example 7. (a) Two unequal masses are suspended by & string from a 
pulley (Atwood’s machine). (b) Free-body diagrams for m, and m,. (c) Free-body 
diagram for the pulley, assumed massless. 


For example, if ma = 2.0 slugs and m; = 1.0 slug, 
a = (32/3.0) ft/sec? = 9/3, 
T = (¢)(82) slug-ft/sec* = 43 Ib. 


Notice that the magnitude of T is always intermediate between the weight of the 
mass mı (32 lb in our example) and the weight of the mass ma (64 lb in our exam- 
ple). This is to be expected, since T must exceed mig to give mi an upwa 

acceleration, and mag must exceed T to give mza downward acceleration. In the 
special case when mi — ms we obtain a = 0 and T = mig = MY, which is the 


static result to be expected. $ 
Figure 5-9c shows the forces acting. on the massless pulley. If we treat the 


pulley as a particle, all the forces can be taken to act through its center. P is the 
upward pull of the support on the pulley and T is the downward pull of each seg- 
ment of the string on the pulley. Since the pulley has no translational motion, 


p-T4éT-23W 


Jf we were to drop our assumption of a massless pulley and assign a mass m to it, 
we would then be required to include a downward foree mg on the support. Also, 


as we shall see later, the rotational motion of the pulley results in a different tension 
so affects the rotational 


in each segment of the string.- Friction in the bearings al 
motien of the pulley and the tension in the strings. 


Example 8. Consider an elevator moving vertically 
We wish to find the force exerted by a passenger on the floor of the elevator. 
Acceleration will be taken positive upward and negative downward. iti 
acceleration in this case means that the elevator is either moving upward with 
increasing speed or is moving downward with decreasing speed. Negative &ccel- 
eration means that the elevator is moving upward with decreasing speed or down- 
ward with increasing speed. - j 

From Newton’s third law the force exerted by the passenger on the floor will 
always be equal in magnitude but opposite in direction to the force éxerted by the- 
floor on the passenger. We can therefore calculate either the action force or the 
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reaction force. When the forces acting on the passenger are used, we solve for 
the latter force. When the forces acting on the floor are used, we solve for the 
former force. 3; Na 

The situation is shown in Fig. 5-10: The passenger's true weight is W and the 
force exerted on him by the floor, called P, is his apparent weight in the accelerating 
elevator. The resultant force acting on him is P + W. Forces will be taken as 
positive when directed upward. From-the second law of motion we have 


F — ma, 
or MEG 
P- W= ma, (5-13) 


where m is the mass of the passenger and 4 is his (and.the elevator's) acceleration. 
Suppose, for example, that the passenger weighs 160 Ib and the acceleration is 
2.0 ft/sec? upward. We have 


.W 1001 


m sj ees 
g 32 ft/sec? 


= 5.0 slugs, 


and from Eq. 5-13, 


P — 160 lb = (5.0 slugs) (2.0 ft/sec?) : 
or 


P = apparent weight = 170 lb. 


If we were to measure this force directly by having the passenger stand on a spring 
scale fixed to the elevator floor (or suspended from the ceiling), we would find the 
scale reading to be 170 Ib for a man whose weight is 160 Ib. The passenger feels 
himself pressing down on the floor with greater force (the floor is pressing upward 
on him with greater force) than- when he and the elevator are at rest. Everyone 
experiences this feeling when an elevator starts upward from rest. 


Fig. 5-10 Example 8. (a) A pas- 
senger stands on the floor of an ele- 

P vator. (b) A free-body diagram for 
the passenger. 


"Passenger 


Ww 


(b) 
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If the acceleration were taken as 2.0 ft/sec* downward, then a — —2.0 ft/sec? 
and P = 150 lb for the passenger. The passenger who weighs 160 1b feels himself 
pressing down on the floor with less force than when he and the elevator are at 
rest. 

If the elevator cable were to break and the elevator were to fall freely with an 
acceleration a = —g, then P would equal W + (W/g(—g) = 0. Then the 
passenger and floor would exert no forces on each other. The passenger's apparent 
weight, as indicated by the spring scale on the floor, would be zero. 4 


QUESTIONS . 


1. What is your mass in slugs? Your weight in newtons? 


2. Why do you fall forward when a moving train decelerates toa stop and fall back- 


ward when a train accelerates from rest? What would happen if the train rounded a 


curve at constant speed? 

3. A horse is urged to pull a wagon. The horse refuses to try, citing Newton's third 
law as his defense: ' "The pull of the horse on the wagon is equal but opposite to the pull 
of the wagon on the horse.’ If I can never exert a greater force on the wagon than it 


exerts on me, how can I ever start the wagon moving?” asks the horse. How would 


you reply? : 

4. A block of mass m is supported by à cord C from the ceiling, and another cord D is 
attached to the bottom of the block (Fig. 5-11). Explain this: If you give a sudden 
jerk to D it will break, but if you pull on D steadily, C will break. 


Spring balance 


Er 


15512 
Fig. 5-11 Fig. 5- 


i in Fi . Does the 
5. Two 104b weights are attached to a spring scale as shown in Fig. 5-12 


"n 2 ing? 
scale read 0 Ib, 10 lb, 20 lb, of give some other reading 3 Prita 
6. Criticize the statement, often made, that the mass of a body is a mensure 
“quantity of matter" in it. 
7. Using force, length, an 


of mass? ; i54 Y 
8. Is the definition of mass that we have given limited to 05Je 


9, Is the current standard of mass accessible, invariable, reproducible i 
Does it have simplicity for comparison purposes? Would an atomic 


in any respect? 


d time as fundamental quantities, what are the dimensions 


cts initially at rest? 


indestructible? 
ard be better 


- 
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10. Suppose the carbon atom was chosen as the standard of mass. What information 
would be needed to express the mass of the standard kilogram in terms of this atomic 
standard? How could this information be obtained? 

11. Suggest practical ways by which one could determine the masses of the various 
objects listed in Table 5-2. 

12. In a tug of war, three men pull on a rope to the left at A and three men pull tc 
the right at B with forces of equal magnitude. Now a weight of 5.0 Ib is hung vertically 
from the center of the rope. (a) Can the men get the rope AB to be horizontal? 
(b) If not, explain. If so, determine the magnitude of the forces required at A and 
B to do this, 

13. Both the following statements are true; explain them. . Two teams having a tug 
of war must always pull equally hard on one another. The team that pushes hard{r 
against the ground wins. 

14. Under what circumstances would your weight be zero? Does your answer 
depend on the choice of a reference system? : 

15. Two objects of equal mass rest on opposite pans of a trip scale. Does tie scale 
remain balanced when it is accelerated up or down in an elevator? 

16. A massless rope is strung over a frictionless pulley. A monkey holds onto one «nd 
of the rope and a mirror, having the same weight as the monkey, is attached to the other 
end of the rope at the monkey’s level. Can the monkey get away from his image se»n 
in the mirror (a) by climbing up the rope, (b) by climbing down the rope, (c) by releasing 
the rope? 

17. A student standing on the large platform of a spring scale notes his weight. He’ 
then takes a step on this platform and notices that the scale reads less than his weight 
at the beginning of the step and more than his weight at the end of the Step. Explain. 
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l. Two blocks, mass m; and me are connected by a light spring on à horizontal 
frictionless table. Find the ratio of their accelerations a; and. as after they are pulled 
apart and then released. : 

2. Let the only forces acting on two bodies be their mutual interactions. If both 
bodies start from rest, show that the distances traveled by each are inversely propor- 
tional to the respective masses of the bodies. 


3. A body of mass m is acted on by two forces F; and Fs, as shown in Fig. 5-13. If 
m = 5.0 kg, F1 = 3.0 nt, and Fz = 4.0 nt, find the vector acceleration of the body. 


Fig. 5-13 Fig. 5-14 


4. A block of mass M is pulled along a horizontal frictionless surface by a rope of mass 
m, as in Fig. 5-14. A force P is applied to one end of the rope. (a) Find the accelera- 


AT ee 


^ gontal force of 130 lb. Find its acceleration an 
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tion of the block and the rope. (b) Find the force that the rope exerts on the block M 
in terms of P, M, and m. 

5. A car moving initially at a speed of 50 miles/hr and weighing 3000 Ib is brought to a 
stop in a distance of 200 ft. (a) Find the braking force and the time required to stop. 
(b) Assuming the same braking force, find the distance and time required to stop if the 
ear were going 25 miles/hr initially. > $ 
6. An electron travels in a straight line from the cathode of a vacuum tube to its 
anode, which is exactly 1.0 cm away- " Yt starts with zero speed and reaches the anode 
with a speed of 6.0 X 10* meters /sec. (a) Assume constant acceleration and compute 

be 9.1 X 107% kg. This force 


is electrical in origin. (b) Compare it with the gravitational force on the electron, 
which we neglected when we assumed straight-line motion. Is this assumption valid? 


1. A body of mass 2.0 slugs is acted on by the downward force of gravity and a hori- 
d its velocity as & function of time, 


assuming it starts from rest. 
8. An electron is projected horizontally from an electron gun at & speed of 1.2 x 10 
meters /sec into an electric field which exerts & constant vertical force of 4.5 X 107 nt 
on it. The mass of the electron cam be taken to be 9.1 x10-? kg. Determine the 
vertical distance the electron-is deflected during the time it has moved forward gom 
horizontally. ry j ‘ M ENG 

9. A space traveler whose mass is 75 kg leaves the earth. Compute his weight (o) 
on the earth, (b) 400 miles above the earth (where g = 8.1 meters /sec), and (c) in 
interplanetary space. What is his mass at each of these locations? : ; 

10. Two blocks are in contact on à frictionless table. A horizontal force 18 "— 
to-ene block, as shown in Fig. 5-15. (a) If m = 2.0 kg, m2°= 10k and F a nt, 
“find the force of contact between the two blocks. (b) Show that if the same "which 
applied to ms rather than to mi, the force of contact between the blocks is 2.0 nt, whic 


isnot the same as the value d 


erived in (a)- Explain. 


nnected, as shown in Fig. 5-16 OF © 719 kg, m = 20 k& 


11. Three blocks are co! 
ight with a force Ts = go nt. Im to bodies being pulled 


table and pulled to the rig T, Draw an analogy 
2. 


in tandem, such as an engine P 


and m; = 30 d the t ions T; an 
3 = 30 kg, find the ensi ning a train of coupled er 
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12. A charged sphere of mass 3.0 X 1074 kg is suspended from a string. An electric. 
force acts horizontally on the sphere so that the string makes an angle of 37° with the. 
vertical when at rest (Fig. 5-17). Find (a) the magnitude of the electric force and (b) 
the tension in the string. 

13. How could a 100-Ib object be lowered from a roof using a cord with a breaking 
strength of 87 Ib without breaking the rope? 


Fig. 5—17 i Fig. 5-18 


14. Compute the initial upward acceleration of a rocket of mass 1.3 X 104 kg if the 
initial upward thrust of its engine is 2.6 X 10° nt. Can you neglect the weight of the 
rocket (the downward pull of the earth on it)? 


15. A block of mass mı = 3.0 slugs on a smooth inclined plane of angle 30° is con- 
nected by a cord over a small frictionless pulley to a second block of mass m» = 2:0 
slugs hanging vertically (Fig: 5-18). (a) Whát is the acceleration of each body? 
(b) What is the tension. in the cord? 

16. A 10-kg monkey is climbing a massless rope attached to a 15-kg mass over a (fric- 
tionless!) tree limb. (a) Explain quantitatively how the monkey can climb up the rope 
so that he can raise the 15-kg mass off the ground. (b) If, after the mass has been 
raised off the ground, the monkey stops climbing and holds on to the rope, what will his 
acceleration and the tension in the rope now bé? : ] 

17. A block is released from rest at the top of a frictionless inclined plane 16 meters 
long. It reaches the bottom 4.0 sec later. A second block is projected up the plane 
from the bottom at the instant the first block is released in such a way that it returns 
to the bottom simultaneously with the first block. (a) Find the acceleration of each 
block on the incline, (6) What is the initial velocity of the second block? (c) How 
far up the inclined plane does it travel? 

18. A block is projected up a frictionless inclined plane with a speed vp. The angle 
of incline is 0. (a) How far up the plane does it go? (b) How long does it take to 


19. A block slides down a frictionless incline making an angle 6 with an elevator 
floor. Find its acceleration relative to the incline in the following cases. (a) Ele- 
vator descends at constant speed v. (b) Elevator ascends at constant speed v. (c) 
Elevator descends with acceleration a. (d) Elevator descends with deceleration a. 


20. An levator weighing 6000 1b is pulled upward by a cable with an acceleration of 
4.0 ft/sec -+ (a) What is the tension in the cable? (b) What is the tension when the 
levator is accelerating downward at 4.0 ft/sec?? 


E 
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21. A lamp hangs vertically from a cord in a descending elevator. The elevator 
has a deceleration of 8.0 ft/sec” before coming to a stop. (a) Tf the tension in the cord 
is 20 Ib, what is the mass of the lamp? (b) What is the tension in the cord when the 
elevator ascends with an acceleration of 8.0 ft/sec?? 

22. A plumb bob hanging from the ceiling of a reilroad car acts as an accelerometer. 
(a) Derive the general expression relating the horizontal acceleration d of the car to 
the angle 6 made by the bob with the vertical. (b) Find a when 6 = 20°. Find 0 
when a = 5.0 ft/sec”. 

23. Refer to Fig. 5-6. Let the mass of the block be 2.0 slugs and the angle @ equal 
30°. (a) Find the tension in the string and the normal force acting on the block. 
(b) If the string is cut, find the acceleration of the block. Neglect friction. 

24. Refer to Fig. 5-8a. Let mi = 4.0 slugs and m = 2.0 slugs. Find the tension 
in the string and the acceleration of the two blocks. y 

25. Refer to Fig. 5-9a. Let mı = 0.50 kg and ms = 1.0 kg. Find the acceleration 
of the two blocks and the tension in the string. ^ 

26. A uniform flexible chain of length J, with weight per unit length X, passes over a 
small, frictionless, massless pulley. Tt is released from a rest position with a length of 
chain z hanging from one side and alength | — x from the other side. (a) Under what 
circumstances will it accelerate? (b) Assuming these circumstances are met, find the 
acceleration a as a function of 2. à : 

27. A triangular block of mass M with angles 30°, 60°, and 90° rests with its 30°-90° 
side on a horizontal table.- A cubical block of mass m rests on the 60°-30° side (Fig. 


5-19). (a) What horizontal acceleration a must M have relative to the table to keep m 


stationary relative to^the triangular block, assuming frictionless contacts? (b) What 
Y eve this result, assuming 


horizontal force F must be applied to the system to achi 
a frictionless table top? (c) Suppose no force is supplied to M and both surfaces 


are frictionless. Describe the resulting motion. 


Fig. 5-19 Fig. 5-20 


ed by a light string of length 2l, as 
plied at the midpoint of the string 
Show that the acceleration 


28. Two particles, each of mass m, are connect 


shown in Fig. 5-20. A, continuous force F is applic 
(c = 0) at right angles to the initial position of the string. 
to F is given by 


of m in the direction at right angles 
[ed iia 

PN auis 

az 2m VP c z? " 


ne of the particles from the line of action of 


in which z is the per distance of o! 
F. Discuss the situation when z = l. 

29. Terminal velocity. The resistance 
depends on many factors, such as the size of the bod, 
temperature of the air, and the velocity of the body throug! 


r 


ion of bodies in free fall 

ir to the motion of bodies in free 
A MEE y and its shape, the density and 
htheair. A useful assump- 
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tign, only approximately true, is that the resisting force fs is proportional to the velocity, | 
and oppositely directed; that is, fg = —kv, where k is a constant whose value in any 
particular case is determined by factors other thag velocity. 
Consider free fall of an object from rest through the air. 
(a) Show that Newton’s second law gives 
à dy d*y 
mg — kv = ma or mg — k yor J 
(b) Show that the body ceases to accelerate when it reaches a velocity vr = mg/k, 
called the terminal velocity; 
_ (c) Prove, by substituting it in the equation of motion of part (a), that the velocity 
varies with time as 
v= vr(1 = etm) 
and plot v versus t. _ 
(d) Sketch qualitatively curves of y versus ¢ and a versus ¢ for this motion, noting 
that the initial acceleration is g and the final acceleration is zero. 
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CHAPTER 6 


6—1 Introduction 


In Chapter 5 we considered particle dynamies for bodies subject to a 
force that was constant in both magnitude and direction. The forces that 
we dealt with were exerted by the earth or by taut cords, that is, they were 
either gravitational or elastic in nature. , In ‘this chapter we consider 


another kind of force, that resulting from friction. 
We shall also discuss the dynamics of uniform circular motion, in which 


the force, although constant in magnitude, changes in direction with time, 
orce, although 


In Chapter 10 we shall consider problems in which the f 


constant in direction, changes in magnitude with time, as when one body 
exerts a transient force on another during a collision, .. Finally, in Chapter 
15, we shall consider problems in which the force changes in both magnitude 
and direction with time, 


such as the force exerted by a spring on an oscil- 


lating mass suspended from it. i 


6—2 Frictional Forces* fn. Te 

If we project a block of mass m with initial velocity vo along & long hori- 
zontal table, it eventually comes to rest, This means that, while it is 
moving, it experiences an average acceleration & that points in the direc- 
tion opposite to its motion. If (in an inertial frame) we,see that a body is. 
being. accelerated, we always associate a force, defined from Newton's 
ig, in Contemporary) Physics, Vol. 2, 
he article ^ Frietion" in the Encyclo- 


^ 


V Se "The Friétior of Solids” by E. H. Freita 
1961, p. 198, for a good general reference: see also t 


pedia Brittaniea.. + 
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second law, with the motion. In this case we declare that the table exerts 
a force of friction, whose average value is ma, on the sliding block. 

Actually, whenever the surface of one body slides over that of another, 
each body exerts a frictional force on the other, parallel to the surfaces, 
The frictional force on each body is in a direction opposite to its motion 
relative to the other body. Frictional forces automatically oppose the 
motion and never aid it. Even when there is no relative motion, frictional 
forces may exist between surfaces. 

Although we have ignored its effects up to now, friction is very important 
in our daily lives. Left to act alone it brings every rotating shaft to a halt, 
In an automobile, about 20% of the engine power is used to counteract 
frictional forces (only 1 or 2% ina turbojet engine, however). Friction 
causes wear and seizing of moving parts and many engineering man-hours 
are devoted to reducing it. On the other hand, without friction we could 
not walk as we now do; we could not hold a pencil in our hand and if we 
could it would not write; wheeled transport as we know it would not be 
possible. 

We want to know how to express frictional forces in terms of the prop- 
erties of the body and its environment ; that is, we want to know the force 
law for frictional forces. In what follows we consider the sliding (not 
rolling) of one dry (unlubricated) surface over another. As we shall see 
later, friction, viewed at the microscopic level, is a very complicated phe- 
nomenon * and the force laws for dry, sliding friction are empirical in char- 
acter and approximate in their predictions. They do not have the elegant 
simplicity and accuracy that we find for the gravitational force law (Chap- 
ter 16) or for the electrostatic force law (Chapter 26). It is remarkable, 
however, considering the enormous diversity of surfaces one encounters, 
that many aspects of frictional behavior can be understood qualitatively 
on the basis of a few simple mechanisms, 

Consider a block at rest on a horizontal table as in Fig. 6-1. Attach a 
spring to it to measure the force required to set the block in motion. We 
find that the block will not move even though we apply a small force, We 


we increase the applied force we find some definite force at which the block 
just begins to move, Once motion has Started, this same force produces 
accelerated motion, By reducing the force once motion has started, we 
find that it is possible to keep the block in uniform motion without accel- 
eration; this force may be small, but it is never zero. 

The frictional forces acting between surfaces at rest with respect to each 
other are called forces of static friction. The maximum force of static 
friction will be the same as the smallest force necessary to start motion. 
Once motion is started, the frictional forces acting between the surfaces 


* See, for example, “Stick and Slip” by Ernest Rabinowicz, in Scientific American, 
May 1956. 
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Fig. 6-1 A block being put 
into motion as applied force 
F overcomes frictional forces. 
In the first four drawings the 
applied force is gradually in- 
creased from zero to magni- 
tude »,N. No motion occurs 
until this point because the 
frictional force always just bal- 
ances the applied force. The 
instant F becomes greater than 
mN, the block goes into mo- 
tion, as is shown in the fifth 
drawing. In general, uN < 
n,N; this leaves an unbalanced 
force to the left and the block 
accelerates. In the last draw- 
ing F has been reduced to 
equal uN. The net force is 
zero, and the block continues 
with constant velocity. 


L| Accelerated 
> motion; fk <F 


Uniform 
motion; fk = F 


usually decrease so that a smaller force is necessary to maintain uniform 
motion. The forces acting between surfaces in relative motion are called: 


forces of kinetic friction. í : 
static friction between any pair of dry unlubri- 


'The maximum force of r : 
cated surfaces follows these two empirical laws. q) It is approximately 
independent of the area of contact, over wide limits and (2) it is propor- 
tional to the normal force. The normal force, sometimes called the loading 

ther at right angles to 


force, is the one which either body exerts on the o ; vi 
their mutual interface. It arises from the elastic deformation of the bodies 
id. For a block 


in contact, such bodies never really being entirely rig : 
resting on a horizontal table or sliding along it, the normal force 18 equal 
in magnitude to the weight of the block. Because the block has no quie 
acceleration, the table must be exerting a force on the block that is direct 
upward and is equal in magnitude to the downward pull of the earth on 
the block, that is, equal to. the block's weight. "Meri: 
The ratio of the magnitude of the maximum force of static frietion to 
the magnitude of the normal force is called the coefficient of static friction 
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for the surfaces involved. If Jf, represents the magnitude of the force of 
static friction, we can write 
hs uN, (6-1) 


where x, is the coefficient of static friction and N is the magnitude of the 
normal force. The equality sign holds only when f, has its maximum 
value. 

The force of kinetic friction fx between dry, unlubricated surf aces follows 
the same two laws as those of static friction. (1) It is approximately 
independent of the area of contact over wide limits and (2) it is propor- 
tional to the normal force. The force of kinetic friction is also reasonably 


1 


The two laws of friction above were discovered experimentally by Leonardo da 


Vinci (1452-1519) and rediscovered, in 1699, by the Fretich engthet¥G. Amontons. 
Leonardo’s statement of the two laws was remarkable, coming as it did about two 
centuries before the concept of force was fully developed by Newton. Leonardo's 
formulation was: (1) “Friction made by the same weight will be of equal resistance 
at the beginning of the movement though the contact may be of different breadths 
or lengths” and (2) « riction produces double the amount of effort if the weight 
be doubled." The French scientist, Charles A. Coulomb, (1736-1806) did many 
experiments on friction and pointed out the difference between static and kinetic 
friction, : 


Soe of the magnitude of the force of kinetic friction to the magni- 


tude of this normal force is called the coefficient of kinetic friction. If fy . 


represents the magnitude of the force of 
kinetic friction, 


^ fk = uN, (6-2) 


where ui is the coefficient of kinetic 
friction. 

Both u, and Hz are dimensionless con- 
stants, each being the ratio of (the mag- 
nitudes of) two forces. Usually, for a 

à given pair of surfaces Hs > wy. The 
Fig. 6-2 A, highly magnified actual values of us and uy depend on the 


view of a section of a finely nature of both the s i 
wo urfaces in contact. 
polished steel surface. The sec- Both u. and Ak Can exceed unity, al- 


ag Al distas “oie epe. though commonly they are less than one. 
ated by a factor of ten with ee Notice that Eqs. 6-1 and 6-2 are rela- 
„Spect to horizontal distances, tions between the magnitudes only of the 
a d epee e  " noris] and frictional forces. These 
eters high. From a forces are always directed perpendicu- 
ication of Solids, by F. p. larly to one another, : 


and D. Tabor, Claren- On the atomic scale even the most finely pol 
md y pol- 
don Press, 1980. ished surface is far from plane.. Figure 62, 


— 
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‘at these points. Many contact 


“materials, surface finish, surface films, temperature, 
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Fig. 6-3 Sliding friction. (a) The upper body is sliding to the right over the lower 
body in this enlarged diagram. (b) A further enlarged view showing two spots where 
surface adhesion has occurred. Force is required to break these welds apart. and 


maintain the motion. 


for example, shows, an actual profile, highly magnified, of a steel surface that 
would be considered to be highly polished. One can readily believe that when two 
bodies are placed in contact, the actual microscopic area of contact is much less 
than apparent macroscopic area of contact; in a particular case these areas can 
be easily in the ratio of 1 to 10*. . 

The actual (microscopic) area of contact is proportional to the normal force, 
because the contact points deform plastically under the great stresses that develop 
points actually become “cold-welded” together. 
occurs because at the contact points the mole- 


This phenomenon, surface adhesion, 
e are so close together that they exert strong 


cules on opposite sides of the surfac 
intermolecular forces on each other. 
When one body (a metal, say) is pulled across another, the frictional resistance is 
associated with the rupturing of these thousands of tiny welds, which continually 
reform as new chance contacts are made (see Fig. 6-8). Radioactive tracer . 
experiments have shown that, in the rupturing process, small fragments of one 


metallic surface may be sheared off and adhere to the other surface. If the rela- 
tive speed of the two surfaces is great enough, there may be local melting at certain 
feel only moderately warm. 


contact areas even though the surface as a whole may 
The coefficient of friction depends on many variables, such as the nature of the 
and extent of contamination. 
For example, if two carefully cléaned metal surfaces are placed in & highly evacu- 


ated chamber so that surface oxide films do not form, the coefficient of friction rises 
to enormous values and the surfaces actually become firmly "welded" together. 
ber so that oxide films may form 


The admission of a small amount of air to the cham 
on the opposing surfaces reduces the coefficient of friction to its “normal” value. 
With these complications it is not surprising that there is no exact theory of dry 
friction and that the laws of friction are empirical. The surface adhesion theory of. 
friction for metals leads to a ready understanding of the two laws of friction men- 
tioned above however. (1) The microscopic contact area, which determines the 
frictional force fe, is proportional to the normal force N and thus fk is proportional 
to N, as Eq. 6-2 shows. (2) The fact that the frictional force is independent of 
the apparent area of contact means, for example, that the force required to drag 
a metal "brick" along a metal table is the same no matter which face of the brick 
is in contact with the table. We can understand this only if the microscopie area 
of contact is the same for all positions of the brick, and this is indeed the case. 
With the largest face down, there are a relatively large number of relatively small 
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area contacts supporting the load; with the smallest face down there are fewer 
contacts (because the apparent contact area is smaller), but the area of an indi- 
vidual contact is larger by just the same factor because of the higher pressure 
exerted by the up-ended brick on this smaller number. of contacts supporting the 
same load. . 

The frictional force that opposes one body rolling over another is much less than 


| 


that for a sliding motion and this, indeed, is the advantage of the wheel over the _ 


sledge. This reduced friction is due in large part to the fact that, in rolling, the 
microscopic contact welds are “peeled” apart rather than “sheared” apart as in 
sliding friction. This may reduce the frictional force by as much as 1000-fold. 

Frictional resistance in dry, sliding, friction can be considerably reduced by 
lubrication. A mural in a grotto in Egypt dating back to 1900 n.c. shows a large 
stone statue being pulled on a sledge while a man in front of the sledge pours 
lubricating oil in its path. A still more effective technique is to introduce a layer 
of gas between the sliding surfaces; the “dry ice puck” mentioned on page 82 
and the gas-supported bearing are two examples. Friction can be reduced still 
further by suspending a rotating object in an evacuated space by means of mag- 
netic forces. J. W. Beams, for example, has spun a 30-Ib rotor of this type at 
1000 rev/sec; when the drive was cut off, the rotor lost speed at the rate of only 
1 rev/sec in a day.* 


Examples of the application of the empirical force law for friction follow. 
The coefficients of friction given are assumed to be constant. Actually 
uk can be regarded as a good average value that is not greatly different 
from the value at any particular speed in the range. 


P Example 1. A block is at rest on an inclined plane making an‘angle 0 with the 
horizontal, as in Fig. 6-4a. As the angle of incline is raised, it is found that slipping 
just begins at an angle of inclination @,. What is the coefficient of static friction 
between block and incline? 

The forces acting on the block, considered to be a particle, are shown in Fig. 6-45. 
W is the weight of the block, N the normal force exerted on the block by the inclined 
surface, and f, the tangential force of friction exerted by the inclined surface on the 
block. Notice that the resultant force exerted by the inclined surface on the block, 
N + f,, is no longer perpendicular to the surface of contact, as was true for smooth 
surfaces (f, = 0). The block is at rest, so that 


N+ f+ W =0. 


Resolving our forces into z- and y-components, along the plane and the normal to 


Fig. 6-4 Example 1. (a) 
A block at rest on a rough 
inclined plane. (b) A free- 
body force diagram for the 
„block. j 


— 


1b es o Ultrahigh—Speed Rotation,” Jesse W. Beams in Scientific An rican, April 
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Fig, 6-5 Example 2. The forces 
on a decelerating automobile. 


the plane, respectively, we obtain 
N — W cos 0 — 0, 
j (6-3) 
f, — W sin 0 = 0. 


However, f, € pN. If we increase the angle of incline slowly until slipping just 
N. Substituting this 


begins, then for that angle, 0 = 0, and we can use f, = Hs 
into Eqs. 6-3, we obtain 


N = W cosb, 
and LN = W sin ba, 
so that pi = tan bs. 


Hence measurement of the angle of inclination at which slipping just starts provides 
a simple experimental method for determining the coefficient of static friction 


between two surfaces. Wr 
The student can make use of similar arguments to show that the angle of inclina- 
tion 6; required to maintain & constant speed for the block as it slides down the plane, 


once it has been started by tapping, is given by 
Hk ‘= tan 0s, 
f a ruler the student can now determine ps and ju 


where 6; < 6,. With the aid o 
for a coin sliding down his textbook. 


à 2 j 2 4 an 
i tomobile moving along a straight horizontal ro: r 
Example $e NR friction between the tires and the road is 


with a speed vp. If the coefficient of static i i 

14, what is the shortest distance in which the automobile can be vo es 5 
The forces acting on the automobile, considered to be a particle, ar? os 

Fig. 6-5. Theyear is-assumed to:be moving in the positive irem 

assume that f, is a constant force, We have uniformly decelerated mo Apes 
From the relation (see Eq. 3-16) 


v? = vo? + 2a2, . 


with the final speed v = 0, we obtain 
z= —v0°/2a, 


i i ote in the negative z-direction. 
where the minus sign means that a points in th en a ayons ^ 


To determine a, apply the second law of mo 


motion: _j, = ma = (W/pa «9 a= —g(f/W). 
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From the y components we obtain 

N--W-0 or N -W, 
so that Ha = f/N = fw 
and i a= — pg. 
Then the distance of stopping is 


T= —vo?/2a = v*/2gu,. (6-4) 


The greater the initial speed, the longer the distance required to come to a stop; 
in fact, this distance varies as the square of the initial velocity. Also, the greate 
the coefficient of static friction between the surfaces, the less the distance require d. 
to come to a stop. : E 

We have used the coefficient of static friction in this problem, rather than the 
coefficient of sliding friction, because we assume there is no sliding between the tires" 
and the road. We have neglected rolling friction. Furthermore, we have assumed 
that the maximum force of static friction (f, = u,N) operates because the problem 
seeks the shortest distance for stopping. With a smaller static frictional force the : 
distance for stopping would obviously be greater. The correct braking technique” 

required here is to keep the car just on the verge of skidding. If the surface is 
smooth and the brakes are applied fully, sliding may occur. In this case Hp replaces ^ 
Hs, and the distance required to stop is seen to increase from Eq. 6-4. : 


As a specific example, if vy — 60 miles/hr = 88 ft/sec, and p, = 0.60 (a typical 
value), we obtain : 


rx Do? is (88 ft/sec)? 
2u,g 2(0.60)(32 ft/sec?) 
Notice that the mass of the car 


explain the practice of “ 
on icy roads? 


The student should now investigate how, in principle, forces of friction would 3 
modify the results of the examples of Section 5-10. «3 


= 200 ft. 


does not appear in Eq. 6-4. How can you | 
weighing down" a car in order to inerease safety in driving ~ 


6-3. The Dynamics of Uniform Circular Motion 


In Section 4-4 we pointed out that if a body is moving at uniform speed? - 
in a circle of radius r, it experiences a centripetal acceleration a-whose _ 
magnitude is v?/r. The direction of a is always radially inward toward 
the center of retation. Thus a is a variable vector because, even though 
its magnitud mains constant, its direction changes continuously as the P. 
motion prog ^s. : 

Recall that there need not be any motion in the direction of an accelera- A 
tion. In general, there is no fixed relation between the directions of the : 
acceleration a and the velocity v of a particle, as Fig. 4-7 shows. For a ^| 
particle in uniform circular motion the acceleration a and-velocity v are — 
always at right angles to each other. 

Every accelerated body must have a force F acting on it, defined by 
Newton's second law (F — ma). Thus (assuming that we are in an inertial 
frame), if we see a body undergoing uniform circular motion, we can be. = 


` 


I 


V 
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Fig. 6-6 A disk m moves with con- 
stant speed in a circular path on a 
horizontal frictionless surface, The 
only horizontal force acting on m is 
the centripetal force T with which the 
string pulls on the body. 


certain that a net force F, given in magnitude by 
F = ma = mr a 


must be acting on the body ; the body is not in equilibrium. The direction 
of F at any instant must be the direction of a at that instant, namely, 
radially inward. We must always bx able to account for this foree by 
pointing to a particular object in the environment that is exerting the force 
on the accelerating, circulating body. 7 

If the body in uniform circular motion is a dise on the end of a string 
moving in a circle on à frictionless horizontal table as in Eig. 6-6, the force 
F on the disc is provided by the tension T in the string. This force T 
is the net force acting on the dise. It accelerates the dise by constantly 
changing the direction of its velocity so that the disc moves in a circle. Tis 
always directed toward the pin at the center and its magnitude is m»*/ R. 
If the.string were to be cut where it joins the disc, there would be no net 
force exerted on the dise. The dise would then move with constant speed 
in a straight line along the direction of the tangent to the circle at the point 
at which the string was cut. Hence, to keep the dise moving in a circle, 
a force must be supplied to it pulling it inward toward the center. 

Forces responsible for uniform circular motion are called centripetal 
forces because they are directed “toward the center" of the circular motion. 


To label a force as “centripetal,” however, simply means that it always 


points radially inward; the name tells us not hing ‘about the nature of the 


force or about the body that is exerting it. Thus, for the revolving disc of 


Fig. 6-6, the centripetal force is an elastic force provided by the string; for 


the moon revolving around the earth (in an approximately circular orbit) 
the centripetal force is the gravitational pull of the earth on the moon; for 


an electron circulating about an atomic nucleus the centripetal force is 
f force but simply & 


electrostatic. A centripetal force is nol & new kind o 
way of describing the behavior with time of forces that are attributable to 
specific bodies in the environment. Thus a force can be centripetal and 
elastic, centripetal and gravitational, or centripetal and electrostatic, 
among other possibilities. j i 

. Let us consider some examples of forces that act centripetally. 
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> Example 3. The Conical Pendulum. Figure 6-7a represents a small body of. 
mass m revolving in a horizontal circle with constant speed v at the end of a string 
of length L. As the body swings around, the string sweeps over the surface of & 
cone. This device is called a conical pendulum. Find the time required for one 
complete revolution of the body. J 

If the string makes an angle 8 with the vertical, the radius of the circular path is 
R=Lsin6. The forces acting on the 
body of mass m are W, its weight, and T, 
the pull of the string, as shown in Fig. 6-76. 
It is clear that T + W < 0. Hence, the 
resultant force acting on the body is non- 
zero, Which is as it should be because a force 
is required to keep the body moving in à 


r circle with constant speed. 
We can resolve T at any instant into a 
radial and a vertical component 
T, = T sin @ and T, = T cos 0. 
Since the body has no vertical acceleration, 
Te- W - 0. 
But 
T, = T cos 8 and W = mg, 
cE 5 i so that 
des ER : T cos  — mg. 
4 The radial acceleration is v?/R. This ac~ 
Fig. 6-7 Example 3. (a) A mass celeration is supplied by 7,, the radial 
m suspended from a string of component of T, which is the centripetal 
length L swings so as to „describe force acting on m. Hence 
a-cirele. The string describes a r 
right circular cone of semiangle 6.. T, = T sin 8 = mv*/R. 
(b) A free-body force diagram for 


Dividing this equation by the preceding 
one, we obtain 


m. 


tan 8 = v*/ Rg, or v? = Rg tan f, 


which gives the constant speed of the bob. If we let 7 represent the time for one 
. eomplete revolution of the body, then 


v= xd - V Ry tan 8 
T 


or 
E tee ey ec 
v V Rg tan 6 


But R = L sin 6; so that 


u———ÁÀ 


T= 2r V (L cos 8)/g. 


This equation gives the relation between T, L, and 8. Notice that 7, called the 
period of motion, does not depend on m. 
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If L = 3.0 ft and a = 30°, what is the period of the motion? We have 


r3 (3.0 ft) (0.866) _ 
T = 2m ESEE ft/sec? = 1.8 sec. 

Example 4. The Rotor. In many amusement parks we find a device called the 
rotor. The rotor is a hollow cylindrical room which can be set rotating about the 
central vertical axis of the cylinder. A person enters the rotor, closes the door, and 
stands up against the wall. The rotor 
gradually increases its rotational speed 
from rest until, at a predetermined 
speed, the floor below the person is 
opened downward, revealing a deep pit. 
The passenger does not fall but remains 
“pinned up” against the wall of the rotor. 
Find the coefficient of friction necessary 
to prevent falling. á 

The forces acting on the passenger are 
shown in Fig. 6-8. W isthe passenger's 
weight, f, is the force of static friction 
between passenger and rotor wall, and 
P is the centripetal force exerted by the 
wall on the passenger necessary to keep 
him moving in a circle. Let the radius 
of the rotor be R and the final speed of 
the passenger be v. Since the passenger 
does not move vertically, but experiences 
a radial acceleration v?/ R at any instant, 
we have 7 


Fig. 6-8 The forces on a person in 
fe- W=0 a “rotor” of radius R. 


and 
P(=ma) = (W/g)(v*/R). 


If p, is the coefficient of static friction between passenger and wall necess 
vent slipping, then f, = u,P and” 


ary to pre- 


f= W = pP 

or 
ED ST 1s 
PP MUS 


of friction necessary to prevent slip- 


This equation gives the minimum coefficient ; 
is wall has a speed v. Notice that 


ping for a rotor of radius R when a particle on i 
the result does not depend on the passenger’s weight. j 
. As a practical matter the coefficient. of friction between the textile material of 
clothing and a typical rotor wall (canvas) is about 0.40. For a typical rotor the 
radius is 7.0 ft, so that » must be about 24 ft/sec or 16 miles/hr or more. 


ent an automobile or railway car 
e having a radius of 
f gravity W and 


Example 5. Let the block in Fig. 6-9a repres 
moving at constant speed v on à level road-bed around a curv 


curvature R. In addition to two vertical forces, namely the force o 
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a normal force N, a horizontal centripetal force P acts on the car. In the case of 
° the automobile this centripetal force is supplied by a sidewise frictional force 
exerted by the road on the tires; in the case of the railway car the centripetal force 
is supplied by the rails exerting a sidewise force on the inner rims of the car's 
wheels. Neither of these sidewise 
forces can be safely relied upon to be 
large. enough at all times and both 
cause unnecessary wear. Hence, the 
roadbed is banked on curves, as shown 
in Fig. 6-95. In this case, the normal 
force N has not only a vertical compo- 
nent, as before, but also a horizontal 
component which supplies the centrip- 
etal force necessary for uniform circular 
motion; no additional sidewise forces 
are needed, therefore, with a properly 
banked roadbed. 
The correct angle @ of banking can 
be obtained as follows. There is no 
vertical acceleration, so that 


N cos 0 = W. 


The centripetal force is N sin 6, so that 
N sin 0 = mv?/R. Dividing the latter 
equation by the former and setting 
W = mg, we obtain 


tan 0 = v*/ Rg 


Fig. 6-9 


y Notice that the proper angle of bank- 
ing depends upon the speed of the car and the curvature of the road. For a given 
curvature, the road is banked at an angle corresponding to an expected average 
speed. Often,curves are marked by signs giving the proper speed for which the 
road was banked. i 


The student should check the banking formula for the limiting cases v = 0; 
R — %; v large; and R small. He should also note the great similarity between 
Fig. 6-7 of Example 3 and Fig. 6-9b of this example. 4 


6—4 Forces and Pseudo-Forces 


All forces in nature can be classified under three headings, each with a 
different relative strength: (1) gravitational forces, which are relatively 
very weak, (2) electromagnetic forces, which are of intermediaté strength, 
and (3) nuclear forces. Nuclear forces are of two types, those which bind 
neutrons and protons in the nucleus (very strong) and those responsible for 

beta decay (weak). These forces are “real” in the sense that we can associ- 
ate them with specific objects in the environment. Such forces as the 
tension in a rope, the force of friction, the force that we exert on a wall by 
pushing on it, or the force exerted by a compressed spring are electro- 
magnetic forces; all are macroscopic manifestations of the (electromag- 
hr Attractions and repulsions between atoms. : 
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In our treatment of classical mechanics so far wa have assumed that our meas- 
urements and observations were made from an iù «ial frame. - This, we recall, is 
a reference frame that is either at rest or is moviay:*cons t velocity with respect 
to th» fixed stars; it is the set of reference frames defined by Newton’s first law, 
v, .nat set of frames in which a body will not be accelerated (a = 0) if there 

deutifiable force-producing bodies in its environment (F = 0). The choice 
refereuce frame is always ours to make, so that if we choose to select only 
:ertial frames, we do not restrict in any way our ability to apply classical mechan- 
ies to natural phenomena. 

Nevertheless we can, if we find it convenient, apply classical mechanics from the 
point of view of an observer in, à noninertial frame. ' Such a frame might be one 
that is rotating (and therefore accelerating) with respect to the fixed stars. We 
sometimes choose an accelerating reference frame when we consider, for example, 
the separation of liquids of different density in a spinning centrifuge, the global 
circulation of the winds on the rotating earth, or the experiences of an astronaut 
in an orbiting satellite. ' ^ 

We can apply classical mechanies in noninertial frames if we introduce forces 
called pseudo-forces (or inertial forces). They are so.named because, unlike the 
forces that we have examined so far, we cannot, associate them with any particular 
body in the environment of the particle on which they act; we cannot classify them 
into any of the categories listed in the first paragraph of this section. Finally, if 
we view the particle from an inertial frame, the pseudo-forces disappear. These 
forces are, then, simply a technique that permits us to apply elassical mechanics 
in the normal way to events if we insist on viewing the events from an accelerating . 
reference frame. F : 3 

Consider a rotating merry-go-round on which a marble is lodged against a raised. 
rim at the outer edge. An observer on the merry-go-round is in a noninertial 
system. As he kneels down and examines the marble he sees that, with respect 
to him, it is not moving; if he pulls it away a bit from the rim toward the center of 
rotation, he observes that it moves back again, as if under the influence of a force 
directed radially outward. He would declare the marble to be in equilibrium 
under the action of this outward force (a pseudo-force called, in this case, & cen- 
trifugal force) and the radially inward force exerted by the rim. , 

An observer on the ground (an inertial frame) watehing the marble would 
describe it differently. He would declare the marble to be in uniform circular 
motion, accelerated radially inward with a = v*/R. The inward force F exerted 
by the rim on the marble accounts for this acceleration from Newton’s second law, 


or F = ma = mv*/R. The marble is definitely not in equilibrium from the point 
of view of this observer or of an observer in any inertial frame. Only if the rim 
ith uniform speed in a 


were not exerting this inward force would the marble move wi 
straight line and be in equilibrium. This observer would find no trace of a force 


directed radially-outward (the pseudo-force) and, ind 


such a force in his analysis of the motion. 

It is clear from this simple example that the radially outward pseudo-force (or 
centrifugal force) noted by. the observer on the rotating merry-go-round must 
have a magnitude mv?/R. Thus the magnitude of the pseudo-force depends on 
the speed of the particle as seen from another reference frame, namely, the ground; 
the speed of the particle in its own (rotating) reference frame is zero. —— 

In mechanical problems, then, we have two choices: (1) select an inertial frame 
as a reference frame and consider only “real” forces, that is, forces. that we can 
associate with definite bodies in the environment or (2) select à noninertial frame 
as a reference frame and consider not only the "real" forces but suitably defined 
pseudo-forces. Although we usually choose the first alternative, we cai wate 
choose the second; both are completely equivalent and the choice'is a matter o 
convenience. We shall discuss noninertiat frames and pseudo 


-forces further in 
Chapters:11 and 16. 


eed, there is no room for 
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6—5 Classical Mechanics, Relativistic Mechanics, and Quantum Mechanics 


In these first chapters we have laid the groundwork of classical mechanies. We 
have presented the jaws of motion and have given several examples of the force 
laws. In later chapters we shall discuss other kinds of forces and shall continue to 
develop the structure of the theory. Here we want to point out where classical 
mechanics stands in the framework of modern physics. 

Physics is not a static body of doctrine but a developing science. Historically 
there have been long periods of deep concern with a certain class of problem, 
culminating, often rather suddenly and in unexpected ways, in a “breakthrough” 
in the form of a new, more comprehensive theory. This occured about 1670 
(Newtonian mechanics), about 1870 (Maxwell’s theory of electromagnetism), 
1905 (Einstein's theory of relativity), and about 1925 (quantum mechanics). 
Some physicists believe that our present concern for problems in the area of ele- 
mentary particles (see Appendix E) will lead us eventually to another major 
"breakthrough." i 

As physics has evolved, many things have changed, such as the problems to be 
solved and the tools we use to investigate them. But through it all the general 
method of inquiry or process of solution remains basically the same. Thus earlier 
theories of physics are found to have limited ranges of validity and to be special 
cases of more comprehensive theories, which in turn are found to have limitations, 
and so on. However, independent of any particular area or problem in physics, 
we always demand that theory meet the test of experiment, we search for quan- 

- tities that are invariant, we are guided by a belief in the simplicity and symmetry 
of „nature, and we seek and use analogies and models. Major unifying concepts 
arise which are valid in all domains of physies, such as the conservation laws. All 
this is important to understand for its own sake, independent of mastery of any 
particular special topic, and is exemplified throughout the book. If, in addition 
to mastering classical mechanies, the student comes to understand this process, 
he will find it much easier to understand and master such theories as relativity 
theory and quantum theory, wherein the same method of inquiry applies but whose 
areas of application, unlike those of classical mechanics, are not a familiar part of 
his daily life experience. 

Classical mechanies, like all theories in physics, is based on observations of things 
that happenin nature. It will help to point out how limited are our normal experi- 
ences of natural phenomena. This is particularly true during our formative years 
which is the period during which we develop our intuitive notions (often false!) 
of what is “common sense" in natural events and what is not. 

For example, the highest speed that can be used to transmit signals from one 
point to another is the speed of light (c = 186,000 miles/sec = 3.00 X 105 meters/ 
sec) and this seems to set an upper limit to the speeds of material objects. How- 
ever, gross objects, even the fastest of them, such as jet planes or earth satellites, 
have speeds v that are very much less than c. For an earth satellite moving at 
17,000 miles/hr, v/c is only 0.00025. Classical mechanies was built up over several 
centuries on a body of observations of relatively slow-moving objects such as 
planets, balls rolling down inclined planes, and falling bodies. Our experience 
with moving objects has indeed been limited, until the last few decades, to a tiny 
fraction of the range of possible speeds. 

During these last decades it has become possible to make measurements on small 
particles, of potentially high speed, such as electrons, protons, and other funda- 
mental particles. A proton accelerated in the 30-billion electron volt accelerator 
at the Brookhaven National Laboratories has, for example, v/c = 0.98. Are we to 
expect that the laws of classical mechanics, which work so beautifully when v/c « 1, 
will also describe correctly the collisions, decays, and interactions of these ele- 

) as particles moving at such high speeds? This is the grossest kind of 
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extrapolation and indeed we find by experiment that it simply does not work; 
classical mechanics gives answers that do not agree with experiment if the speeds 
of the objects involved are appreciable compared to the speed of light. This does 
not make us think less of classical mechanics, which serves so well in the region of 
low speed, precisely the very important region of our daily experiences. We are 
led, however, to view classical mechanics as a special case of a more general theory 
which would hold for all speeds up to the speed of light. 

Einstein, in 1905, first proposed this more general theory, the special theory of 
relativity. We shall discuss it in depth later but will state here its fundamental 
postulate. This is that the speed of light c is the same for all observers in inertial 
frames, no matter what the motion of the light source may be. In other words, if 
a light source is moving directly toward you at a speed », you would measure the 
same value for c, if you observed a light pulse passing you, no matter what the 
value of v; you would also obtain speed c for the light pulse if the source.were rushing 
away from you at speed v. If this basic assumption seems to violate “common 
sense,” we must realize that our intuitive feelings are based on “common sense at 
low speeds.” We have no direct experience in our daily activities about what 
really happens in nature at high speeds. Furthermore, all of Einstein's predictions 
(1) agree with experiment and (2) reduce to the predictions of classical mechanics 
at low speeds. 

We list here just one of the predictions of the theory of relativity that is at vari- 
ance with classical mechanics. If two observers watch an object moving parallel 
to the common x — z'-axis in Fig. 4-11 they will find, from Eq. 4-19, 


v=v +u (6-5) 


where v’ is the speed as measured by observer S', vis that measured by observer S, 
and u is the relative speed of separation of the two reference frames. Note that 
there is nothing in Eq. 6-5 to prevent v from exceeding cif v' and u are large enough. 

The theory of relativity predicts that Eq. 6-5 is a special case of a more general 


formula, namely, 
v+u 
m d 6-6 
ht VUA 7 (6-6) 
indeed reduce to Eq. 6-5. Also, if 


fv = u = 0.8 c, for example, Eq. 
v — 1.6 c, which is con- 


Note that for v' & c and u « c Eq. 6-6 does 
» « c and u < c, then * cannot exceed c. I 
6-6 yields v — 0.975 c; Eq. 6-5, on the other hand, yields 
trary to experience. y t 

For gross objects, Eqs. 6-5 and 6-6 give the same results within experimental 
error, so that we naturally use the simpler, Eq. 6-5. If two satellites moving in 
opposite directions have speeds v = u = 17,000 miles/hr, the denominator in 
Eq. 6-6 has the value 1.0000000007, so that the speed v of one satellite as seen 
from the other differs very slightly indeed from the value t^ + u predicted by Eq. 
6-5. It would take speeds almost 3000 times as great as above, nearly 50 million 
miles/hr, generally achievable only in the subatomic domain, to obtain a difference 
as great as one-half of one percent in the two formulas. S 

We point out à second way in which our daily experiences are limited, namely, 
that all the objects that we normally deal with have masses that greatly exceed, 
for example, the electron mass (m = 9.11 X 10-?! kg). This turns out to have an 
interesting consequence, closely rélated to the very concept of "particle" on which 
classical mechanics is based. We have not hesitated to assign à mass m, S positon 
z, and a velocity vz to a particle, assumed to be moving along the z-axis. If we 
ty do not enter this new 


* We assume vz «c so that considerations of relativi 


discussion. 
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are asked within what accuracy Az and Av, we could measure the position z and 


- 


the velocity v+ respectively, we would be inclined to say that, although there might - 


be limits in practice there are none in principle and, with sufficient attention to 


methods of measurement, we can specify z and v. as closely as we wish. Experi- 


ment seems to confirm this view for large objects like golf balls or rifle bullets. 

When we deal with objects of very small mass, however, such as electrons, we 
learn that the very procedures of measurement introduce fundamental uncer- 
tainties and that, in fact, the more precise our knowledge of x becomes the less 
precise is our knowledge of v, and conversely. We can express this in terms of the 
famous Heisenberg uncertainty relation, which we write as 


h 
= —— 7 
H Az UN (6-7) 


in which A (Planck’s constant) is a fundamental constant of nature and has the 
value h = 6.63 X 10-4 kg meter?/sec. Equation 6-7 shows clearly that if Av; 
is very small (which means that we know v, very precisely), then Az must be rela- 
tively large (which means that we do not know z very precisely). Thus it does not 
seem possible to measure both the position and the velocity of a particle to any given 
precision at the same time. If we cannot do this, then our whole concept of a par- 
ticle as a mass point following a trajectory, which is a basic concept of classical 
mechanics, is open to question. 

Just as for relativity theory, these considerations of quantum mechanics simply 
do not make any difference for the gross objects of our daily experience. Consider 
a bullet with a speed of 10° meters/se and a mass of 1.0 gm (= 10-*kg). Let us 
assume that we know the speed to be accurate to 0.1%, which means that Av, = 
0,001 10° = 1 meter/sec. The uncertainty in the position of the bullet is now 
given by Eq. 6-7 as S X 


hoes 6.63 X 10-*4 kg meter?/sec 
—— (10~* kg) (1 meter/sec) 


This is such a small distance (being 10—!5 times smaller than an atomic nucleus!) 
zh AB could not possibly deteet any limitation on the measurement of z set by 

q. 6-7. 

Consider, however, not a bullet but an electron (m = 9.11 X 10-?! kg) whose 
velocity is measured to be 2 X 10° meters/sec, which is about the speed of an elec- 
tron in a hydrogen atom. If we assume that we know this velocity to be accurate 
to, say, 1%, then Av, = 0.01 X 2 X 10* meters/sec = 2 X 10* meters/sec.. The 
uncertainty in position predicted by Eq. 6-7 is then i 


6.63 X 10-*4 kg meter?/sec 
(9.11 X 107?! kg) (2 X 10-4 meter/sec) 


= 7 X 10-7?! meter 


Az £z = 38 X 10-* meter. 


Since the radius of a hydrogen atom is about 5 X 10-1! meter we see that the uncer- 
tainty with which we can locate the electron in the hydrogen atom, assuming that 
we have measured its speed as accurately as we claim, is 600 times the radius of 
the atom! The concept of “particle” does not mean much under these circum- 
stances, This simply means that we cannot use classical mechanics to describe 
the motions of electrons in atoms; we need quantum mechanics. 


The situation is very much like that of relativity theory. Ideas that we find :. 
acceptable in a certain region of experience (bullets) fall down when we. apply them - 


toa Tegion outside our direct normal experience (electrons in atoms). Once again 
the solution is the same: Classical mechanics turns out to be an important special 
case of a more general theory. In this case the general theory + that of quantum 
mechanics developed about 1925 to 1926 by Heisenberg, enrodinger. Born. cun 
| others. Once again, quantum mechanics does not detract from: the merit od goi 
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cal mechanies, which continues to give results that agree admirably with experi- 
ment for particles of relatively large mass 

The situation most remote from our daily experience deals with particles that 
have both small mass and high speed. Here we must use & still more general theory, 
relativistic quantum mechanics, which combines both relativity theory and quantum 
mechanics; such a theory was first developed by Dirac in 1927. 

In the rest of our treatment of mechanics we return to the familiar special case 
of our daily experience, that of relatively massive and relatively slow-moving 
objects (classical mechanics). From time to time we will point out parenthetically 
how the predictions of classical mechanics must be modified when we depart from 


this region of experience. 


QUESTIONS 


l. There is a limit beyond which further polishing of a surface increases rather than 
decreases frictional resistance. Can you explain this? 

2. Is it unreasonable to expect a coefficient of friction to exceed unity? 

3. How could a person who is at rest on completely frictionless ice covering a pond 
reach shore? Could he do this by walking, rolling, swinging his arms, or kicking his 
feet? How could a person be placed in such a position in the first place? 

4. Explain how the range of your car's headlights limits the safe driving speed at 


night. 

5. Your car skids across the center 
front wheels in the direction of skid or in 
avoid a collision with an oncoming car, (b) when no other car 


regain control of the steering? 
6. If you want to stop the car in the shortest distance on an icy road, should you (a) 


push hard on the brakes to lock the wheels, (b) push just hard enough to prevent slip- 
ping, or (c) “pump” the brakes? 

7. A cube of weight W rests on & rough inclined plane which makes an angle 0 with 
the horizontal. Compare the minimum force necessary to start the cube moving down 
the plane with that nocessary to start the cube moving up the plane. How do these 
compare with the minimum horizontal force (transverse to the slope) that will cause the 


cube to move down the plane? 

8. Why are the train roadbeds and highways banked on curves? 

9. How does the earth's rotation affect the apparent weight of a body at the equator? 

10. A car is riding on a country road that resembles a roller coaster track. If the 
car travels with uniform speed, compare the force it exerts on a horizontal section of the 
road to the force it exerts on the road at the top of a hill and at the bottom of 


a hil. Explain. E 

11. Suppose you need to measure whether & table top in a train is truly horizontal. 
If you use a spirit level can you determine this when the train is moving down or up 
a grade? When the train is moving along a curve? (Hint: there are two horizontal 
components.) 

12. In the conical pendulum o 
speed v when 0 = 90°? Why is 
case for 0 = 0°. 

The motor is started, but before the 


13. A coin is put on a phonograph turntable. c 
ached, the coin flies off. Explain. 


at of a car finds himself sliding toward the door as the 
Describe the forces on the passenger and on the car 
s viewed from a reference frame attached to the earth 


line on an icy highway. Should you turn the 
the opposite direction (a) when you want to 
is near but you want to 


e period r and the 


f Example 3 what happens to th 
ally? Discuss the 


this angle not achievable physic: 


final speed of rotation is re: 
14. A passenger in thre front se: 
driver makes a sudden left turn. 
at this instant if (a) the motion i 
and (b) if attached to the car. 
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15. What is the distinction between inertial reference frames and those differing 
only by a translation or rotation of the axes? 


PROBLEMS 


1. A fireman weighing 160 Ib slides down a vertical pole with an average acceleration 
of 10 ft/sec?. What is the average vertical force he exerts on the pole? 

2. A railroad flatcar is loaded with crates having a coefficient, of static friction 0.25 
with the floor. If the train is moving at 30 miles/hr, in how short a distance can the 
train be stopped without letting the crates slide? 

3. Frictional heat generated by the moving ski is the chief factor promoting sliding 
in skiing. The ski sticks at the start, but once in motion will melt the snow beneath it. 
Waxing the ski makes it water repellent and reduces friction with the film of water. A 
magazine reports that a new type of plastic ski is even more water repellent and that 
on a gentle 700-ft slope in the Alps, a skier reduced his time from 61 to 42 sec with new 
skis. (a) Determine the average accelerations for each pair of skis. (b) Assuming 
a 3°-slope compute the coefficient of kinetic friction for each case. 

4. A student wants to determine the coefficients of static friction and kinetic friction 
between a box and a plank. He places the box on thé plank and gradually raises the 
plank. _When the angle of inclination with the horizontal reaches 30*, the box starts 
to slip and slides 4.0 meters down the plank in 4.0sec. Show how he can determine the 
coefficients from these observations, 

5. A hockey puck weighing 0.25 Ib slides on the ice for 50 ft before it stops. (a) 
If its initial speed was 20 ft/sec, what is the force of friction between puck and ice? 
(b) What is the coefficient of kinetic friction? 

6. A 10-Ib block of steel is at rest on a horizontal table. The coefficient of static 
friction between block and table is 0.50. (a) What is the magnitude of the horizontal 
force that will just start the block moving? (b) What is the magnitude of a force 
acting upward 60° from the horizontal that will just start the block moving? (c) If 
the force acts down at 60? from the horizontal, how large can it be without causing the 
block to move? 

_ T. A piece of ice slides down a 45°-incline in twice the time it takes to slide down a 
frictionless 45°-inclire. What is the coefficient of kinetic friction between the ice and 
the incline? 

8. A horizontal force F of 12 1b pushes a block weighing 5.0 Ib against a vertical wall 
(Fig. 6-10). The coefficient of Static friction between the wall and the block is 0.60 


Fig. 6-11 
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and the coefficient of kinetic friction is 0.40. Assume the block is not moving initially. 
i the block start moving? (b) What is the force exerted on the block by the 
w 

9. Block B in Fig. 6-11 weighs 160 lb. The coefficient of static friction between - 
block and table is 0.25. Find the maximum weight of block A for which the system 
will be in equilibrium. 

10. A 4.0-kg block is put on top of a 5.0-kg block. In order to cause the top block 
to slip on the bottom one, a horizontal force of 12 nt must be applied to the top block 
(Fig. 6-12). Assume a frictionless table and find (a) the maximum horizontal force F 
which can be applied to the lower block so that the blocks will move together and (b) 
the resulting acceleration of the blocks. 


Fig. 6-12 í Fig. 6-13 : 


11. In Fig. 6-13, A is a 10-Ib block and B is a 5.0-lb block. (a) Determine the * 
minimum weight (block C) which must be placed on A to keep it from sliding, if pa 
between A and the table is 0.20. (b) The block C is suddenly lifted off A. What is the 
acceleration of block A, if ju. between A and the table is 0.20? 

12. The handle of a floor mop of mass m makes an angle 0 with the vertical direction. 
Let up be the coefficient of kinetie friction between mop and floor, and us be the coef- 
ficient of static friction between mop and floor. Neglect the mass of the handle. (a) 
Find the magnitude of the force F directed along the handle required to slide the mop 
with uniform velocity across the floor. (b) Show that if 0 is smaller than a certain angle 
Oo, the mop cannot be made to slide across the floor no matter how great a force is 
directed along the handle. (c) What is the angle 0? 

13. A block slides down an inclined plane of slope angle $ with constant velocity. 
It is then projected up the same plane with an initial speed vo. How far up the incline 
will it move before coming to rest? Will it slide down again? 

14. Body B weighs 100 lb and body A weighs 32 lb (Fig. 6-14). Given ys = 0.56 
and ws = 0.25, (a) find the acceleration of the system if B is initially at rest and (b) 
find the acceleration if B is moving initially. 

15. Two masses, mı = 1.65 kg and m» = 3.30 kg, attached by a massless rod parallel 
to the incline on which both slide, as shown in Fig. 6-15, travel down along the plane 
with mı trailing m». The angle of incline is 0 = 30°, The coefficient of kinetic friction 
between my and the incline is wi = 0.226; between mz and the incline the corresponding 
coefficient is uz = 0.113. "Compute (a) the tension in the rod linking mı and mz and 
(b) the common acceleration of the two masses. (c) Would the answers to (a) and (b) 


be changed if ma trails m1? 


Aun. —— 


130 PARTICLE DYNAMICS—II Chap. 6 


the funnel is x and the center of the cube is a distance r from the axis of rotation, what 
are the largest and smallest values of v for which the block will not move with respect 
to the funnel? 


s ias of rotation 
4° x 


r Pus 


Fig. 6418 Fig. 6-19 


30. A particle of mass M = 0.305 kg moves counterclockwise in a horizontal circle 
of radius r = 2.63 meters with uniform speed v — 0.754 meter/sec as in Fig. 6-19. 
Determine at the instant @ = 322° (measured counterclockwise from the positive 
x-direction) the following quantities: (a) the z-component of the velocity; (b) the y- 
component of the acceleration; (c) the total force on the particle; (d) the component of 
total force on the particle in the direction of its velocity. 


ee E 
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Work and Energy 


CHAPTER 7 


7—1 Introduction 


A fundamental problem of particle dynamics is to find how a particle 
will move when we know the forces that act on it. By “‘how a particle will 
move" we mean how its position varies with time. If the motion is one- 
dimensional, the problem is to find z as a function of time, z(t). In the 
previous two chapters we solved this problem for the special case of a con- 
stant force. The method used is this. We find the resultant force F 
acting on the particle from the appropriate force law. We then substitute 
F and the particle mass m into Newton’s second law of motion. This gives 
us the acceleration a of the particle; or 


a = F/m. 
If the force F and the mass m are constant, the acceleration a must be con- 
stant. Let us choose the x-axis to be along the direction of this constant 
acceleration. We can then find the speed of the particle from Eq. 3-12, 
v — vo + at, 
and the position of the particle from Eq. 3-15 (with zo — 0), or 
x = vol + 3at; 

note that, for simplicity and convenience, we have dropped the subscript x 
in these equations. The last equation gives us directly what we usually 
want to know, namely x(t), the position of the particle as a function of time. 


The problem is more difficult, however, when the force acting on a par- 
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ticle is not constant. In such a case we still obtain the acceleration of the 
particle, as before, from Newton’s second law of motion. However, in 
order to get the speed or position of the particle, we can no longer use the 
formulas previously developed for constant acceleration because the accel- 
eration now is not constant. To solve such problems, we use the mathe- 
matical process of integration, which we consider in this chapter. 

We confine our attention to forces that vary with the position of the 
particle in its environment. This type of force is common in physics. 
Some examples are the gravitational forces between bodies, such as the 
sun and earth or earth and moon, and the force exerted by a stretched 
spring on a body to which it is attached. The procedure used to determine 
the motion of a particle subject to such a force leads us to the concepts of 
work and kinetic energy and to the development of the work-energy 
theorem, which is the central feature of this chapter. In Chapter 8 we 
consider a broader view of energy, embodied in the law of conservation of 
energy, a concept which has played a major role in the development of 
physics. 


7-2 Work Done by a Constant Force 


Consider a particle acted on by a force. In the simplest case the force F 
is constant and the motion takes place in a straight line in the direction of 
the force. In such a situation we define the work done by the force on the 
particle as the product of the magnitude of the force F and the distance d 
through which the particle moves. We write this as 


W = Fd. 


However, the constant force acting on a particle may not act in the direc- 
tion in which the particle moves. In this case we define the work done by 
the force on the particle as the product of the component of the force along 
the line of motion by the distance d the body moves along that line. In 
Fig. 7-1 a constant force F makes an angle ¢ with the z-axis and acts on a 
particle whose displacement along the z-axis is d. If W represents the 
work done by F during this displacement, then according to our definition 

4 


W = (F cos $)d. (7-1) 


Of course, other forces must act on a particle that moves in this way (its 


Fig. 7-1 A force F makes 
the block undergo a displace- 
ment d. The component of 
F that does the work has 
magnitude F cos $; the work 
done is Fd cos ¢ (= F - d). 


PENYE TISEI 
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(b) t) VW 


Fig. 7-2 Work is not always done by a force that is applied to a body. (a) The block 
is moving to the right at constant speed v over a frictionless surface. Work is not done 
by either the weight W or the normal force N. (b) The ball moves in a circle under the 
influence of a centripetal force T. There is a centripetal acceleration a but no work is 
done by T. In both (a) and (b) the forces being considered (W, N, and T) are at right 
angles to the displacement so that W = F-d = Fdcos ¢ = Fd cos 90° — 0. (c) A 
cylinder bangs from a cord. No work is done either by T, the tension in the cord, or by 
W the weight of the cylinder. (d) A cylinder rests in a groove; no work is done by 
W, Nior No. In both (c) and (d) the work done by the individual forces is zero because 
the displacement is zero. 


weight and the frictional force exerted by the plane, to name two). A par- 
ticle acted on by only a single force may havea displacement in a direction 
other than that of this single force, as in projectile motion. But it cannot 
move in a straight line unless the line has the same direction as that of the 
single force applied to it. Equation 7—1 refers only to the work done on the 
particle by the particular force, F. The work done on the particle by the other 
forces must be calculated separately. The total work done on the partiele is 
the sum of the works done by the separate forces. 

When ¢ is zero, the work done by F is simply Fd, in agreement with our 
previous equation. Thus, when a horizontal force draws a body hori- 
zontally, or when a vertical force lifts a body vertically, the work done by 
the force is the product of the magnitude of the force by the distance 
moved. When ¢ is 90°, the force has no component in the direction of 
motion. ` That force then does no work on the body.. For instance, the 
vertical force holding a body a fixed distance off the ground does no work 
on the body, even if the body is moved horizontally over the ground. 
Also, the centripetal force acting on a body in motion does no work on that 
body because the force is always at right angles to the direction in which 
the body is moving. Of course, a force does no work on a body that does 
not move, for its displacement is then zero. In Fig. 7-2 we illustrate com- 
mon examples in which a force applied to a body does no work on that body. 

Notice that we can write Eq. 7-1 either as (F cos $)d or r"(d cos ¢). 
This suggests that the work can be calculated in.two different ways: Hither 
we multiply the magnitude of the displacement by the component of the 
force in the dircetion of the displacement or we multiply the magnitude of 
the force by the component of the displacement in the direction of the 
force. These two methods always give the same result. 
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direction of the first. We promised in that section that we would soon run 
&cross physical quantities that behave like scalar products. Equation 7-1 
shows that work is such a quantity. In the terminology of vector algebza 
we can write this equation as 


W=F-d, (7-2) 


where the dot indicates a scalar (or dot) product. Equation 7-2 for F and 
d corresponds to Eq. 2-11 for a and b. 

Work can be either positive or negative. Ifthe particle on which a force 
acts has a component of motion opposite to the direction of the force, the 
work done by that force is negative. This corresponds to an obtuse angle 
between the force and displacement vectors. For example, when a person 
lowers an object to the floor, the work done on the object by the upward 
force of his hand holding the object is negative. In this case ¢ is 180°, for 
F points up and d points down. 

Work as we have defined it (Eq. 7-2) proves to be a very useful concept 
in physics. Our special definition of the word work does not correspond to 


The words basic and cell, for example, mean quite different things in chem- 
istry and biology than in everyday language. 

The unit of work is the work done by a/unit force in moving a body a unit 
distance in the direction of the force. In the mks system the unit of work 
is 1 newton-meler, called 1 joule. Inthe British engineering system the unit 
of work is the foot-pound. In cgs systems the unit of work is 1 dyne-centi- 
meter, called 1 erg. Using the relations between the newton, the dyne and 
the pound, and the meter, the centimeter, and foot, we obtain 1 joule = 
10" ergs = 0.7376 ft-lb. 


> Examplel. A block of mass 10.0 kg is to be raised from the bottom to the top 
of an incline 5.00 meters long and 3.00 meters off the ground at the top. Assuming 
frictionless surfaces, how much work must be done by a force parallel to the incline 
pushing the block up at constant speed at a place where g = 9.80 meters/sec?, 
The situation is shown in Fig. 7-3a.. The forces acting on the block are shown in 
Fig. 7-3b. We must first find P, the magnitude of the force pushing the block up 
the incline. Because the motion is not accelerated, the resultant force parallel to 
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Fig. 7-3 Examplel. (a) A force P displaces a block a distance d up an inclined plane 
which makes an angle @ with the horizontal. (b) A free-body force diagram for the 
block. 


the plane must be zero. Thus 
P — mg sin 0 — 0, 


or 
P = mg sin 6 = (10.0 kg)(9.80 meters/sec*) (3) = 58.8 nt. 


Then the work done by P, from Eq. 7-1 with ¢ = 0°, is 
W =P-d = Pdeos0? = Pd = (58.8 nt)(5.00 meters) = 294 joules. 


If a man were to raise the block vertically without using the incline, the work he 
would do would be the vertical force mg times the vertical distance or 


(98.0 nt)(3.00 meters) — 294 joules, 


the same as before. The only difference is that with the incline he could apply & 
smaller force (P = 58.8 nt) to raise the block than is required without the incline 
(mg = 98.0 nt); on the other hand, he had to push the block a greater distance 
(5.00 meters) up the incline than he had to raise the block directly (3.00 meters). 


Example 2. A boy pulls a 10-Ib sled 30 ft along a horizontal surface at a con- 
stant speed, What work does he do on the sled if the coefficient of kinetic friction 
is 0.20 and his pull makes an angle of 45° with the horizontal? 

The situation is shown in Fig. 7-4a and the forces acting on the sled are shown in 
Fig. 7-4b. P is the boy’s pull, w the sled’s weight, f the frictional force, and N the 
normal force exerted by the surface on the sled. The work done by the boy on the 
sled is d > 

W 2 P:d = Pdcos $. 
To evaluate this we first must determine P, whose value has not been given. To 
obtain P we refer to the force diagram. - 

The sled is unaecelerated, so that from the second law of motion we obtain 

P cos ¢ — f =9, 


and 
Psng+N—w=0. 


l 
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Fig. 7-4 Example 2. > (a) A boy displaces a sled an amount d by pulling with a forċe. P | 
on a rope that makes an angle ¢ with the horizontal. (b) A free-body force diagram for f 
the sled. 


We know also that f and N are related by 


S= uN. 
These three equations contain three unknown quantities, P, f, and N. Tofind - 1 
P we eliminate f and N from these equations and solve the remaining equation for 


P. The student should verify that 
d E uxw/ (eos ġ + us sin $). 
With ux = 0.20, w = 10 lb, and ¢ = 45? we obtain 
P = (0.20)(101b)/(0.707 + 0.141) = 2.4 Ib. \ 
Then with d = 30 ft, the work done by the boy on the sled is 2 | 
W = Pdeos @ = (2.4 1b) (30 ft)(0.707) = 51 ft-Ib. 


The vertical component of the boy's pull P does no work on the sled. Notice, 
however, that it reduces the normal force between the sled and the surface (N = 
w — P sin $) and thereby reduces the magnitude of the force of friction (f = WN). 

Would the boy do more work, less work, or the same amount of work on the sled 
if he pulled horizontally instead of at 45° from the horizontal? Do any of the 
other forces acting on the sled do work on it? < 


; ; 
7-3 Work Done by a Variable Force—One Dimensional Case 


Let us now consider the work done by a force that is not constant. We 
consider first a force that varies in magnitude only. Let the force be given 
as a function òf position F(x) and assume that the force acts in the x-direc- 
tion. Suppose a body is moved along the z-direction by this force. What 
is the work done by this variable force in moving the body from xı to vo? 

In Fig. 7-5 we plot F versus x. Let us divide the total displacement into 
a large number of small equal intervals Az (Fig. 7-5a). Consider the small 
displacement Ax from x; to xı + Ax. During this small displacement the 
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force F has a nearly constant value and the work it does, AW, is approxi- 


mately 


AW = F Az, (7-3) 


where F is the value of the force at z;. 


Likewise, during the small displace- 


ment from zı + Az to zı + 2Az, the force F has a nearly constant value 


and the work it does is approxi- 
mately AW = F Az, where F is the 
value of the force at zı + Av. The 
total work done by F in displacing 
the body from zı to z», W12, is ap- 
: proximately the sum of a large num- 
_ ber of terms like that of Eq. 7-3, in 
which F has a different value for 
each term. Hence 


W=) Faz, (7-4) 


where the Greek letter sigma (Z) 
stands for sum over all intervals 
from zı to 22. 

To make a better approximation 
we can divide the total displace- 
ment from zı to zs» into a larger 
number of equal intervals, as in Fig. 
7-5b, so that Ax is smaller and the 
value of F at the beginning of each 
interval is more typical of its values 
within the interval. It is clear that 
we can obtain better and better ap- 
proximations by taking Az smaller 
and smaller so as to have a larger 
and larger number of intervals. We 
can obtain an exact result for the 
work done by F if we let Az go to 
zero and the number of intervals 
go to infinity Hence the exact 
result is 


Wiz = lim jj FAz. (7-5) 
Ar—0 v 


The relation 


p lim, ae = NIS 


F(x) 


F(x) dz 


Fig. 7-5 Computing 


amounts to finding the area under the 
curve F(x) between the limits zı and 
zo. This can be done approximately 
as in the top drawing (a) by dividing 
the area into a few strips, each of 
width Az. The areas of the rec- 
tangles are then summed to give a 
rough value of the area. In the 
middle drawing (b) the strips are 
narrower and the value for the area 
becomes more exact as the errors at 
the tops of the rectangles become 
smaller. In the bottom drawing (c) 
the strips are only infinitesimal in 
width. The measurement of area is 
exact, since the errors at the tops of 
the rectangles go to zero as the strip 
width dz goes to zero. 
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as the student may have learned in his calculus course, defines the integral | 
of F with respect to x from z; to z2. Numerically, this quantity is exactly 
equal to the area between the force curve and the z-axis between the limits 
zı and x» (Fig. 7-5c). Hence, graphically an integral can be interpreted 


as an area. The symbol J is a distorted S (for sum) and symbolizes the 


integration process. We can write the total work done by F in displacing 
a body from a, to zs as 


T: 
Wi, = [7 Fle) dz. (7-6) 
As an example, consider a spring attached to a wall. Let the (hori- 
zontal) axis of the spring be chosen as an x-axis, and let the origin, x = 0, 
coincide with the endpoint of the spring in its normal, unstretched state. 
We assume that the positive z-direction points away from the wall. In 
what follows we imagine that we stretch the spring so slowly that it is 
essentially in equilibrium at all times (a = 0). 
If we stretch the spring so that its endpoint moves to a position v, the 
spring will exert a force on the agent doing the stretching given to a good 
approximation by 


Fe he (7-7) 


where k is a constant called the force constant of the spring. Equation 7-7 
is the force law for springs. The direction of the force is always opposite 
to the displacement of the endpoint from the origin. When the spring is 
stretched, x > 0 and F is negative; when the spring is compressed, x < 0 
and F is positive. The force exerted by the spring is a restoring force in 
that it always points toward the origin. Real springs will obey Eq. 7-7, 
known as Hooke’s law, if we do not stretch them beyond a limited range. 
We can think of k as the magnitude of the force per unit elongation. Thus 
very stiff springs have large values of k. 

To stretch a spring we must exert a force F’ on it equal but opposite to 
the force F exerted by the spring on us. The applied force* is therefore 
F' = kx and the work done by the applied force in stretching the spring so 
that its endpoint moves from 2, to x» ist 


Wi = [7 F'@) de = [7 6 dz = Mes! — the? 


* If the applied force were different from F’ = kz, we would have a net unbalanced 
fofce acting on the spring and its motion would be accelerated. To compute the work 
done we would have to specify exactly what the applied force is at each point. No 
matter what the force turned out to be, the work done would always be the same for the 
same displacement zı to x2, providing the spring has the same speed initially and 
finally. However, it is much easier to use the simple force F’ = kz in calculating the 
work done. Such an applied force leads to unaccelerated motion. It is in order to be 
able to use this simple force that we specified unaccelerated motion in the first place. 

} The student just becoming familiar with calculus should consult the list of integrals 
in Appendix I. Y 
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If we let zı = 0 and x2 = a, we obtain 
y rh (kx) dx = 3kz?. (7-8) 


This is the work done in stretching a spring so that its endpoint moves 
from its unstretched position to x. Note that the work to compress a 
spring by x is the same as that to stretch it by z because the displacement 
x is squared in Eq. 7-8; either sign for x gives a positive value for W. 

We can also evaluate this integral by computing the area under the 
force-displacement curve and the x-axis from x = 0 to x — z. This is 
drawn as the white area in Fig. 7-6. The area is a triangle of base x and 
altitude kx. The white area is therefore 


3) (ka) = dkz?. 
in agreement with Eq. 7-8. 


Fig. 7-6 The force exerted in stretch- Fig. 7-7 How F and ¢ might change 
ing a spring is F’ = kz. The area along a path. As Ar— 0 we may 
under the force curve is the work done replace it by the differential dr, which 
in stretching the spring a distance x always points in the direction of the 


and can be found by integrating or by velocity of the moving object, since 
using the formula for the area of a v = dr/dt, and hence is tangent to the 
triangle. path at all points. 


7-4 Work Done by a Variable Force—Two-Dimensional Case 


The force F acting on a particle may vary in direction as well as in magnitude, 
and the particle may move along a curved path. To compute the work in this 
general case we divide the path up into a large number of small displacements 
Ar, each pointing along the path in the direction of motion. Figure 7-7 shows two 
selected displacements for a particular situation; it also shows the value of F and 
the angle $ between F and Ar at each location. We can find the amount of work 
done on the particle during a displacement Ar from 


dW = F Ar = F cos Ar (7-9) 


The work done by the variable force F on the particle as the particle moves, say, 
from a to b in Fig. 7-7 is found very closely by adding up (summing) the elements 
of work done over each of the line segments that make it up. As the line segments 
Ar become smaller they may be replaced by differentials dr and the sum over the 
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line segments may be replaced by an integral, as in Eq. 7-6. The work is then 
found from 


Wa = fA F-dr = f? F cos bar. (7-10a) 


We cannot evaluate this integral until we are able to say how F and ¢ in Eq. 7-10a 
vary from point to point along the path; both are functions of the z- and y-coor- 
dinates of the particle in Fig. 7-7. 

We can obtain another equivalent expression for Eq. 7-10a by expressing F and . 
dr in terms of their components. Thus F = if, + jf, and dr = i dz + j dy, 
so that F- dr = F; dx + Fy dy. In this evaluation recall (see Problem 22, Chapter 
2) that i-i =j-j =1 and i-j —j:i — O. Substituting this result into Eq. 
7-10a, we obtain 


Wa = f; (P dz +P, dy) (7-106) 


Integrals such as those in Eqs. 7-10a and 7-10b are called line integrals. 


> Example 3. As an example of a variable force consider a particle of mass 
m suspended from a weightless cord of length I... This is called a simple pendulum. 


Let us displace the particle along a circular path of radius | from $ = 0 to d = ġo n. 


by applying a force that is always horizontal. We can apply such a force by pulling — 
horizontally on the particle with an attached string, for example. The particle 
will then have been displaced a vertical distance h. Figure 7-8a shows the situa- 
tion and Fig. 7-8b shows the forces acting on the particle in the arbitrary position 
$. The applied force is F, T is the tension in the cord, and mg the weight of the 
particle. 

Again we assume that there is no acceleration (the reason is the same as before), 
so that in practice the motion must be very slow. The force F is always hori- 
zontal, but the displacement dr is along the arc. The direction of dr depends on 
the value of ¢ and is tangent to the circle at each point. F will vary in magnitude 
in such a way as to balance the horizontal component of the tension. Notice that 
the angle between F and dr is equal to the angular displacement $ in this case. 


Fig. 7-8 (a) A simple pendulum. 
A mass point m is suspended on & 
string of length J. Its maximum 
displacement is óc. (b) A free-body 


jected to an applied horizontal force. 


force diagram for the mass sub- - 
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The work done as the mass m moves from ¢ = 0 to $ = d under the action of 
the force F is 


jue Piel dr be Lo cos $ dr (7-102) 
or 
z-—(l—h) tan $oy =h * 
y- frons (Fz dz + Fy dy). (7-100) 


Let us evaluate Eq. 7-105. 
Note that, from Newton's first law (see Fig. 7-8b) 


F,=Tsing and mg = T cos $. 
Eliminating T between these relations gives us 
= mg tan $. 


We also note in Fig. 7-85 that F, = 0. : Substituting these values for Fz and F, into 
Eq. 7-10b yields 


- (L—h) tan goy=h 
- E das mg tan ¢ dz. 


z=0,y=0 
Now from Fig. 7-8a we see that 
tan @ = dy/dx or tan $ dz = dy. 


Making this substitution and noting that the integral depends only on the variable 
y, we obtain finally 


=h h 
W = la (mg) dy = mg f dy = mgh. 
y=0 0 


The student should now try to compute the work done in displacing the particle 
along the arc with constant speed by applying a force that is always directed along 
the are. Here it will be simpler to work with Eq. 7-10a, using the tangential force 
and taking dr = ld$. The result will be the same as before, W = mgh. Notice 
that both these results are the same as the work that would be done in raising & 
mass m vertically through a height h. 

What work has been done on the particle by the tension T in the string? 4 


7—5' Kinetic Energy and the Work-Energy Theorem 


In our previous examples of work done by forces, we dealt with wnac- 
celerated objects. In such cases the resullant force acting on the object is 
„acro. Let us suppose now that the resultant force acting on an object is 
not zero, so that the object is accelerated. The conditions are the same in all 
respects to those that exist when a single unbalanced force acts on the 
object. 

The simplest situation to consider is that of a constant resultant force F. 
Such a force, acting on a particle of mass m, will produce a constant 
acceleration a. _ Let us choose the x-axis to be in the common direction of F 
and a. . What is the work done by this force on the particle in causing a 
displacement x? We have (for constant acceleration) the relations 


v— vo £ 
t 


ú= 


142 WORK AND ENERGY ^ Chap. 7 


and 
KCOEBIUD. 
GEO) 


which are Eqs. 3-12 and 3-14 respectively (in which we have dropped the 
subscript x, for convenience, and chosen zo = 0 in the last equation). Here 
vo is the particle’s speed at t = 0 and v its speed at the time t. Then the 
work done is 


t, 


=m C=") ( t "ji = dm? — mvo’. (7-11) 


We call one-half the product of the mass of a body and the square of its speed 
the kinetic energy of the body. If we represent kinetic energy by the symbol 
K, then 

K = 3m’. (7-12) 
We may then state Eq. 7-11 in this way : The work done by the resultant force 
acting on a particle is equal to the change in the kinetic energy of the particle. 

Although we have proved this result for a constant force only, it holds 
whether the resultant force is constant or variable. Let the resultant force 
vary in magnitude (but not in direction), for example. Take the displace - 
ment to be in the direction of the force. Let this direction be the z-axis. 
The work done by the resultant force in displacing the particle from zo to 
zis 

W= | Fedr = [7 Faz. 


But from Newton's second law we have Ñ = ma, and the acceleration a can 
be written as 
Qu d dede des do, 
dt dx di dz dx 
Hence 


W «jf F dz -f TP te E f mvdv = mv? — mvo. (7-13) 
to xo dx vo 


A more general case is that in which the force varies both in direction and 
magnitude and the motion is along a curved path, as in Fig. 7-7. (See 
Problem 7.) Once again we find that the work done on a particle by the 
resultant force is equal to the change in the kinetic energy of the particle. 

The work done on a particle by the resultant force is always equal to the 
change in the kinetic energy of the particle: 


W (of the resultant force) = K — Ko = AK. (7-14) 


Equation 7-14 is known as the work-energy theorem for a particle. 
Notice that when the speed of the particle is constant, there is no change 
in kinetic energy and the work done by the resultant force is zero. With 
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uniform circular motion, for example, the speed of the particle is constant 
and the centripetal force does no work on the particle. A force at right 
angles to the direction of motion merely changes the direction of the velocity 
and not its magnitude. Only when the resultant force has a component 
along the direction of motion does it change the speed of the particle or its 
kinetic energy. Work is done on a particle only by that component of the 
resultant force along the line of motion. This agrees with our definition of 
work in terms of a scalar product, for in F + dr only the component of F 
along dr contributes to the product. 

If the kinetie energy of a particle decreases, the work done on it by the 
resultant force is negative. The displacement and the component of the 
resultant force along the line of motion are oppositely directed. The work 
done on the particle by the force is the negative of the work done by the 
particle on whatever produced the force. This is a consequence of New- 
ton’s third law of motion, Hence Eq. 7-14 can be interpreted to say that 
the kinetic energy of a particle decreases by an amount just equal to the 
amount of work which the particle does. A body is said to have energy 
stored in it because of its motion; as it does work it slows down and loses 
some of this energy. Therefore, the kinetic energy of a body in motion is 
equal to the work it can/do in being brought to rest. This result holds whether 
the applied forces are constant or variable. 

The units of kinetic energy and of work are the same. Kinetic energy, 
like work, isa scalar quantity. The kinetic energy of a group of particles is 
simply the (scalar) sum of the kinetic energies of the individual particles in 
the group. 
> Example 4. ‘A neutron, one of the constituents of a nucleus, is found to pass 
two points 6.0 meters apart in a time interval of 1.8 X 10—! sec. Assuming 
its speed was constant, find its kinetic energy. ‘The mass of a neutron is 1.7 X 
107?" kg. 

The speed is obtained from 


d ' 6.0 meters 
v= " = T8 Se 10e as = 3.3 X 10‘ meters/sec. 


The kinetic energy is 
K = ym? = (3)(1.7 X 10-77 kg)(3.3 X 104 meters/sec)? = 9.3 X 10-19 joule. 


For purposes of nuclear physics the joule is a very large energy unit. A unit more 
commonly used is the electron volt (ev), which is equal to 1.60 X 10-19 joule. 
The kinetic energy of the neutron in our example can then be expressed as 
lev 
K = (9.3 X 1071? joule) [ —— — —— — —— | = 5.8 ev. 
( iule) Gz x 10-9 =) dd 
Example 5. Assume the force of gravity to be.constant for small distances 
above the surface of the earth. A body is dropped from rest at a height A above 
the earth’s surface. What will its kinetic energy be just before it strikes the 
ground? 
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The gain in kinetic energy is equal to the work done by the resultant force, which 
here is the force of gravity. This force is constant and directed along the line of 
motion,.so that the work done by gravity is 


W = F-d = mgh. 
Initially the body has a speed v, = 0 and finally a speed v. The gain in kinetic 
energy of the body is 
dmv? — imo? = jmw* — 0. 
Equating these two equivalent terms we obtain 
K = jm? = mgh 


as the kinetic energy of the body just before it strikes the ground. 
The speed of the body is then 
v = V 2gh. 


The student should show that in falling from a height A; to a height A; a body will 
increase its kinetic energy from 3mv;? to 1mvs?, where 


imv;? — imw? = mg(hi — hà). 


In this example we are dealing with a constant force and a constant acceleration. 
The methods developed in previous chapters should be useful here too. Can you 
show how the results obtained by energy considerations could be obtained directly 
from the laws of motion for uniformly accelerated bodies? 


Example 6. A block weighing 8.0 Ib slides on a horizontal frictionless table 
with a speed of 4.0 ft/sec. It is brought to rest in compressing a spring in its 
path. By how much is the spring compressed if its foree constant is 0.25 lb/ft? 

The kinetic energy of the block is 


K = im? = 1(w/g)v*. 


This kinetic energy is equal to the work IV that the block can do before it is brought 
to rest. The work done in compressing the spring a distance z beyond its un- 
stretched length is 
W = dhe hf 
so that 
Mz? = 4 (w/g)? 


w 8.0 
a =4/—v = 4/———— 4.0 ft = 4.0 ft. < 
1 "T Vanes : 


7-6 Significance of the Work-Energy Theorem 


or 


The work-energy theorem does not represent a new, independent law of 
classical mechanies. We have simply defined work and kinetic energy and 
derived the relation between them directly from Newton’s second law. 
The work-energy theorem is useful, however, for solving problems in which 
the work done by the resultant force is easily computed and in which we 
are interested in finding the particle’s speed at ‘certain positions. Of 
greater significance, perhaps, is the fact that the work-energy theorem is 
the starting point for a sweeping generalization in physics. It has been 
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emphasized that the work-energy theorem is valid when W is interpreted as 
the work done by the resultant force acting on the particle. However, it is 
helpful in many problems to compute separately the work done by certain 
types of force and give special names to the work done by each type. This 
leads to the concepts of different types of energy and the principle of the 
conservation of energy, which is the subject of the next chapter. 


7-7. Power 


Let us now consider the time involved in doing work. The same amount 
of work is done in raising a given body through a given height whether it 
takes one second or one year to do so. However, the rate at which work is 
done is often more interesting to us than the total work performed. 

We define power as the time rate at which work is done. The average 
power delivered by an agent is the total work done by the agent divided by 
the total time interval, or i 
PzW/t 


The instantaneous power delivered by an agent is 
P = dW /dt. (7-15) 
If the power is constant in time, then P = P and 
W = Pt. 


In the mks system the unit of power is 1 joule/sec, which is called 1 watt. 
This unit of power is named in honor of James Watt whose steam engine 
is the predecessor of today’s more powerful engines. In the British engi- 
neering system, the unit of power is 1 ft-lb/sec. Because this unit is quite 
small for practical purposes, a larger unit, called the horsepower, has been 
adopted. Actually Watt himself suggested as a unit of power the power 
delivered by a horse as an engine. One horsepower was chosen to equal 
550 ft-Ib/sec. One horsepower is equal to about 746 watts or about three- 
fourths of a kilowatt. A horse would not last very long at that rate. 

Work can also be expressed in units of power X time. This is the origin ` 
of the term kilowatt-hour, for example. One kilowatt-hour is the work done 
in 1 hr by an agent working at a constant rate of 1 kw. 


P Example 7. An automobile uses 100 hp and moves at a uniform speed of 60 
miles/hr (= 88 ft/sec). What is the forward thrust exerted by the engine on the 
car? 


Pas We E 
t t 
The forward thrust F is in the direction of motion given by v, so that 
P = Fv, 
thd pE P _ (100 hp | (550 ft-lb/sec\) _ 630 1b. 
v 88 ft/sec 1 hp 


Why doesn’t the car accelerate? 4 
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QUESTIONS 


1. Can you think of other words like “work” whose colloquial meanings are often 
different from their scientific meanings? 

2. In a tug of war one team is slowly giving way to the other. What work is being 
done and by whom? 

3. The inclined plane (see Example 1) is a simple machine Which enables us to do 
work with the application of a smaller force than is otherwise necessary. The same 
statement applies to a wedge, a lever, a screw, a gear wheel, and a pulley. Do such 
machines save us work? 

4. Springs A and B are identical except that A is stiffer than B, that is, ka > ka: 
On which spring is more work expended if (a) they are stretched by the same amount, 
(b) they are stretched by the same force? 

5. Aman rowing a boat upstream is at rest with respect to the shore, (a) Is he doing 
any work? (b) If he stops rowing and moves down with the stream, is any work being 
done on him? 

6. The work done by the resultant force is always equal to the change in kinetic 
energy. Can it happen that the work done by one of the component forces alone will be 
greater than the change in kinetic energy? If so, give examples. 

7. When two children play catch on a train, does the kinetic energy of the ball 
depend on the speed of the train? Does the reference frame chosen affect your answer? 
If so, would you call kinetic energy a scalar quantity? (See Problem 19.) 

8. Does the work done in raising a box onto a platform depend on how fast it is 
raised? 


PROBLEMS 


* 


1. A 100-Ib block of ice slides down an incline 5.0 ft long and 3.0 ft high. A man 
pushes up on the ice parallel to the incline so that it slides down at constant Speed. The 
coefficient of friction between the ice and the incline is 0.10. Find (a) the force exerted 
by the man, (b) the work done by the man on the block, (c) the work done by gravity on 
the block, (d) the work done by the surface of the incline on the block, (e) the work done 
by the resultant force on the block, and ( f) the change in kinetic energy of the block. 

2. A man pushes a 60-Ib block 30 ft along a level floor at constant speed with a force 
directed 45° below the horizontal. If the coefficient of kinetic friction is 0.20, how much 
work does the man do on the block? 

3. A crate weighing 500 Ib is suspended from the end of a rope 40 ft long. The crate 
is then pushed aside 4.0 ft from the vertical and held there. (a) What is the force needed 
to keep the crate in this position? (6) Is work being done in holding it there? (c) 
Was work done in moving it aside? If so, how much? (d) Does the tension in the 
rope perform any work on the crate? 

4. A cord is used to lower vertically a block of mass M a distance d at a constant 
downward acceleration of g/4. Find the work done by the cord on the block. 

5. A block of mass m = 3.57 kg is drawn at constant speed a distance d = 4.06 meters 
along a horizontal floor by a rope exerting à constant force of magnitude F = 7.68 nt 
making an angle @ = 15.0? with the horizontal. Compute (a) the total work done on 
the block; (b) the work done by the rope on the block; (c) the work done by friction on 
the block; (d) the coefficient of kinetic friction between block and floor. 
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6. (a) Estimate the work done by the force shown on the graph (Fig. 7-9) in displac- 

ing a particle from z — 1 to z = 3 meters. Refine your method to see how close you 

' ean come to the exact answer of 6 joules. (b) The curve is given analytically by 

F = a/z? where a = 9 nt-meters*. Show how to get the work done by the rules of 
integration. v 


7. When the force F varies both in direction and magnitude and the motion is along a 
curved path the work done by F is obtained from dW = F - dr, the subsequent integra- 
tion being taken along the curved path. Notice that both F and $, the angle between 
F and dr, may vary from point to point (see Fig. 7-7). Using Example 3 as a guide, 
show that for two-dimensional motion 


W = im — imwe?, 
where v is the final speed and vo the initial speed. 

8. Generalize the results of the previous problem to three dimensions. 

9. A running man has half the kinetic energy that a boy of half his mass has, The 
man speeds up by 1.0 meter/sec and then has the same kinetic energy asthe boy. What 
were the original speeds of man and boy? 

10. From what height would an automobile have to fall to gain the kinetic energy 
equivalent to what it would have when going 60 miles/hr? D 
— 11. A proton (nucleus of the hydrogen atom) is being accelerated in a linear acceler- 
ator. In each stage of such an accelerator the proton is accelerated along a straight line 
by 3.6 X 10! meters/sec?. If a proton enters such a stage moving initially with a speed 
of 2.4 X 107 meters/sec and the stage is 3.5 cm long, compute (a) its speed at the end of 
the stage and (b) the gain in kinetic energy resulting from the acceleration. Take the 
mass of the proton to be 1.67 X 107? kg and express the energy in electron volts. 

12. A 30-gm bullet initially traveling 500 meters/sec penetrates 12 cm into a wooden 
block. What average force does it exert? 

13. Show from considerations of work and kinetic energy that the minimum stopping 
distance for a car of mass m moving with speed v along a level road is v?/2u,g, where ps is 
the coefficient of static friction between tires and road. (See Example 2, Chapter 6.) 
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14. A single force acts on a body in rectilinear motion. A plot of velocity versus 
time for the body is shown in Fig. 7-10. Find the sign (positive or negative) of the 
work done by the force on the body in each of the intervals AB, BC, CD, and DE. 


Fig. 7-10 


15. (a) A mass of 0.675 kg on a frictionless table is attached to a string which passes 
through a hole in the table at the cen. er of the horizontal circle in which the mass moves 
with constant speed. If the radius of the circle is 0.500 meter and the speed is 10.0 
meters/sec, compute the tension in the string. (b) It is found that drawing an addi- 
tional 0.200 meter of the string down through the hole, thereby reducing the radius of 
the circle to 0.300 meter, has the effect of multiplying the criginal tension in the string 
by 4.63. Compute the total work done by the string on the revolving mass during the 
reduction of the radius. 

16. A proton starting from rest is accelerated in a cyclotron to a final speed of 3.0 X 
107 meters /sec (about one-tenth the speed of light). How much work, in electron volts, 
is done on the proton by the electrical force of the cyclotron which accelerates it? 

17. An outfielder throws a baseball with an initial speed of 60 ft/sec. An infielder at 
the same level catches the ball when its speed is reduced to 40 ft/sec. What work was 
done in overcoming the resistance of the air? The weight of a baseball is 9.0 oz. 

18. The block of mass M shown in Fig. 7-11 initially has a velocity voto the right and 
its position is such that the spring exerts no force on it, i.e., the spring is not stretched 
or compressed. The block moves to the right a distance / before stopping in the dotted 
position shown. ‘The spring constant is k and the coefficient of kinetic friction between 
block and table is xx. As the block moves the distance l, (a) what is the work done on it 
by the friction force? (b) What is the work done on it by the spring force? (c) Are 
there other forces acting on the block, and, if so, what work do they do? (d) What is 
the total work done on the block? (e) Use the work-energy theorem to find the value 
of Lin terms of M, vo, us, g, and k. 


Fig. 7-11 


19. Work and Kinetic Energy In Moving Reference Frames. - Consider two observers, 
one whose frame is attached to the ground and another whose frame is attached, say, 
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to a train moving with uniform velocity u with respect to the ground. Each observes 
that & particle, initially at rest with respect to the train, is accelerated by a constant 
forco applied to it for time t in the forward direction. 

(a) Show that for each observer the work done by the force is equal vo the gain in 
kinetic energy of the particle, but that one observer measures these quantities to be 
4ma*t?, whereas the other observer measures them to he dma? + maut. Here a is 
the common acceleration of the particle of mass m. 

(b) Explain the differences in work donc by the same force in terms of the different 
distances through which the observers measure the force to act during the time t. 
Explain the different final kinetic energies measured by each observer in terms of the 
work the particle could do in being brought to rest relative to each obscervor's frame. 

20. A'net force of 5.0 nt acts on a 15-kg body initially at rest. Compute the work 
done by the’ force in the first, second, and third second and the instantancous power 
exerted by the force at the end of the third second. 

21. A satellite rocket weighing 100,000 Ib acquires a speed of 4000 miles/hr in 1.0 min 
after launching. (a) What is its kinetic energy at the end of the first minute? (b) 
What is the average power expended during this time, neglecting frictional and gravi- 
tational forces? 

22. A truck can move up a road.having a grade of 1.0-ft rise every 50 ft with a speed 
of 15 miles/hr. The resisting force is equal to one-twenty-fifth the weight of the truck. 
How fast will the same truck move down the hill with the same horsepower? 

23. A horse pulls a wagon with a force of 40 Ib at an angle of 30° with the horizontal 
urd moves along at a specd of 6.0 miles/hr. (a) How much work does the horse do in 
10 min? (b) What is the power output of the horse? 

24. The force required to tow & boat at constant velocity is proportional to the 
velocity. If it takes 10 hp to tow a certain beat at a speed of 2.5 miles/hr, how much 
horsepower docs it take to tow it at a speed of 7.5 miles/hr? 

25. What power is developed by a grinding machine whose wheel has a radius of 8.0 in 
and runs at 2.5 rev/see when the tool to be sharpened is held against the wheel with a 
force of 40 1b? The coefficient of friction between the tool and the wheel is 0.32. 

26. A boy whose mass is 51.0 kg climbs, with constant speed, a vertical rope 6.00 
meters long in 10.0 sec. (a) How much work does the boy perform? (b) What is the 
boy’s power output during the climb? 

27. A body of mass m accelerates uniformly from rest to a speed vy in time ty. (a) 
Show that the work done on the body as a function of time ¢, in terms of vy and ty, is 


lag 
2 m til . 
(b). As a function of time t, what is the instantancous power delivered to tho body? 


(c) What is the instantancous power at the end of 10 sec delivered to a 3200-Ib hody 
which accelerates to 60 miles/hr in 10 sec? 7 


The Conservation of Energy 


C scele idi; eS NM 
CHAPTER 8 


8-1 Introduction 


Ín Chapter 7 we derived the work-energy theorem from Newton's second 
law of motion. This theorem says that the work W done by the resultant 
force F acting on a particle as it moves from one point to another is equal 
to the change AK in the kinetie-energy of the particle, or 


W — AK. (8-1) 


Often several forces act on a particle, the resultant force F being their 
vector sum, that is, F — F,+F,+.--- F,, in which we assume that 
nforcesact. The work done by the resultant force Fis the algebraic sum of 


the work done by these individual forces, or W = W, + W a+ 7 * Wa- 
' Thus we can write the work-energy theorem (Eq. 8-1) as 
Wit W+: Wi = AK. (8-2) 


In this chapter we shall consider 
acted upon by various kinds of force: 
for these forces; this will lead us to d 
potential energy and heat ener 
lation of one of the great prin 
principle. 


Systems in which a single particle is 
s and we shall compute W;, Wa, etc., 
efine different kinds of energy such as 
gy. The process culminates in the formu- 
ciples of science, the conservation of energy 


8-2 Conservative Forces 


Let us first distinguish between two types of forces, conservative and 
nonconservative. We shall consider an example of each type and we discuss 
each example from several different, but related, points of view. 
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Imagine a spring fastened at one end to a rigid wall asin Fig. 8-1. Let 
us slide a block of mass m with velocity v directly toward the spring; we 
assume that the horizontal plane is frictionless and that the spring is ideal, 
that is, that it obeys Hooke's law (Eq. 7-7) 


F = —kz, (8-3) 


where F is the force exerted by the spring when its free sich is displaced 
through a distance x; we assume 
further that the mass of the spring 
is so small compared to that of 
the block that we can neglect the 
kinetic energy of the spring. 
Thus, in the system (mass + 
spring), all the kinetic energy is 
concentrated in the mass. 

After the block touches the 
spring, the speed and hence the 
kinetic energy of the block de- 
erease until finally the block is 
brought to rest by the action of 
the spring force, as in Fig. 8-16. 
The block now reverses its motion 
as the compressed spring expands. 
It gains speed and kinetic energy 
and, when it comes once again to Fig. 8-1 (a) A block of mass m is pro- 
its position of initial contact with jected with speed v against a spring. 
the spring, we find that it has the (b) The block is brought to rest by the 

PR action of the spring force. (c) The block 
same speed and kinetic energy as has regained its initial speed v as it 
it had originally;gynly the direc- returns to its starting point. 
tion of motion h##éhanged. The 
block loses kinetic energy during 
one part of its motion but gains it all back during the other part of its 
motion as it returns to its starting point (Fig. 8-1c). 

We have interpreted the kinetic energy of a body as its ability to do work 
by virtue of its motion. It is elear that at the completion of à round trip 
the ability of the block in Fig. 8-1 to do work remains the same; it has 
been conserved. The elastic force exerted by an ideal spring, and other 
forces that aet in this same way, are called conservative. The force of 
gravity is also conservative; if we throw a ball vertically upward, it will 
(if we assume air resistance to be negligible) return to our hand with the 
same kinetic energy that it had when it left our hand. 

If, however, a particle on which one or more forces act returns to its 
initial position with either more or less kinetic energy than it had initially, 
then in a round trip its. ability to do work has been changed. In this case 
the ability to do work has not been conserved and at least one of the forces 
acting is labeled nonconservative. 


(o) ' 


152 THE CONSERVATION OF ENERGY Chap. 8 


To illustrate a nonconservative force let us assume that the surfaces of 
the block and the plane in Fig. 8-1 are not frictionless but rather that a force 
of frietion f is exerted by the plane on the block. ‘The frictional force 
opposes the motion of the block no inatter which way the block is moving 
and we find that the block returns to its starting point with less kinetic 
energy than it had initially. Since we showed in our first experiment that 
the spring force was conservative, we must attribute this new result to the 
action of the friction force.* We say that this foree, and other forces that 
act in this same way, are nonconservative. The induction force in a beta- 
tron (Section 35-6) is also a nonconservative force. Instead of dissipating 
kinetie energy, however, it generates it, so that an electron moving in the 
circular betatron orbit will return to its initial position with more kinetic 
energy than.it had there originally. In a round trip the electron gains 
kinetic energy, as it must do if the betatron is to be effective. 

We can define conservative force from another point of view, that of the | 
work done by the force on the particle. In our first example above, the 
work done by the elastie spring foree on the block while the spring was 
being compressed was negative, because the force exerted on the block by 
the spring (to the left in Fig. 8-1a) was directed opposite to the displace- 
ment of the block (to the right in Fig. 8-1a). While the spring was being 
extended the work that the spring force did on the block was positive (force 
and displacement in the same direction). Inour first example the net work 
done on the block by the spring force during a complete cycle, or round 
trip, is zero. 

In our second example we considered the effect of the frictional force. 
The work done on the block by this force was negative for each portion of 
the cycle because the frictional force always opposed the motion. Hence 
the work done by friction in a round trip cannot be zero. In general, then: 
A force is conservative 4f the work done by the force on article that moves 
through any round trip is zero. A force is tikes ~ | if the work done 
by the force on a particle that moves through any round trip is not zero. 

The work-energy theorem shows that this second way of defining con- 
servative and nonconservative forces is fully equivalent to our first defini- 
tion. If there is no change im the kinetic energy of a particle moving 
through any round trip then AK = 0 and, from Eq. 8-1, W = 0 and the 
resultant force acting must be conservative. Similarly, if AK ~ 0 then, 
from Eq. 8-1, W +0 and at least one of the forces acting must be 
nonconservative. ; 

We can look into this matter in a little more detail. When friction is present in 
the system of Fig. 8-1, four forces act on the block, the resultant force being 

F=F,+W+N+f I 
in which the forces are the spring force F,, the weight of the block W, the normal 
* Actually two other forces act on the block in Fig. 8-1, its weight W and the normal 


force N exerted by the plane. Since these act at right angles to the motion, they cannot 
change the kinetic energy of the block and hence do not enter into this discussion. 
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force exerted on the block by the plane N, and the frictional force f. We can write 
Eq. 8-2, the work-energy theorem, as 


W, + Ww + Wy + Wy = AK, 


where the terms on the left are the work done on the block by the four forces 
above. We have seen that for a round trip W, = 0. , Similarly, Ww = Wy = 0 
because the corresponding forees are at right angles to the displacement of the 
block. "Thus the change in kinetic energy is due entirely to Wy, the work done by 
the frictional force. 


We can consider the difference between conservative and nonconsérva- 
tive forces in still a third way. Suppose a particle goes from a to b along 
path 1 and back from b to a along pat h 2 as in Fig. 8-2a. Several forces 
may act on the particle during this round trip; we consider each force 
separately. If the force being considered is conservative, the work done 
on the particle by that particular 
force for the round trip is zero, or 


Wav, + Wis» = 9, . , à 
y 4 a a 
which we can write as 2 2 
Wai = —Wea,2 (a) (b) 


That is, the work in going from a Fig. 8-2 

to b along path 1 is the negative 

of the work in going from 6 to a 

along path 2. However, if we cause the particle to go from a to b along 
path 2, as shown in Vig. 8-2b, we merely reverse the direction of the pre- 
vious niotion along 2, so that 


War. = —Wea,2 
Hence 
Wav = Was 


which tells us that the work done on the particle by a conservative force 
in going from a to b is the same for cither path. 

Paths 1 and 2 can be any paths at all as long as they go from a to b; 
and aand b can be chosen to be any two points at all. We always find the 
same result if the force is conservative. Hence, we have another equiva- 
lent definition of conservative and nonconservative forces: A force is con- 
servative if the work done by it on a particle that moves belween two points 
depends only on these points and not on the path followed. A force is non- 
conservative if the work done by that force on a particle that moves between 
two points depends on the path taken between those points. 

To illustrate this third (equivalent). definition of conservative forces, let 
us consider a second kind of conservative foree, that due to gravity. Sup- 
pose that we take a stone of mass m in our hand and raise it to a height A 
'above the ground, going from a to b by several different paths as in Fig. 
8 3. We already know that in a round trip the total work done by a con- 
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Fig. 8-3 A stone is raised from a to 
b via various paths 1, 2, 3, and 4. 


servative force is zero and that the gravitational force is conservative. 
The work done on the stone by gravity along the return path bca is simply 
mgh. Hence, because gravity is a conservative force, the work done by 
gravity on the stone along any of the paths from a to b must be — mgh, for 
only if this is true can the total work done by gravity in a round trip be | 
zero. This means that gravity does negative work on the stone as it | 
‘moves from a to b, or, to put it another way, work must be done against 
gravity along any of the paths ab. The student can compute directly the 
result that the work done by gravity along any path ab equals — mgh. 
For any of these paths can be decomposed into infinitesimal displacements 
which are àlternately horizontal and vertical; no work is done by gravity 
in horizontal displacements, and the net vertical displacement is the same 
in all cases. Hence the work done by gravity on the stone moving from 
a to b depends only on the positions of a and b and not at all on the path 
taken. 
_ For a nonconservative force, such as friction, the work done is not inde- 
. pendent of the path taken between two fixed points. We need only point 
out that as we push a block over a (rough) table between any two points 
a and b by various paths, the distance traversed varies and so does the work 
done by the frictional force. It depends on the path. 

The definitions of conservative force which we have given are equivalent 
to one another. Which one we use depends only on convenience. The 
round-trip approach shows clearly that kinetic energy is conserved when 
conservative forces act. "To develop the idea of potential energy, however, 
the path independence statement is preferable. 


8--3 Potential Energy 


In this section we shall focus attention not on the moving block of 

Fig. 8-1 but rather on the (isolated) system (block + spring). Instead 

of saying that the block is moving we prefer, from this point of view, to 

say that the configuration of the system is changing. We measure both 

the position of the block and the configuration of the system at any instant 
m the same parameter z, namely, the displacement of the free end of the 
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spring from its normal position, corresponding to an unstretched spring. 
The kinetic energy of the system is the same as that of the block because 
we have assumed the spring to be massless. 

We have seen that the kinetic energy of the system of Fig. 8-1 decreases 
during the first half of the motion, becomes zero, and then increases during 
the second half of the motion. W there is no friction, the kinetic energy of 
the system when it has regained its initial configuration returns to its 
initial value. 

Under these circumstances (conservative forces acting) it makes sense 
to introduce the concept of energy of configuration, or potential energy U, 
and to say that if K for the system changes by AK as the configuration of 
the system changes (that is, as the block moves in the system of Fig. 8-1), 
then U for the system must change by an equal but opposite amount so 
that the sum of the two changes is zero, or 


AK + AU = 0. (8-4a) 


Alternatively, we can say that any ‘change in kinetic energy K of the 
system is compensated for by an equal but opposite change in the potential 
energy U of the system so that their sum remains constant throughout 
the motion, or 


K + U = a constant. (8-45) 


The potential energy of a system represents a form of stored energv which 
can be fully recovered and converted into kinetic energy. We cannot 
associate a potential energy with a nonconservative force such as the force 
of friction because the kinetic energy of a system in which such forces act 
does-not return to its initial value when the system returns to its initial 
configuration. 

Equations 8-4 apply to a closed system of interaeting objects, such as 
the (mass + spring) system of Fig. 8-1. In this example, because we 
have taken the spring to be effectively massless, the kinetic energy may be 
associated with the moving mass alone. "The block slows down (or speeds 
up) because a force is exerted on it by the spring; it is appropriate, then, to 
associate the potential energy of the system with this force, that is to say, 
with the spring. Thus in this simple case we say that kinetic energy, 

, localized in the mass, decreases during the first part of the motion while 
potential energy, localized in the spring, increases during this same time.* 

Equations 8-4 are essentially bookkeeping statements about energy. 
They, and the concept of potential energy, have no real meaning, however, 
until we have shown how to calculate U as a function of the configuration 
of the system within which the conservative forces act; in the example of 
Fig. 8-1 this means that we must be able to calculate U(x), where x is the 
spring displacement. 


* Just as we assumed the spring to be effectively massless we also assume the block 
to be rigid, that is, effectively ‘‘springless.” In a more general system, kinetic and 
potential energy could each be present in various portions of the system, in varying 
proportions as the system configuration changed. 
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To refine our concept of potential energy U let us consider the work- 
energy theorem, W = AK, in which W is the work done by the resultant 
force on a particle as it moves from a to b. For simplicity let us assume 
that only a single force F is acting on the particle; this is effectively true in 
the system of Fig. 8-1. If F is conservative we can combine the work- 
energy theorem (Eq. 8-1) with Eq. 8-4a, obtaining 


W = AK.— —AU. (8-5a) 


The work W done by a conservative force depends only on the starting and 
the end points of the motion and not on the path followed between them. 
Such a force can depend only on the position of a particle; it does not depend 
on the velocity of the particle or on the time, for example. 

For motion in one dimension, Eq. 8-5a becomes 


Fa te A pie f F(z) dz, (8-5b) 


the particle moving from zo to z. Equation 8-5b shows how to calculate 
the change in potential energy AU when a particle, acted on by a conserva- 
tive force F(x), moves from point a, described by xo, to point b, described 
by x. The equation shows that we can only calculate AU if the force F 
depends only on the position of the particle (that is, on the system con- 
figuration), which is equivalent to saying that potential energy has meaning 
only for conservative forces. 

Now that we know that the potential energy U depends on the position 
of the particle only, we can write Eq. 8-4b as 


im? + Ul) =E (one-dimension) (8-6a) 
in which Æ, which remains constant as the particle moves, is called the 


total mechanical energy. Suppose that the particle moves from point a 
(where its position is zy and its speed is vo) to point b (where its position is x 


and its speed is v); the total mechanical energy E must be the same for 


each system configuration when the force is conservative, or, from Eq. 8-6a, 
dmv? + U(x) = inwo? + Ulco). (8-6b) 


The quantity on the right depends only on the initial position ao and 
the initial speed vo, which have definite values; it is, therefore, constant 
during the motion. "This is the constant total mechanical energy H. 
Notice that foree and acceleration do not appear in this equation, only 
position and speed. Equations 8-6 are often called the law of conservation 
of mechanical energy for conservative forces. 

In many problems we find that although some of the individual forces 
are not conservative, they are so small that we can neglect them. In such 
cases we can use Eqs. 8-6 as a good approximation. For example, air 
resistance may be present but may have so little effect on the motion that 
we can ignore it. 

Notice that, instead of starting with Newton's laws, we can simplify 


1 
1 
i 
1 


Sec. 8-3 POTENTIAL ENERGY 157 


problem solving when conservative forces alone are involved by starting 
with Eqs. 8-6. This relation is derived from Newton's laws, of course, 
but it is one step closer to the solution (the so-called first integral of the 
motion)... We often solve problems without analyzing the forces or writing 
down Newton's laws by looking instead for something in the motion that is 
constant; here the mechanical energy is constant and we can write down 
Eqs. 8-6 as the first step. 

For one-dimensional motion we can also write the relation between force 
and potential energy (Eq. 8-50) as 


(8-7) 


To show this, substitute this expression for F(x) into Eq. 8-5b and observe 
that you get an identity. Equation 8-7 gives us another way of looking 
at potential energy. The potential energy is a un of position whose 
negative derivative gives the force. 

The student may have noticed that we wrote down the quantity U (z) 
in Eqs. 8-6 although we are only able to calculate changes in U (from 
Eq. 8-5b) and not U itself. Let us imagine that a particle moves from 
a to b along the z-axis and that a single conservative force F(x) acts on it. 
To assign a value to U+, the potential energy at point b, let us write 


AU = Ur — Ua, 
or (see Eq. 8-50), 


Us = AU + Ua = — Ju F(a) dt + Us. (8-8) 


We cannot assign a value to U» until we have assigned one to Ua. If 
point b is any arbitrary position x, so that Uy = U(x), we give meaning 
to U(x) by choosing point @ to be some convenient reference position, 
described by xa = xo, and by arbitrarily assigning a value to the potential 
energy Ua = U(x») when the body is at that point. Thus Eq. 8-8 
becomes 


Ula) = — [7 FG) dz + UG). (8-9) 


The potential energy when the body is at the reference position, that is, 
U (xo), is usually given the arbitrary value zero. 

It is often convenient to choose the reference position xo to be that at 
which the force acting on the particle is zero. Thus the force exerted by a 
spring is zero when the spring has its normal unstretched length; we 
usually say that the potential energy is also zero for this condition. Also, 
the attraction of the earth on a body decreases as the body moves away 
from the earth, becoming zero at an infinite distance.. We usually take 
infinity as our reference position and assign the value zero to the potential 
energy associated with the gravitational force at that position (see Chapter 
16). So far, however, we have been more concerned with the gravitational 
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Fig. 8—4 A mass attached to a spring slides back and forth on a frictionless surface. 
The system is called a harmonie oscillator. The motion of the mass through one cycle is © 


illustrated. Starting at the left (9 o'clock) the mass is in its extreme left position | 


and momentarily at rest: K = 0. The spring is extended to its maximum length: 
U = Umax. (K and U are illustrated in the bar graphs below each sketch.) An 
eighth-cycle later (next drawing) the mass has gained kinetic energy, but the spring is 
no longer so elongated; K and U have here the same value, K = U = Umax/2. At the 
top the spring is neither elongated nor compressed and the speed is a maximum: 
U =0, K = Kmax = Umax. The cycle continues, with the total energy E = K + U 


‘always the same: E = Kmax = Umax. The harmonic oscillator will be analyzed more 


closely in Chapter 15. 


of x), v must be zero, so that here the system energy is all potential. At 
t = Xm, we have 
Š iz? = iwo? 
or 

Tm = m / k vp. 
For positions between z; and £2, Eq. 8-6b gives 


ikri? + ime! = tkr? + imu. 
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We have seen that the kinetic energy of a body is the work that a body can 
do by virtue of its motion. We express the kinetic energy by the formula’ 
K = imv?. We cannot give a similar universal formula by which potential 
energy can be expressed. The potential energy of a system of bodies is the 
work that the system of bodies can do by virtue of the relative position of its 
parts, that is, by virtue of its configuration. In each case we must determine 
how much work the system can do in passing from one configuration to 
another and then take this as the difference in potential energy of the sys- 
tem between these two configurations. 

The potential energy of the spring depends on the relative position of the 
parts of the spring. Work can be obtained by allowing the spring to return 
from its extended to its unextended length, during which time it exerts a 
force through a distance. If a mass is attached to the spring, as in our 
example, the mass will be accelerated by this force and the potential energy 
will be converted to kinetic energy. In the gravitational case an object 
occupies a position with respect to the earth. The potential energy is 
a property of the object and the earth, considered as a system of bodies. 
It is the relative position of the parts of this system that determines its 
potential energy. The potential energy is greater when the parts are far 
apart than when they are close together. The loss of potential energy is 
equal to the work done in this process. This work is converted into kinetic 

` energy of the bodies. In our example we ignored the kinetic energy acquired 
by the earth itself as an object fell toward it. In principle, this object 
exerts a force on the earth and causes it to acquire an acceleration, relative 
to some inertial frame. The resulting change in speed, however, is 
extremely small, and in spite of the enormous mass of the earth, its addi- 
tional kinetic energy is negligible compared to that acquired by the falling 
object. This will be proved in a later chapter. In other cases, such as in 
planetary motion where the masses of the objects in our system may be 
comparable, we cannot ignore any part of the system. In general, poten- 
tial energy is not assigned to Sr body separately but is considered a 
joint property of the system. 


> Example 1. What is the change in gravitational potential energy when a 
1600-Ib elevator moves from street level to the top of the Empire State Building, 
1250 ft above street level? 

The gravitational potential energy of the system (elevator,+ earth) is U = 
mgy. Then 

AU = Us — Us = mg(ys — y1). 

But mg =W —16001b | and y2—y; 1250 ft, 
so that AU = 1600 X 1250 ft-Ib = 2.00 x 10° ft-lb. 

Example 2. As an example of the simplicity and usefulness of the energy 
method of solving dynamical problems, consider the problem illustrated in Fig. 8-5. 
A block of mass m slides down a curved frictionless surface. The force exerted by 


the surface on the block is always normal to the surface and to the direction of the 
motion of the block, so that this force does no work. Only the gravitational force 
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E E 
Fig. 8-5 A block sliding © 
down a frictionless curved | 
surface. F 


does work on the block and that force is conservative. The mechanical energy E is, 
therefore, conserved and we can write at once ` 


Ka amv? + mgyi = mva? + mgya. 
This gives 
f va? = v? + 2g(y1 — x). i 
The speed at the bottom of the curved surface depends only on the initial speed and 
the change in vertical height but does not depend at all on the shape of the surface. 
In fact, if the block is initially at rest at yr = h, and if we set ya = 0, we obtain 
bu 


v= V 2gh. r 


At this point the student should recall the independence of path feature of work 
done by: conservative forces and should be able to justify applying the ideas devel- ' 
oped for one-dimensional motion to this two-dimensional example. E 

, In this problem the value of the force depends on the slope of the surface at each 
point. Hence, the acceleration is not constant but is a function of position. To 
obtain the speed by starting with Newton's laws we would first have to determine 
the acceleration at each point and then integrate the acceleration over the path. 
We avoid all this labor by starting at once from the fact that the mechanical energy 
is constant throughout the motion. . 


I 


Example 3. The spring in a spring gun has a force constant of 4.0 lb/in. Itis - ! 
compressed 2.0 in. from its natural length, and a ball weighing 0.030 Ib is put into 
the barrel against it. Assuming no friction and a horizontal gun barrel, with what l 
speed will the ball leave the gun when released? al 

- The force is conservative so that mechanical energy is:conserved in the process. 
The initial mechanical energy is the elastic potential energy of the spring, 3x?, and 
' the final mechanical energy is the kinetic energy of the ball, 3mv?. Hence, 


thx? = im? 


EG UD AER paren ne E 
mr is 7 A (0:080 15)/2 ft/s) 0 7 88 ft/sec. 


8-5 The Complete Solution of the Problem for One-Dimensional Forces - 


cu ; Depending on Position Only i 2er 


or 


T Equation 8-6a gives the relation between coordinate and speed for one-dimen- 
sional motion when the force depends on position only. "The force and the accelera- 4 
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tion have been eliminated in arriving at this equation. To complete the solution ; 

of the dynamical problem we must eliminate the speed and determine position as 

a function of time. we 
We can do this in a formal way, as follows. . From Eq. 8-6a we have 


im? + U(t) = EF 
Solving for v, we obtain 


ae Puen asec ei od REM 
da, 


NT 


Then the function z(/) may be found by solving for x the equation 


or 


= dt 


i l 
aep (8-13) 


peal 
To P [E = U(2)] to 
m 


Here the particle is taken to be at zo at the time to and E. is the constant total 
energy: In applying this equation, the sign of the square root taken corresponds 
to whether v points in the positive or in the negative x-direction. When v changes 
direction during the motion it may be necessary to carry out the integration sepa- 
rately for each part of the motion. . í i i 
Even when this integral cannot be evaluated or when the resulting equation 
cannot be solved to give an explicit solution for z(f), the equation of energy 
conservation gives us useful information about the solution. For example, for a; 
given total energy E, Eq. 8-12 tells us that the particle is restricted to those 
regions on the z-axis where E > U(x). We cannot have an imaginary speed or a 
negative kinetic energy physically, so that E — U(x) must be zero or greater. 
Furthermore, we can obtain a good qualitative description of the types of motion- 
possible by plotting U(x) versus x. This description depends on the fact that the 
speed is proportional to the square root of the difference between E and U. 
For example, consider the potential energy function shown in Fig. 8-6. This 
could be thought of as an actual profile of a frictionless roller coaster, but in general 
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Fig. 8-6 A potentia! energy curve. 
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it can represent the potential energy of a nongravitational system. Since we must 
have E = U(x) for real motion, the lowest total energy possible is Zo. At this 
value of the total energy, Eo = U and the kinetic energy must be zero. The 
particle must be at rest at the point zo. Ata slightly higher energy Z, the particle 
can move between zı and z» only. As it moves from zo its speed decreases on 
approachingeitherz;orzs. Atziorzsthe particle stops and reverses its direction. 
These points xı and x2 are, therefore, called turning points of the motion. At a 
total energy E» there are four turning points, and the particle can oscillate in either 
one of the two potential valleys. At the total energy E; there is only one turning 
point of the motion, at zs. If the particle is initially moving in the negative x- 
direction, it will stop at x and then move in the positive x-direction. It will 
speed up as U decreases and slow down as U increases. At energies above E, 
there are no turning points, and the particle will not reverse direction. Its speed 
will change according to the value of the potential at each point. 

At a point where U(x) has a minimum value, such as at z = zo, the slope of the 


curve is zero so that the force is zero, that is, F(zo) = —(dU/dz)i s, = 0. A 
particle at rest at this point will remain at rest. Furthermore, if the particle is 
displaced slightly in either direction, the force, F(x) = —dU/dz, will tend to 


return it, and it will oscillate about the equilibrium point. This equilibrium point 
is, therefore, called a point of stable equilibrium. 

At a point where U(x) has a maximum value, such as at x = x4, the slope of 
the curve is zero so that the force is again zero, that is, F(z4) = —(dU/dz) 22, = 0. 
A particle at rest at this point will remain at rest. However, if the particle is 
displaced even the slightest distance from this point, the force, F(x) = —dU/dz, 
will tend to push it farther away from the equilibrium position. Such an equilib- 
tium point is, therefore, called a point of unstable equilibrium. 

In an interval in which U(x) is constant, such as near x = zs, the slope of the 
curve is zero so that the force is zero, that is, (zs) = —(dU/dz)z-2,= 0. Such 
an interval is called one of neutral equilibrium, since a particle can be displaced 
slightly without experiencing either a repelling or a restoring force. 

From this it is clear that if we know the potential energy function for the region 
of zin which the body moves, we know a great deal about the motion of the body. 


> Example 4. The potential energy function for the force between two atoms 
in a diatomic molecule can be expressed approximately as follows: 


a b 
U(x) = Sits 
where a and b are positive constants and z is the distance between atoms. 
(a) At what values of x is U(x) equal to zero? At what value of xis U(z) a mini- 
mum? 
In Fig. 8-7a we show U(x) versus æ. The values of z at which U(x) equals zero 
are found from 


Hence 
` a E a 
d i xm 
; e aT. 


U (2) also becomes zero as x — © [see figure or put z = © into equation for U(z)], 
lhat z = © is also a solution. E 
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U(x) 
+ 
a 
Fig. 8-7 Example 4. (a) The po- FS 
tential energy and (b) the force 


between two atoms in a diatomic -b?/4a 
molecule as a function of the dis- 
tance z between atoms. 


(b) 


The value of x at which U(z) is a minimum is found from 


d 
— U(x) = 0. 
d (2)20 
That is, 
—12a , 6b 
gi m a á 
or 
2a 2a 
6 LL =.4/— 
z x ; 


(b) Determine the force between the atoms. 
From Eq. 8-7 


KG) = -Å UO, 


Rs Se glob Ne 12d... Bo. 
do Noli s OF Wis ert 

We plot the force as à funetion of the separation between the atoms in Fig. 8-7b. 
When the force is positive (from x = 0 to z = 4/2a/b), the atoms are repelled from 
one another (force directed toward increasing x). When the force is negative (from 
z = W/2ajb to x. = œ), the atoms are attracted to one another (force directed 
toward decreasing x). At z= x/2a/b the force is zero; this is the equilibrium 
point and is a point of stable equilibrium. 

(c) Assume that one of the atoms remains at rest and that the other moves along 
z. Describe the possible motions. 

From the analysis of this section it is clear that the atom oscillates about the 
equilibrium separation at = ~/2a/b, much as a particle sliding up and down the 
frictionless hills of the potential valley. 
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(d) The energy needed to break up the molecule into separate atoms is called the 
dissociation energy. "What is the dissociation energy of the molecule? 

Tf one atom has enough kinetic energy to get over the potential hill, it will no 
longer be bound to the other atom. Hence, the dissociation energy D equals the 
change in potential energy from the minimum value at x = ~/2a/b to the value 
atz= o. This is simply 


6 
ve- e) ~U(2~ JE) =1- (22-3) 2 


If the kinetic energy at the equilibrium position is equal to or greater than this 


value, the molecule will dissociate. 
< 


8-6 Two and Three-Dimensional Conservative Systems 


So far we have discussed potential energy and energy conservation for 
one-dimensional systems in which the force was directed along the line of 
motion. We can easily generalize the discussion to three-dimensional 
motion. 

If the work done by the force F depends only ón the end points of the 
motion and is independent of the path taken between these points, the 
force is conservative. We define the potential energy U by analogy with 
the one-dimensional system and find that it is a function of three space 
coordinates, that is, U = U(z,y,z). Again we obtain an expression for 
the conservation of mechanical energy. 

The generalization of Eq. 8-5b to motion in three dimensions is 


AU = — fF ds Peay [ira be) 
or, more compactly in vector notation, 
AU. ge c "s "F(r) + dr (8-5d) 


in whieh AU is the change in potential energy for the system as the particle 
moves from the point (zo,yo,20), described by the position vector ro, to 
the point (x,y,z), described by the position vector r. Fz, Fy and F; are 
the components of the conservative force F(r) = F(z,y,z). 

The generalization f Eq. 8-6b to three-dimensional motion is 


imw* 4- U(£yg) = ww + U(zoyozo) (8-60) 
which can be written in vector notation as 
mv ev U(r) = 3mvo- vo 4- U(ro) (8-6d) 


in which v + v =v,” + vy? + 0,” = v? and vo* vo = Vor? + voy? + Loe? = vo. 
Likewise Eq. 8-6a becomes 


Á im? + Ulty) = E 
in three dimensions, E being the constant total mechanical energy. 
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‘Finally, the generalization of Eq. 8-7 to three dimensions is 


PEEL Be 
Ox oy 92 
If we substitute this expression for F into: Eq. 8-5d we again obtain an 
identity. In vector language the conservative force F is said to be the 
negative of the gradient of the potential energy U(x,y,2). 
The student can show that all these expressions reduce to the correct 
one-dimensional equations for motion along the a-axis. 


> Example 5. Consider the simple pendulum, Section 7-4, Fig. 7-8a. The ' 
motion of the system is in the x-y plane, that is, it is a two-dimensional motion. 
The tension in the cord is always at right angles to the motion of the suspended 
particle, so that this force does no work on the particle. If the pendulum is dis- 
placed through some angle and is then released, only the gravitational force of 
attraction exerted on the particle by the earth does work on it. Since this force is 
conservative, we can use the equation of energy conservation in two dimensions, 


gm? + U(zy) = E. 


But U(z,y) equals mgy, where y is taken as zero at the lowest point of the arc 
($. = 0°). . Then, 
amu + mgy = E. 
The particle is pulled through an angle ġo before being released. The potential 
energy there is mgh, corresponding to a height y = ^ above the reference point. At 
the release point ($ = $) the speed and the kinetic energy are zero so that the 
potential euergy equals the total mechanieal energy at that point. 
Hence, 
i E = mgh 
and 
tmo? + mgy = mgh, 
or 
imw = mg(h — y). 
The maximum speéd oecurs;at y = 0, where v = A/ 3gh. 
. The minimum speed occurs at y = h, where v = 0. 
. At y = 0 the energy is entirely kinetie, the potential energy being zero. 
At y = h the energy is entirely potential, the kinetic energy being zero. 
At intermediate positions the energy is partly kinetic and partly potential. 


Notice that U < E at all points of the motion; the pendulum eannot rise higher 
than y = h, its initial release point. * 


8-7 Nonconservative Forces 


So far we have considered only the action of a single conservative force 
ona particle. Starting from the work-energy theorem, or 


WitWet-::+W,=4K 7 (8-2) 


we saw that, if only one force, say F1, was acting and if it was conservative, 
then we could represent the work W; that it did on the particle as a decrease 
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in potential energy AU; of the system (see Eq. 8-52), or 
W;- —AU;. 
Combining this with Eq. 8-2 yielded 
AK + AU; = 0. 


If several conservative forces such as gravity, an elastic spring force, an 
electrostatic force, etc., are acting, we can easily extend these two equa- 
tions to 

ZW,--ZAU (8-14a) 


and > AK +ZAU =0 (8-145) 


in whieh Z W, is the sum of the work done by the various (conservative) 
forces and the AU's are the changes in the potential energy of the system 
associated with these forces. "The quantity on the left of Éq. 8-14b is 
simply AZ, the change in the total mechanical energy, for the case in which 
Several conservative forces are acting on a particle. We can write this 
equation then as 

AE -0 (conservative forces), (8-15) 


which tells us that, as the system configuration changes the totat mechani- 
cal energy E for the system remains constant. 
Let us now suppose that, in addition to the several conservative forces, 
a single nonconservative force due to friction acts on the particle. We 
can then write Eq. 8-2 as 
W;+2W. = AK, 


where 2 W, is again the sum of the work done by the conservative forces 
and W; is the work done by friction. We can recast this (see Eq. 8-145) as 


AK + DAU = Wy. (8-16) 


Equation 8-16 shows that, if a frictional force acts, the total mechanical 
energy is not constant, but changes by the amount of work done by the 
frictional force. We can write Eq. 8-16 as 


AE = E — E, = Wy. (8-17) 


Since W,, the work done by friction on the particle, is always negative, it 
‘follows from Eq. 8-17 that the final mechanical energy E (= K + È U) 
is'less than the initial mechanical energy Eo (= Ky + > U 0). 

Friction is an example of a dissipative force, one which does negative 
work on.a body and tends to diminish the total mechanical energy of the 
system. If we had used another nonconservative force, then Wy in Eqs. 
8-16 and 8-17 would be replaced by a term Wne, showing again that the 
total mechanical energy E of the system is not constant, but changes by 
the amount of work done by the nonconservative force. Hence, only when 
there are no nonconservative forces, or when we can neglect the work they do, 
can we assume conservation of mechanical energy. 
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What happened to the “lost” mechanical energy in the case of friction? 
It is transformed into heat. Heat is developed when surfaces are rubbed 
together, for example. The heat energy developed is exactly equal to the 
mechanical energy dissipated. We shall have much more to say about 
heat energy in later chapters. 

Just as the work done by a conservative force on an object is the negative 
of the potential energy gain, so the work done by a frictional force on an 
object is the negative of the heat energy gained. In other words, the heat 
energy produced is equal to the work done by the object. Then we can 
replace W; in Eq. 8-17 by — Q, in which Q is the heat energy produced, or 


AE + Q — 0. (8-18) 


This asserts that there is no change in the sum of the mechanical and heat 
energy of the system when only conservative and frictional forces act on 
the system. Writing this equation as Q = —AẸ we see that the loss of 
mechanical energy equals the gain in heat energy. 


> Example 6. A 10-Ib block is thrust up a 30° inclined plane with an initial 
speed of 16 ft/sec. It is found to travel 5.0 ft along the plane, stop, and slide back 
to the bottom. Compute the force of friction f (assumed to have a constant mag- 
nitude) acting on the block and find the speed v of the block when it returns to the 
bottom of the inclined plane. 

` Consider first the upward motion. At the top, where this motion ends, 


H = K +U = 0 + (10 Ib) (5.0 ft) (sin 30°) = 25 ft-lb. 


At the bottom, where this motion begins, 


1 10 Ib r 
i = Kod Vo= " (ses) (16 ft/sec)? + 0 = 40 ft-lb, 

But 

W; = —fs = —f(5.0 ft). 
and 

E-— Eo = Wy, 
so that 
25 ft-lb — 40 ft-lb = —f(5.0 ft) 

and 


f = 3.0 lb. 
Now consider the downward motion. The block returns to the bottom of the 


inclined plane with a speed v. Then, at the bottom, where this motion ends, 


1 10 Ib 
E-K J = = ( + ———= ) o? +0 = (gy lb sec?/ft)v?. 
r KH E ( files ) v+ (z lb sec?/ft)v 


At the top, where this motion begins, 
But Eo = Ko + Uo = 0 + (10 1b)(5.0 ft)(sin 30°) = 25 ft-lb, 
W; = — (3.0 Ib) (5.0 ft) = —15 ft-lb. 


and Å 
E — Eo = Wy, 
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so that ; 
(s Ib sec*/ft)v* — 25 ft-lb = —15 ft-lb, 


and 
v = 8.0 ft/sec. < 


8-8 The Conservation of Energy 


We can extend the discussion of the previous section by considering not 
only conservative forces and the force of friction but also other, nonfric- 
tional, nonconservative forces. We can regroup the work-energy theorem 
(Eq. 8-2) 2 
: Wit W: +°- #Wn = AK 
as s 
DW. + Wet Wne = AK (8-19) 


in which 2 W, is the total work done on the particle by conservative forces, 
Wis the work done by friction, and E W,,, is the total work done by non- 
conservative forces other than friction. We have seen that each conserva- 
tive force can be associated with a potential energy and that friction is 
associated with heat energy, or 


ZW,- -—ZAU 
and 
Wy a =Q, 
so that Eq. 8-19 becomes 


2W,. = AK EAU FQ. 


Now whatever the W,,, are, it has always been possible to find new forms 
of energy which corresponds to this work. We can then represent 2 Whe 
by another change of energy term on the right-hand side of the equation, 
with the result that we can always write the work-energy theorem as 


0 = AK + Z AU + Q + (change in other forms of energy). 


In other words, the total energy—kinetic plus potential plus heat plus all 
other forms—does not change. Energy may be transformed from one kind 
to another, but it cannot be created or destroyed; the total energy is constant. 
This statement is a generalization from our experience, so far not contra- 
dicted by observation of nature. It is called the principle of the conserva- 
tion of energy. Often in the history of physics this principle seemed to fail. 
But its apparent failure stimulated the search for the reasons. Experi- 
mentalists searched for physical phenomena besides motion that accom- 
pany the forces of interaction between bodies. Such phenomena have 
always been found. With work done against friction, heat is produced; in 
other interactions energy in the form of sound, light, electricity, etc., may 
be produced. Hence the concept of energy was generalized to include 
forms other than kinetic and potential energy of directly observable bodies. 
This procedure, which relates the mechanics of bodies observed to be in 
N to phenomena which are not mechanical or in which motion is not 
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directly detected, has linked mechanics to all other areas of physics. The 
energy concept now permeates all of physical science and has become one of 
the unifying ideas of physics. * : 

In subsequent chapters we shall study various transformations of energy 
— from mechanical to heat, mechanical to electrical, nuclear to heat, ete. 
It is during such transformations that we measure the energy changes in 
terms of work, for it is during these transformations that forces arise and 
do work. 

Although the prineiple of the conservation of kinetic plus potential. 
energy is often useful, we see that it is a restricted case of the more general 
principle of the conservation of energy. Kinetic and potential energy is 
conserved only when conservative forces act. Total energy is always 
conserved. : 


8-9 Mass and Energy 


One of the great conservation laws of science has been the law of con- 
servation of matter. From a philosophical point of view an early state- 
ment of this general principle was given by the Roman poet Lucretius, a 
contemporary of Julius Caesar, in his celebrated work De Rerum Natura. 
Lucretius wrote ‘Things cannot be born from nothing, cannot when begot- 
ten be brought back to nothing.” It was a long time before this concept 
was established as a firm scientific principle. The principal experimental 
contribution was made by Antoine Lavoisier (1743-1794), regarded by 
many as the father of modern chemistry. He wrote in 1789 “We must 
lay it down as an incontestable axiom, that in all the operations of art and 
nature, nothing is created; an equal quantity of matter exists both before 
and after the experiment . . . and nothing takes place beyond changes and 
modifications in the combinations of these elements.” 

This principle, subsequently called the conservation of mass, proved 
extremely fruitful in chemistry and physics. Serious doubts as to the 
general validity of this principle were raised by Albert Einstein in his papers 
introducing the theory of relativity. Subsequent experiments on fast- 
moving electrons and on nuclear matter confirmed his conclusions. 

Einstein's findings suggested that, if certain physical laws were to be 
retained, the mass of a particle had to be redefined as 


ey ee 8-20 

T VA — ve x 
Here mois the mass of the particle when at rest with respect to the observer, 
called the rest mass; m is the mass of the particle measured as it moves at a 
speed v relative to the observer; and c is the speed of light, having a con- 
stant value of approximately 3 X 10? meters/sec. Experimental checks 
of this equation can be made, for example, by deflecting high-speed elec- 


* See for example, "Concept of Energy in Mechanics," by R. B. Lindsay in T'he 
Scientific Monthly, October 1957. . 


Chapter 9) that the kinetic energy is no longer given by imo»? but instead is 


Fig. 8-8 The way an elec- | 
iron's.mass increases as its | 
speed relative to the ob- i 
server increases. The solid 


tained by  Bucherer and. 
Neumann in 1914. The 


as v> c. 


n: 
a "n 
10 Ret | 


trons in magnetic fields and measuring the radii of curvature of their path. 
The paths are circular ahd the magnetic force a centripetal one (P = mv*/r, 
F and v being known). At ordinary speeds the difference between m and 
mo is too small to be detectable. Electrons, however, can be emitted from 
radioactive nuclei with speeds greater than nine-tenths that of light. In 
such cases the results (Fig. 8-8) confirm Eq. 8-20. f 
< It is convenient to let the ratio v/c be represented by 8. Then Eq. 8-20 

mes 


: ^ m = me(1 — 8?) 
To find the kinetic energy of a body, we compute the work done by the ` 
resultant force in setting the body in motion. In Section 7-5 we obtained - 


; K = [Fir mu 
0 2 


for kinetic. energy, when we assumed a constant mass mo. Suppose now | 
instead we take into account the variation of mass with speed and use 
m = mo(1 — 85) in eur previous equation. We find (Problem 29, . 


K mg = moc? = (m — moc? = Amc?, (8-21) 1 


The kinetic energy of a particle is, therefore, the product of c? and the — 

increase in mass Am resulting from the motion. 
Now, at small speeds we expect the relativistic result to agree with the — 

classical result. By the binomial theorem we can expand (1 — B?)~* as ^ 


Ure dod elvis. 
* At small speeds 8 — v/c « 1 so that all terms beyond 8? are negligible. - 


nus 
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Then 


K = (m — mo)c? 


ll 


mo i(t — 8?) — 1] 

moe? + 487 + - + + — 1) & mec"? = imo’, 
which is the classical result. ^ Notice also that when K equals zero, m = mo 
as expected. 

The basic idea that energy is equivalent to mass can be extended to 
include energies other than kinetic. For example, when we compress a 
spring and give it elastic potential energy U, its mass increases from mo to 
mo + U/c?.. When we add heat in-amount Q to an object, its mass 
increases by an amount Am, where Am is Q/c?. We arrive at a principle of 
equivalence of mass and energy: For every unit of energy E of any kind 
supplied to a material object, the mass of the object increases by an amount ` 


Am = E/c?. 


This is the famous Einstein formula 
E = Ame’. (8-22) 


In fact, since mass itself is just one form of energy, we can now assert 
that a body at rest has an energy moc” by virtue of its rest mass. This is 
called its rest energy. If we now consider a closed system, the, principle of 
the conservation of energy, as generalized by Einstein, becomes 


E (moc? + 8) = constant 
or A(Z moc? + E 8) = 0, 


where È moc? is the total rest energy and È € is the total energy of all other, 
kinds. ‘As Einstein wrote, “Pre-relativity physies contains two conserva- 
tion laws of fundamental importance, namely the law of conservation of, 
energy and the law of conservation of mass; these two appear there as com- 
pletely independent of each other. Through relativity theory they melt 
together into one principle.” 

Because the factor c? is so large, we would not expect to be able to detect 
changes in mass in ordinary mechanical experiments. A change in mass of 
1 gm would require an energy of 9 X 107? joules. But when the mass of a 
particle is quite small to begin with and high energies can be imparted to it, 
the relative change in mass may be readily noticeable. This is true in 
nuclear phenomena, and it is in this realm that classical mechanics breaks 
down and relativistic mechanics receives its most striking verification. 

A beautiful example of exchange of energy between mass and other forms 
is given by the phenomenon of pair annihilation or pair production. In 
this phenomenon an electron and a positron, elementary material particles 
differing only in the sign of their electric charge, can combine and literally 
disappear. In their place we find high-energy radiation, called y-radiation, 
whose radiant energy is exactly equal to the rest mass plus kinetic energies 
of the disappearing particles. The process is reversible, so that a material- 
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ization of mass from radiant energy can occur when a high enough energy 
y-ray, under proper conditions, disappears; in its place appears a positron- 
electron pair whose total energy (rest mass + kinetic) is equal to the 
radiant energy lost. 


> Example 7. Consider a quantitative example. On the atomic mass scale the 
unit of mass is 1.66 X 10-27 kg approximately: On this scale the mass of the 
proton (the nucleus of a hydrogen atom) is 1.00731 and the mass of the neutron (a 
neutral particle, one of the constituents of all nuclei except hydrogen) is 1.00867. 
A deuteron (the nucleus of heavy hydrogen) is known to consist of a neutron and 
a proton; the mass of the deuteron is found to be 2.01360. . The mass of the deu- 
teron is less than the combined masses of neutron and proton by 0.00238 atomic 
mass units. The discrepancy is equivalent in energy to 


E = Amc? = (0.00238 X 1.66 X 10-*” kg)(3.00 x 10? meters/sec)? 
= 3.57 X 10-!? joules = 2.22 X 10° ev. 


When a neutron and a proton combine to form a deuteron, this exact amount of 
energy is given off in the form of y-radiation. Similarly, it is found that the same 
‘amount of energy must be added to the deuteron to break it up into a proton and a 
neutron. This energy is therefore called the binding energy of the deuteron. <4 


QUESTIONS 


1. Mountain roads rarely go straight up the slope but wind up gradually. Explain 
why. 

2. Is any work being done on a car moving with constant speed along a straight level 
road? 

3. What happens to the potential energy an elevator loses in coming down from the 
top of a building to a stop at the ground floor? 

4. In Example 2 (see Fig. 8-5) we asserted that the speed at the bottom does not 
depend at all on the shape of the surface. Would this still be true if friction were 
present? f 

5. Give physical examples of unstable equilibrium. Of neutral equilibrium. of 
stable equilibrium. 

6. Explain; using work and energy ideas, how a child pumps a swing up to large 
amplitudes from a rest position, 

7. Two disks are connected by a stif spring. Can one press the upper disk down 
enough so that when it is released it will spring back and raise the lower disk off the 
table (see Fig. 8-9)? Can mechanical energy be conserved-in such a case? 
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8. In the case of work done against friction, the amount of heat generated is inde- 
pendent of the velocity (or inertial reference frame) of the observer. That is, different 
observers would assign the same quantity of mechanical energy transformed into heat 
due to friction. How can this be explained, considering that such observers measure 
different quantities of total work done and different changes in kinetic energy in general 
(see Problem 19, Chapter 7)? 


9. An object is dropped and observed to bounce to one and one-half times its original 
height. What conclusion can you draw from this observation? 

10. The driver of an automobile traveling at speed v suddenly sees a brick wall at a 
distance d directly in front of him. To avoid crashing, is it better for him to slam on 
the brakes or to turn the car sharply away from the wall? (Hint: consider the force 
required in each case.) 5 

11. A spring is kept compressed by tying its ends together tightly. It is then placed 
in acid and dissolves. What happened to its stored potential energy? 


PROBLEMS 


1. Show that for the same initial speed vo, the speed v of a projectile will be the same 
at all points at the same elevation, regardless of the angle of projection. 


2. The string in Fig. 8-10 has a length | = 4.0 ft. When the ball is released, it will 
swing down the dotted arc.. How fast will it be going when it reaches the lowest point 
in its swing? 


Fig. 8-10 


3. The nail in Fig. 8-10 is located a distance d below the point of suspension, Show 
that d must be at least 0.67 if the ball is to swing completely around in a circle centered 
on the nail. M 


4. Suppose that the string of Fig. 8-10 is very elastic, made of rubber, say, and that 
the string is unextended at length / when the ball is released. (a) Explain why you 
would expect the ball to reach a low point greater than a distance J below the point of 
suspension. (b) Show, using dynamic and energy considerations, that if Al is small 
compared to / the string will stretch by an amount Al = 3 mg/k, where k is the assumed 
force constant of the string. Notice that the larger k is, the smaller Al is, and the better 
the approximation Al </. (c) Show, under these circumstances, that the speed of 
the ball at the bottom is v = 4/2g(1 — 3mg/2k), less than it would be for an inelastic 
string (k = æ), Give a physical explanation for this result using energy considerations. 
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pendulum. It is inverted and then released. What is its speed » at the lowest point 

and what is the tension T in the suspension at that instant? (b) The same pendulum 
is next put in a horizontal position and released from rest. At what angle from the. 
vertical will the tension in the suspension equal the weight in magnitude? Si 


speed vo when the cord makes the angle 0) with the vertical (0 < 6o < z /2), as in Fig, 

8-11. Interms of g and the foregoing given quantities, determine (a) the total mechani 

à eal energy of the system; (b) the speed v; of the bob when it is at its 

lowest position; (c) the least value vz that vo could have if the cord. 

is to achieve.a horizontal position during the motion; (d) the speed 

vg such that if vp > vs the pendulum will not oscillate but rather 

will continue to move around in a vertical circle. [ 

7. An object is attached to a vertieal spring and slowly low 

to its equilibrium position. This stretches the spring by 

à amount d. If the same-object is attached to the same vertical) 

m spring but permitted to fall instead, through what distance does it 

UE stretch the spring? D 

s 8. A 2.0-kg block is dropped from a height of 0.40 meter onto t 

Fig. 8-11 spring of force constant k = 1960 nt/meter. Find the maximum 
distance the spring will be compressed (neglect friction). 

9. A frictionless roller coaster of mass m starts at point A with 
speed vo; as in Fig. 8-12. Assume that the roller coaster can be considered as a point 
particle and that it always remains on the track. (a) What will be the speed of the 

‘roller coaster at points B and C? (b) What constant deceleration is required to stop 
at point E if the brakes are applied at point D? (c) Suppose vp = 0; how long will it 
take the roller coaster to reach point B? 3 


16. A small block of mass m slides along the frictionless loop-the-loop track shown iñ 
Fig. 8-13. (a) If it starts from rest at P, what is the resultant force acting on it at Q* 
(b) At what height above the bottom of the loop should the block be released so that tht 
force it exerts against the track at the top of the loop is equal to its weight? 
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Fig. 8—13 Fig. 8-14 


ll. The particle m in Fig. 8-14 is moving in a vertical circle of radius- Æ inside a 
track. There is no friction. When mis at its lowest position, its speed is vp. (a) What 
is the minimum value vm of vo for which m will go completely around the circle without 
losing contact with the track? (b) Suppose vo is 0.775vm. The particle will move up 
the track to some point at P at which it will lose contact with the track and travel along 
a path shown roughly by the dashed line, Find the angular position 0 of point P. 

12. A point mass m starts from rest and slides down the surface of a frictionless solid 
Sphere of radius r as in Fig. 8-15. Measure angles from the vertieal and potential 
energy from the top. Find (a) the change in potential energy of the mass with angle; 
(b) the kinetic energy as a function of angle; (c) the radial and tangential accelerations 
as a function of angle; (d) the angle at which the mass flies off the sphere. (e) If there 
is friction between the mass and the sphere, does the mass fly off at a greater or lesser 
angle than in part (d)? ar. 


| om s 


Fig. 8-15 4 Fig. 8-16 


13. An ideal massless spring S can be compressed 1.( meter by a forceof 100nt. - This 
same spring is. placed at the bottom of a frictionless inclined plane which makes an: 
angle of 0 = 30° with the horizontal (see Fig. 8-16). A 10-kg mass M is released from 
rest at the top of the incline and is brought to rest momentarily after compressing the 
spring 2.0 meters. (2) Through what distance does the mass slide before coming to 
rest? (b) What is the speed of the mass just before it reaches the spring? 
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14. A body moving along the z-axis is sübject to a force repelling it from the origin, 
given by F = kz. (a) Find the potentiat energy function U(z) for the motion and 
write down the conservation of energy condition. (b) Describe the motion of the sys. 
tem and show that this is the kind of motion we would expect near a point of unstable 
equilibrium, 1 ] 

15. If the magnitude of the force of attraction between a particle of mass m; and one 
of mass mz is given by 


where k is a constant and z is the distance between the particles, find (a) the potential 
energy function and (b) the work required to increase the separation of the masses from. 
rT=2, tor =z; +d. 

16. The magnitude of the force of attraction between the positively charged nucleus” 
and the negatively charged electron in the hydrogen atom is given by f 


where e is the charge of the electron, k is a constant, and r is the separation between I 
electron and nucleus. Assume$hatthenucleusis fixed. The electron, initially moving 
in a circle of radius Rj about the nucleus, jumps suddenly into a circular orbit of smaller 
radius Rs. (a) Calculate the change in kinetic energy of the electron, using Newton’s 
second law. (b) Using the relation between force and potential energy, calculate the 
change in potential energy of the atom. (c) Show by how much the total energy of 
the atom has changed in this Process. (The total energy will prove to have decreased; 
this energy is given off in the form of radiation.) 

17. The potential energy corresponding to a certain two-dimensional force field is - 
given by U(z,y) = 4k(z? + y?). (a) Derive F, and F, and describe the vector force at 
each point in terms of its Cartesian coordinates z and y. (b) Derive F, and Fe and 
describe the vector force at each point in terms of the polar coordinates r and 6 of the 
point. (c) Can you think of a physical model of such a force? : 

18. The so-called Yukawa potential 


U(r) = — 2 Uri 


gives a fairly accurate description of the interaction between nucleons (that is, neutrons 
and protons, the constituents of the nucleus). The constant ro is about 1.5 X 107" d 
meter and the constant Uo is about 50 Mev. (a) Find the corresponding expression for 
tbe force of attraction. (b) To show the short range of this force, compute the ratio of 
the force:at r = 2ro, 4ro, and 10ro to the force at r = ro. 

: 19. An a-particle (helium atom nucleus) in a large nucleus is bound by a potential 
like that shown in Fig. 8-17. (a) Construct a function of z, which has this general ; 
Shape, with a minimum value Uo at z = 0 and a maximum value U; at z = z; and 


" "Le 
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x = —zı; (b) Determine the force between the a-particle and the nucleus asa liie da 


ofz. (c) Describe the possible motions. 


uy 


Fig. 8-17 


um. 
30. A particle moves along a line in a Rain in which its potential energy varies as in 


Fig. 8-18: (a) Sketch, with the same scale on the abscissa, the force F (x) acting on the 
particle. Indicate on the graph the approximate numerical scale for F(x). (b) If the 
particle has a constant total energy of 4.0 joules, sketch the graph of its k netic PuCIEY, 


Indicate the numerical scale on the K (z) axis. 


Fig. 8-18 


+7 


21. A certain peculiar spring is found not to conform to Hooke's law. The force (in 
newtons) it exerts when stretched a distance x (in meters) is found to have magnitude 
52.8r + 38.42? in the direction opposing the stretch. (a) Compute the total work ` 
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tostretch the spring from x = 0.50toz = 1.00 meter. (b) With one end of the 
spring fixed, a particle of mass 2.17 kg is attached to the other end of the spring when itis 
. extended by an amount z = 1.00 meter. If the particle is then released from rest, 7 
i compute ‘its speed at the instant the spring has returned to the configuration in which | 
"the extension is z = 0.50 meter. (c) Is the force exerted by the spring conservative or 
nonconservative? Explain. Í 

22. Show that when friction is present in an otherwise conservative mechanical sys- _ 
tem, the rate at which mechanical energy is dissipated equals the frictional force times | 4 | 
T Dr speed at that instant; or | 


SK EU) m fe 


23. A body of mass m starts from rest down a plane of length / inclined at an angle ® 1 
"with the horizontal. (a) Take the coefficient of friction to be and find the body's T 
` speed at the bottom. | (b) How far, d, will it slide horizontally on à similar surface after 
reaching the bottom of the incline. Solve by using energy methods and solve again 7 
» using Newton's laws directly. j 

24. A particle slides along a track with elevated ends and a flat central part, as shown E 
in Fig. 8-19. The flat part has a length | = 2.0 meters. The curved portions of the | 
track are frictionless. For the flat part the coefficient of kinetic friction is uj = 0.20. 7 
. The particle is released at point A which is a height A = 1.0 meter above the flat part HI 
reto Es Use Where does the particle finally come to rest? | 


li 


Ee cl 


Fig. 8-19 


25. A 1.0-kg block collides with a horizontal weightless spring of force -—— | 
2.0 nt/meters (Fig. 8-20). The block compresses the spring 4.0 meters from the rest ` | 
position. Assuming that the coefficient of kinetic friction between block and horizontal - y 
surface is 0.25, what was the speed of the block at the instant of collision? 1 


RU OUS EN n Fig. 8-20 


26. The cable of a 4000-Ib^ elevator in Fig. 8-21: snaps when the elevator is at rest at 
the first floor so that the bottom is a distance d = 12 ft above a cushioning s; ring whose ~ 
spring constant is k = 10, ,000 lb/ft, A safety device'clamps the guide rais so that a . 
constant fection. force of 2000 lb opposes the motion of the elevator.  .) Find the . 
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speed of the elevator just before it hits the spring. (b) Find the distance s that, the 
spring is. compressed. (c) Find the distance that the elevator will “bounce”? back up 
the shaft. (d) Using the conservation of energy principle, find the total distance that 
the elevator will move before coming to rest, 


21. A 40-lb body is pushed up a frictionless 30° inclined plane 10 ft long by a hori- 
zontal force F. (a) If the speed at.the bottom is 2.0 ft/sec and at the top is 10 ft/sec, 
how much work is done by F? (b) Suppose the plane is not frictionless and that 
uk = 0.15. What work will this same force do? How far up the plane does the body 
go? 

28. A chain is held on a frictionless table with one-fifth of its length hanging over the 
edge. If the chain has a length / and a mass m, how much work is required to pull the 
hanging part back on the table? 

29, An escalator joins one floor with another one 25 ft above. The escalator is 
40 ft long and moves along its length at 2.0 ft/sec, (a) What power must its motor 
deliver if it is required to carry a maximum of 100 persons per minute, of average mass 
5.0 slugs? (b) A 160-Ib man walks up the escalator in 10 sec. How much work does 
the motor do on him? (c) If this man turned around at the middle and walked down 
‘the escalator so as to stay at the same level in space, would the motor do work on him? 
If so, what power does it deliver for this purpose? (d) Is there any (other?) way the 
man could walk along the escalator without consuming power from the motor? 

30. Show that mc? has the dimensions of energy. 

31. An electron (rest mass 9.1 X 10! kg) is moving with a speed 0.99c. (a) What 
is its total energy? (b) Find the ratio of the Newtonian kinetic energy to the rela- 
tivistic kinetic energy in this case. 

32. What is the speed. of an electron with a kinetic energy of (a) "100,000 ev, 
(b) 1,000,000 ev? 

33. (a) The rest mass of a body is 0.010 kg. What is its mass when it moves at a 
speed of 3.0 X 107 meters/sec relative to the observer? At 2.7 X 10* meters /sec? 
(b) Compare the classical and relativistic kinetic energies for these cases. (c) What if 
the observer, or measuring apparatus, is riding on the body? 

34. The United States consumed about 10!? watt-hr of electrical energy in 1960. 
How many kilograms of matter would have to be completely destroyed to yield this 
energy ? - 

35. It is believed that the sun obtains its energy by a fusion process in which four 
hydrogen atoms are transformed into a helium atom with the emission of energy in 
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various forms of radiation. Ifa hydrogen atom has a rest mass of 1.0081 atomic mass 
units (see Example 7) and a helium atom has a rest mass of 4.0039 atomic mass units, 
calculate the energy released in each fusion process. 

36. A vacuum diode consists of a cylindrical anode enclosing a cylindrical cathode. 
An electron with a potential energy relative to the anode of 4.8-X 10—718 joule leaves 
the surface of the cathode with zero initial speed. Assume that the electron 
does not collide with any air molecules and that the gravitational force is negligible. 
(a) What kinetic energy would the electron have when it strikes the anode? (b) Take 
9.1 X 107! kg as the mass of the electron and find its final speed. (c) Were you justi- 
fied in using classical relations for kinetic energy and mass rather than the relativistic 
ones? 


Conservation of Linear Momentum 


CHAPTER 9 


9—1 Center of Mass 


So far we have treated objects as though they were particles, having mass 
butnosize. In translational motion each point on à body experiences the 
same displacement as any other point as time goes on, so that the motion 
of one particle represents the motion of the whole body. But even when à 
body rotates or vibrates as it moves, there is one point on the body, called 
the center of mass, that moves in the same way that a single particle subject 
to the same external forces would move. Figure 9-1 shows the simple 
parabolic motion of the center of mass of an Indian club thrown from one 
performer to another; no other point in the club moves in such a simple 
way. Note that, if the club were moving in pure translation (see Fig. 3-1), 
then every point in it would experience the same displacements as does the 
center of mass in Fig. 9-1. For this reason the motion of the center of 
mass of a body is called the translational motion of the body. 

When the system with which we deal is not a rigid: body, a center of 
mass, whose motion can also be described in a relatively simple way, can be 
assigned, even though the particles that make up the system may be chang- 
ing their positions with respect to each other in a relatively complicated 
way as the motion proceeds. In this section we define the center of mass 
and show how to calculate its position. In the next section we discuss the 

_ properties that make it useful in describing the motion of extended objects 
or systems of particles. 

Consider first the simple case of a system of two particles mı and m» at 
distances x; and x2 respectively, from some origin O. We define a point C, 

183 
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Fig. $-: An Indian club is thrown from one performer to another. Even though it 
rotates and spins around its axis, as shown, there is one point on its axis, the center of 
` mass, that follows a simple parabolic path. 


the center of mass of the system, as a distance z,,, from the origin O, where 
~ em is defined by 


Lamy + Moro 


Tom 
mı + mo 


(9:-1) 
This point (Fig. 9-2) has the property that the product of the total mass 
of the system M( = mi + me) times the distance of this point from the 


origin is equal to the sum of the produets of the mass of each particle by 
its distance from the origin; that is, 


(m1 + ma) = Mass — mg + Toto. 


n Eq. 9-1, tem can be regarded as the mass-weighted mean of x, and Xo. 
An analogy might help to fix this idea. Suppose, for example, that we 
€ given two boxes of nails. In one box we have n; nails all having the 
Same length lj; in the other box we have n; nails all having the same length 
i». We are asked to get the mean length of the nails. If Ny = Ne, the 
mean length is simply (J, + l2)/2. But if ny = ns, we must allow for the 
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fact that there are more nails of one length than another by a “weighting” 
factor for each length. For lı this factor is nı/(nı + n2) and for ls this 
factor is ng/ (n1 + ng), the fraction of the total number of nails in each box. 
Then the weighted-mean length is : 


in Ces) 
ni + n» n ni + n2 l; 


b njly + malo. 
ny + na 


or 


"The center of mass, defined in Eq. 9-1, is then a weighted-mean displace- 
ment where the “weighting” factor for each particle is the fraction of the 
total mass that each particle has. 

If we have n particles, mi, mo, "°°; Mn, along a straight line, by definition 
the center of mass of these particles relative to some origin is 


mızı + more + °° * mas E miti 

Lom = lose D (9-2) 
ma + my + tta Zmi 

where zi, 29, ^, tn are the distances of the masses from the origin from 


which ‘em is measured. ` The symbol > represents a summation operation, 
in this case over all n particles. The sum ; 


2 m= M 
is the total mass of the system. We can then rewrite Eq. 9-2 in the form 
Maem = È Miti. (9-2a) 


Suppose now that we have three particles not in a straight line; they will 
lie in a plane, as in Fig. 9-3. The center of mass C is defined and located by 


Fig. 9-2 The center of mass of the Fig. 9-3 The center of mass of 
two masses m; and me lies on the line the three masses mi, m», and ma 
joining my and ni» at C, a-distanee . lies at point C, with coordinates 
Zem from the origin. z Tem) Yem: C lies im the same 


plane as that of the triangle 
formed by the three masses. 
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the coordinates tom and Yem, where 
Myo, + maze + mazs (9-3) 
m; + ma + ms P 
~ 


s myyi + maya + mays, 


` mi + m: + m; 


Xem = 


in which zi, y; are the coordinates of the particle of mass mj; x2, ys are 
those of m2; and zs, ys are those of ms. The coordinates Zem, Yom Of the 
center of mass are measured from the same arbitrary origin. 

. For a large number of particles lying in a plane, the center of mass is at 
Tom, Yem, Where 


Zma; l i 
fom = St TD man and te uM miy; (9-4) 


in which M (= Z m,) is the total mass of the system. 
For a large number of particles not necessarily confined to a plane but 
distributed in space, the center of mass is at Lom, Jem, Zem, Where 


1 1 1 
Wem = M » TT Yom = M » Tuy Zom = M D mizi (9-5a) 


j In vector notation each particle in the system can be described by a posi- 

on vector r; in a particular reference frame and the center of mass can be 
located by:a position vector rem. These vectors are related to z;, y;, z; and 
Tem; Yem, Zem ln Eq. 9-5a by 

: r; = iz; + jy; + kz; 
and 

Yen.— idem + jyem + kzom. 

Thus the three scalar equations of Eq. 9-5a can be replaced by a single 
vector equation 


1 
fæ = À mer; (9-55) 


in which the sum is a vector sum. The student can prove that Eq. 9-5b is 
true by- substituting the expressions given for r; and rem just above into 
.Eq.9-5b. Note the economy of expression permitted by the use of vectors. 
Equation 9-5b shows that, if the origin of our reference frame is at the 
center of mass (which means that rem = 0), then Z m,r; = 0 for the system. 

Equations 9-5 are the most general case for à collection of particles. 
Equations 9-1 through 9-4 are special instances of this one. The location 
of the center of mass is independent of the reference frame used to locate it 
Problem 1). The center of mass of a system of particles depends only on 
ne, es of the particles and the positions of the particles relative to one 
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A rigid Jody, such as a meter stick, can he thought of as a system of 
closely packed particles. Hence it also has a zenter of mass. The number 
of particles (atoms, for example) in the body is se large and their spacing so 
small, however, that we can treat the body as though it has a continuous 
distribution of mass. To obtain the expression for the center of mass of a 
continuous body, let us begin by subdividing the body into n small elements 
of 1nass Am; located approximately at the points x;, Ys, zi: The coordinates 
of the center of mass are then given approximately, by 

* Z Amz; 7 Z Amy: m z Amie; 


T m ei Eri Zem "Ti, 
RN AN. nn oe AT E Am; 

Now let the elements of mass be further subdivided so that the number of 
elements n tends to infinity. The points £i, y;, 2; will locate the mass ele- 
ments more precisely as is increased and will locate them exactly as n 
becomes infinite. The continuous body is then subdivided into an infinite 
number of infinitesimal mass elements. The coordinates of the center of 
mass can now be given precisely as 

2 Ama; _ f 2 dm & x f eam, 


li = s" 
ano DAm; [dm M 


ZAmy; fydm 1 Í 
"m = = = 2 , 9-6a 
y = 2 Ami Í dm M V am ( ) 
. ZEamz; [zdm 1 
Ami—0 2 Am; a f dm M 


In these expressions dm is the differential element of mass at the point 
z, y,z, and f dm equals M, where M is the total mass of the object. Fora 
continuous body the summation of Eq. 9-5a is replaced by the integration 
of Eq. 9-6a. 

The vector expression that is equivalent to the three scalar expressions 


of Eq. 9-6a is 


Tem 


Zem = 


1 
9572 F dm (9-6b) 


As before, the summation of Eq. 9-5b has been replaced by an integration. 
Once again we see that if the origin of our reference frame is at the center 
of mass (that is, if rem = 0), then J x dm = 0 for the body. This integral, 
and the corresponding sum Z m,r; of Eq. 9-5b, is called the first moment of 
mass for the system. 

Often we deal with homogeneous objects having a point, a line, or a 
plane of symmetry. Then the center of mass will lie at the point, on the 
line, or in the plane of symmetry. For example, the center of mass of a 
homogeneous sphere (which has a point of symmetry) will be at the center 
of the sphere, the center of mass of a cone (which has a line of symmetry) 
will be on the axis of the cone, etc. We can understand that this is so 
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bedsuse from symmetry, the first moment of mass (f r dm) is zero at the 
center of a sphere, somewhere along the axis of a cone, ete. It follows from 
Eq. 9-6b that rem = 0 for such points which means that the center of mass 
is located at these points. oe ING E 
» Example 1. Locate the center of mass of three particles of mass mi = 1.0 kg, 


na = 2.0 kg, and ms = 3.0 kg at the corners of an equilateral triangle 1.0 meter 
UNES CY co Ü 


- y(meters) Tu 


Fig. 9-4 Examplel. Finding the 
center of mass C of three unequal | 
masses forming an equilateral: d 
triangle. 7 


7 x(meters) 


1 
7212 1 


i ‘Choose the x-axis along one side of the triangle as shown in Fig. 9-4. Then, - 


W irae D miz: A (1.0 kg) (0) + (2.0 kg) (1.0 meter) + (3.0 kg) (3 meter) Jar i 
Bek Bann m OE OS FORO 4-20 4—.3.0 as 


Yon = Z ii (1.0 kg) (0) + (20 kg)(0) + (8.0 kg)(V/3/2 meter) _ v3 oter, 

QU EAS T vale -i (1.0 + 2.0 + 3.0) kg po oni 
The center of mass C is shown in the figure. Why is it not at the geometric center p 1 
of the triangle? ` Me cul 


Example 2, Find the center of mass of the triangular plate of Fig. 9-5. " 

If a body can be divided into parts such that the center of mass of each part is - 
known, the center of mass of the body can usually be found simply. The triangu- - 

lar plate may be divided into narrow strips parallel to one side. The center of — 
mass of each strip lies on the line which joins the middle of that side to the opposite. : 
vertex. But we can divide up the triangle in three different ways, using this process - 

_, for each of three sides. Hence the center of mass lies at the intersection of the | 
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three lines which join the middle of each side with the opposite vertices. This is 
the only. point that is common to the three lines. 4 


9-2 Motion of the Center of Mass 


Now we can diseuss the physical importance of the center-of-mass con- 
cept. Consider the motion of a group of particles whose masses are 
ma, M2, . . . , m, and whose total mass is M. For the time being we will 
assume that mass neither enters nor leaves the system so that the total 
mass M of the system remains constant with time. In Section 9-7 we 
shall consider systems in which M is not constant; a familiar example is à 
rocket, which expels hot gases as its fuel burns, thus reducing its mass. 

From Eq. 9-5b we have, for our fixed system of particles, 


Mr, = mari More doc + © + Marn, 


where rem is the position vector identifying the center of mass in a par-, - 
ticular reference frame. Differentiating this equation with respect to 
time, we obtain 


drom d d drn 
rau dom c ueri Em 
: (9-7) 
or * 
MVem = M1V1 + Move ne a + Man, 


where v; is the velocity of the first particle, etc., and drem/dt (= Vem) is the 
velocity of the center of mass. 
Differentiating Eq. 9-7 with respect to time, we obtain 


Vem dvi dva dv, 
a Sa E Wo R (9-8). 


= ma; + maz + 5 cc + Mnan, 


M 


where a is the acceleration of the first particle, etc., and dv«s/dt (= acm) is 
the acceleration of the center of mass of the system. Now, from Newton's 
second law, the force F; acting on the first particle is given by F1 = miai. 
Likewise, F = mas, etc. We can then write Eq. 9-8 as 


Mam = Fi + Fo + + °° + Fh. (9-9) 


Hence the total mass of the group of particles times the acceleration of its center 
of mass is equal to the vector sum of all the forces acting on the group of particles. 
Among all these forces will be internal forces exerted by the particles on 
each other. However, from Newton's third law, these internal forces will 
occur in equal and opposite pairs, so that they contribute nothing to the 
sum. Hence the internal forces can be removed from the problem. The 
right-hand sum in Eq. 9-9 represents the.sum of only the external forces 
acting on all the particles. We can then rewrite Eq. 9-9 as simply 


Mor VAS (9-310) 
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This states that the center of mass of a system of particles moves as though a "n | 
the mass of the system were concentrated at the center of mass and all the 
external forces were applied at that point. a 
Notice that we obtain this simple result without specifying the nature of 
the system of particles. The system can be a rigid body in which the par - 
ticles are in fixed positions with respect to one another, or it can be a collec- 
tion of particles in which there may be all kinds of internal motion. What- | 
ever the system is, and however its individual parts may be moving, its 
center of mass moves according to Eq. 9-10. E 
Hence, instead of treating bodies as, single particles as we have done in 
previous chapters, we can treat them as collections of particles. Then we 
- ean obtain the translational motion of the body, that is, the motion of its 
center of mass, by assuming that all the mass of the body is concentrated — 
at its center of mass and all the external forces are applied at that point.* 
This, in fact, is the procedure that we followed implicitly in all our force) 
diagrams and problem solving. 4 
Aside from justifying and making more concrete our previous procedure; 2 
we have now found how to describe the translational motion of a system of . 
particles and how to describe the translational motion of a body which may X 
be rotating as well. In this chapter and the next we apply this result to” 
the linear motion of a system of particles. In later chapters we shall see 
how it simplifies the analysis of rotational motion. i 


P Example 3. Consider three particles of different masses acted on by external 
forces, as shown in Fig. 9-6. Find the acceleration of the center of mass of the” 
system. } 


First we find the coordinates of the center of mass. From Eq. 9-3, 


z. = (9 X 4) + (4.0 X —2) + (4.0 X 1) 
3 «16 


., (80 X 1) + (4.0 x 2) + (4.0 x —3) 
mi 16 : ' 
These are shown as C in Fig. 9-6. 


To obtain the acceleration of the center of mass, we first determine the resultant — 


external force acting on the system consisting of the three particles. The z-com- — 
ponent of this force is 


meters — 1.8 meters, 


Ye meters = 0.25 meter. 


F, = 14 nt — 6.0 nt = 8.0 nt, 
and the y-component is 


F, = 16 nt. 
Henee the resultant external force has a magnitude 


: F = V (8.0)? + (16)? nt = 18 nt, 


D 


* When the external force is gravity, it acts through the center of gravity of the body- 
In every case we have considered, the center of gravity coincides with the center of mass, - 
Which is a more general concept. The conditions under which these points are different - 
for a body will be discussed in Chapter 14. 


Sec. 9-3 
and makes an' angle 6 ae the z-axis 


given by 


16 nt 
8.0 nt 


tan 0 = = 2.0 or 6 = 63°. 
Then, from Eq. 9-10, the acceleration 
of the center of mass is 


(REGIME 161 = 1.1 meters/sec?, 


making an angle of 63° with the x-axis. 

Although the three particles will 
change their relative positions as time 
goes on, the center of mass will move, 


as shown, with this constant accel- 


eration. 4 


9-3 Linear Momentum of a 
Particle 


LINEAR MOMENTUM OF A PARTICLE 


Fig. 9—6 Example 3. Finding the mo- 
tion of the center of mass of three masses, 
each subjected to a different force. The 
forces all lie in the plane defined by the 
particles. The distances indicated along 


wily the axes are in meters. 
The momentum of a single par- 


ticle is a vector p defined as the 


. product of its mass m and its velocity v. That is, 


p = mv. (9-11) 


Momentum, being the product of a scalar by a vector, is itself a vector. 
Because it is proportional to v, the momentum p of a particular particle 
depends on the reference frame of the observer; we must always specify 
this frame. 

Newton, in his ood Principia, expressed the second law of inotion in 
terms of momentum (which he called “quantity of motion"). Expressed 
in modern terminology Newton’s second law reads: The rate of change of 
momentum of a body is proportional to the resultant force acting on the body 
and is in the direction of that force. In symbolic form this becomes 


dp i 
pub 9-12 
di (9-12) 
If our system is a single particle of (constant) mass m, this formulation of 
the second law is equivalent to the form F = ma, which we have used up to 
now. That is, if m is a constant, then 


dp d dy 

a uu ea 
The relations F = ma and F = dp/dt for single particles are completely 
equivalent in classical mechanics. . ^ ' 


In relativity theory the second law for a single particle in the form F — ma is not 
valid. However, it turns out that Newton’s second law in the form F = dp/dt is 
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still a valid law if the momentum p for a single particle is defined not as mov but as 


p VIE (9-18) 


"This result suggested a new definition of mass (compare Eqs. 9-11 and 9-13) 


pe eS 
Vi — w/c? 


so that the momentum could still be written as p = mv; see Section 8-9. In this 
equation v is the speed of the particle, c is the speed of light, and mo is the “rest 
mass” of the body (its mass when v = 0). From this definition we must expect the 
mass of a particle to increase with its speed. In atomic and nuclear systems par- 
ticles may acquire enormous speeds, comparable to the speed of light. This con- 
cept can be put to a direct test in such systems because the increase in mass over 
the rest mass for such particles is large enough to measure accurately. Results of 
all such experiments indicate that this effect is real and given exactly by the equa- 
tion above. (See for example, Fig. 8-8.) 


9-4 Linear Momentum of a System of Particles 


Suppose that instead of a single particle we have a system of n particles, 
with masses mı, ms, etc. We shall continue to assume, as we did in Section 
9-2, that no mass enters or leaves the system, so that the mass M (= È m;) of 
the system remains constant with time. "The particles may interact with 
each other and external forces may act on them as well. Each particle 
will have a velocity and a momentum. Particle 1 of mass m; and velocity 
vı will have a momentum p; = mivi,forexample. The system as à whole 
will have a total momentum P' in a particular reference frame, which is 
defined to be simply the vector sum of the momenta of the individual 
particles in that same frame, or 


/ P=pi tpit -Fp (9-14) 
= mwi + mas + + * + + MaYn- 
If we compare this relation with Eq. 9-7 we see at once that 
P = Mv; (9-15) 


which is an equivalent definition for the momentum of a system of particles. 

In words, Eq. 9-15 states: The total momentum of a system of particles is 

egual to the product of the total mass of the system and the velocity of its center of 
mass. 

We have seen (Eq. 9-10) that Newton’s second law for a system of 

) particles can be written as 


Fei = Maon (9-10 . 
in which Fox is the vector Sum of all the external forces acting on the 


System; we recall that the internal forces acting between particles cancel in 
, Pairs because of Newton’s third law (see Fig. 9-7). If we differentiate 
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Fig. 9-7 Relationship between the forces acting on a‘system of three masses ma, ma, 
and ms. (a) All the forces acting on each mass are shown here, as well as the location of 
the center of mass. On m; act forces fo and f3 exerted by m» and m3 respectively, as 
well as Fi, a force from some external agent. Similar sets of forces act on ms and ma. 
However, according to Newton's third law, internal forces f; and 115 must be equal and 
opposite and must both lie along the line of centers of m1 and ms. Similar statements 
hold for the other two pairs of action-reaction forees. (b) If we are interested only in 
the motion of the system as a whole, we may consider all the forees to act on a mass 
M = mı + ms + ma, located at the center of mass. Owing to the equality of the 
action-reaction pairs of internal forces as just stated, they cancel each other identically, 
leaving only the three external forces Fi, Fz, and F3. These are added graphically in 
(c) to yield a net force Fext acting on the center of mass of the system. 


Eq. 9-15 with respect to time we obtain, for an assumed constant mass M, 


= Maa. (9-16) 


Comparison of Eqs. 9-10 and 9-16 allows us to write Newton's second law 
for a system of particles in the form 


dP 
F ext > TTE (9-17) 
This equation is the generalization of the single-particle equation F = 
dp/dt (Eq. 9-12) to a system of many particles, no mass entering or leaving 
the system. Equation 9-17 reduces to Eq. 9-12 for the special case of a 
single particle, there being only external forces on a one-particle system. 


9-5 Conservation of Linear Momentum 


Suppose that the sum of the external forces acting on a system is zero. 
Then, from Eq. 9-17, ý 

dP = 

d 

When the resultant external force acting on a system is zero, the total vector 

momentum of the system remains constant. This simple but quite general 

result is called the principle of the conservation of linear momentum. We 
shall see that it is applicable to many important physical situations. 

The conservation of linear momentum principle is the second of the 

, Steat conservation principles that we have met so far, the first being the 


0 ‘or P = constant. 


TW 
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conservation of energy principle. Later we shall meet several others, 
among them the conservation of electric charge and of angular momentum. 

Conservation principles are of theoretical and practical importance in 

physics because they are simple and universal. They are all cast in the 

form; While the system is changing there is one aspect of the &ystem that 

remains unchanged. Different observers, each in his own reference frame, 

would all agree, if they watched the same changing system, that the con- 
servation laws applied to the system. For the conservation of linear 
momentum, for example, observers in different reference frames would 
assign different values of P to the linear momentum of the system, but each 
would agree (assuming F. = 0) that his own value of P remained un- 
changed as the particles that make up the system move about. 

The total momentum of a system can only be changed by external forces 
acting on the system. The internal forces, being equal and opposite, pro- 
duce equal and opposite changes in momentum which annul one another. 
For a system of particles 


Pio pa Seta = P; 
so that when the total momentum P is constant we have . 
pic psc cc +p, = constant = Po. (9-18) 


The momenta of the individual particles may- change, but their sum 
remains constant if there is no net external force. 

Momentum is a vector quantity. Equation 9-18 is therefore equivalent 
to three scalar equations, one for each coordinate direction. Hence the 
conservation of linear momentum supplies us with three conditions on the 
motion of a system to which it applies. The conservation of energy on the 
other hand supplies us with only one condition on the motion of a system 
to which it applies, because energy is a scalar. 


The law of the conservation of linear momentum holds true even in atomic and 
nuclear physies, although Newtonian mechanies does not. Hence this conserva- 
tion law must be more fundamental than the Newtonian principles. In our deriva- 
tion of this principle we must have made more rigid assumptions than we needed to. 
This is true even in the framework of classical mechanics. The student should. 
recall the key role played by Newton’s third law in this deduction of momentum 
conservation. This law was used to justify the assumption that the sum of the 
internal forces acting on all the particles is zero. However, it is somewhat artificial 
to regard the internal forces in a piece of matter as resulting from pairs of equal 
and opposite forces between the various pairs of atoms. These internal forces are 
actually many-body forces, depending on not only the relative separation and 
orientation of two atoms but also on the positions and orientations of neighboring 
atoms. If it were possible to prove our assumption without using Newton’s third 
law, the law of conservation of linear momentum would not depend on the validity 
of the third law of motion. Actually we can prove this assumption on the basis of 
a much less stringent requirement than that the third law should hold. The proof 
lies outside the scope of this text.* 


a See “On Newton's Third Law and the Conservation of Momentum" E. Gerjuoy, 
American Journal of Physics, November 1949. 
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Fig. 9-8 Example 4. A projectile, following the usual parabolic trajectory, bursts at 
xı. The center of mass of the fragments continues along the same parabolic path. 


9-6 Some Applications of the Momentum Principle 


,P Example 4. Consider first a problem in which an external force acts on a 
system of particles. Recall our previous discussion of projectile motion (Chap- 
ter 4). Now let us imagine that our projectile is a shell that explodes while in 
flight. The path of the shell is shown in Fig. 9-8. We assume that the air resist- 
ance is negligible. The system is the shell, the earth is our reference frame, and ~ 
the external force is that of gravity. At the point tı the shell explodes and shell 
fragments are blown in all directions. What can we say about the motion of this 
system thereafter? 3 

The forces of the explosion are all internal forces; they are forces exerted by part 
of the system on other parts of the system. These forces may change the momenta 
of all the individual fragments from the values they had when they made up the 


shell, but they cannot change the total vector momentum of the system. Only an 


external force can change the total momentum, The external force, however, is 
f particles as a whole moves as though 


simply that due to gravity. Since a system o 
all its mass were concentrated at the center of mass with the external force applied 
there, the center of mass of the fragments will continue to move in the parabolic 
trajectory that the unexploded shell would have followed. The change in the total 
momentum of the system attributable to gravity is the same whether the shell 
explodes or not. 4 

What can you say about the mechanical energy of the system before and after the 
explosion? 3 3 


Example 5. Consider now two blocks A and B, of masses ma and mg, coupled 
by a spring and resting on a horizontal frictionless table. Let us pull the blocks 
apart and stretch the spring, as in Fig. 9-9, and then release the blocks. ' Deseribe 
the subsequent motion. 


If the system consists of the two blocks and spring, then after we have released 


the blocks there is no net ezternal force acting on the system. We can therefore 
apply the conservation of linear momentum to the motion. The momentum of the 
system before the blocks were released was zero in the reference frame shown 
attached to the table, so the momentum must remain zero thereafter. The total 


` 
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Fig. 9-9 Example 5. Two 
blocks A and B, resting on a 
frictionless surface, are con- 
nected by a spring. If they are — 
held apart and then released, 
the sum of their momenta re- 
mains zero. 


momentum can be zero even though the blocks move because momentum is a | 
vector quantity. One block will have positive momentum (A moves in the +a 
direction) and the other block will have negative momentum (B moves in the —z 
direction). From the conservation of momentum we have 


initial momentum = final momentum, 


0= mnpvp + MAVA. 


Therefore 


Mave = —mava 


ms 
YA = — — vp. 
we ma 

For example, if m4 is 2 slugs and mz is 1 slug, then va Will always be one-half vg 
in magnitude and oppositely directed as the blocks move. 

The kinetic energy of block A is 1m4»4? and can be written as (m4v4)?/2m4 and 
that of block B is 4mMsvg? and can be written as (mavg)*/2mg. But 

Ka _ 2ms(mav)) _ mp 


=—, 


Ks 2ma(mavg)? ma 


in which mava equals mavg because of momentum conservation. The kinetic 
: energies of the blocks at any instant are inversely proportional to their respective 
masses. Because mechanical energy is conserved also, the blocks will continue to ~ 
oscillate back and forth, the energy being partly kinetic and partly potential. 
What is the motion of the center of mass of this system? 
If mechanical energy is not conserved, as would be true if friction were present, 
the motion will die out as the energy is dissipated. Can we apply the conservation 
of linear momentum in this case? Explain. 


Example 6. As an example of recoil, consider radioactive decay. An ar-par- 
ticle (the nucleus of a helium atom) is emitted from a uranium-238 nucleus, origi- 
nally at rest, with a speed of 1.4 X 10? meters/sec and a kinetic energy of 4.1 Mev 
(million electron volts). Find the recoil speed of the residual nucleus (thorium-234). 
. We think of the system (thorium 4- a-particle) as initially bound and forming the 
uranium nucleus. The System then fragments into two separate parts. The 
momentum of the system before fragmentation iszero. In the absence of external 
forces, the momentum after fragmentation is also zero. Hence, 


initial momentum = final momentum, 
0 = Mava + Muvn, 


a 
ah me ——— 95, 
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The ratio of the a-particle mass to the thorium nucleus mass, M./ M^, is 4/234 
and v, = 1.4 X 107 meters/sec. Hence, 


Urn = —(4/234)(1.4 X 107 meters/sec) = ~2.4 x 10° meters/sec. 


The minus sign indicates that the residual thorium nucleus recoils in a direction 
exactly opposite to the motion of the a-particle, so as to give a resultant vector 
momentum of zero. 

How can we compute the kinetic energy of the recoiling nucleus (see previous 
example)? Where does the energy of the fragments. come from? 


Example 7. Consider now the apparently simple example of a ball thrown up 
from the earth by a person and then caught by him on its return. To simplify 
matters we can consider the person to be part of the earth since he does not lose 
contact with it. We also assume that air resistance is negligible. 

The system being considered consists of the earth and the ball. The gravita- 
tional forces between the parts of the system are now internal forces. Let us 
choose a reference frame in which the system (earth + ball) is at rest. When the 
ball is thrown up, the earth must recoil as seen by an observer in this reference 
frame. The momentum of the system (earth + ball) is zero initially and no 
external forces act. Therefore, momentum is conserved and the total momentum 
remains zero throughout the motion. The upward momentum acquired by the 
ball is balanced by an equal and opposite downward momentum of the earth. 
We have 

initial momentum = final momentum, 


0 = mave + meve, 
mpvpg = —mgvg. 


Here mg and mg are the masses of ball and earth respectively and. v5 and vz are the 
velocities of the ball and the earth in our selected reference.frame. Owing to the 
enormous mass of the earth in comparison with the ball, the recoil speed of the 
earth is negligibly small. y 

As the ball and earth separate, the internal force of gravitational attraction pulls 
them together until they cease separating and begin to approach one another. As 
the ball falls toward the earth, the earth falls toward the ball with an equal but 
oppositely directed momentum.  Asthe ball is caught, its momentum is neutralized 
by (and it neutralizes) the momentum of the earth. Both objects lose their rela- 
tive motion, the total momentum is still zero, and the original situation before 
throwing is restored. j 

You will recall that when we discussed the conservation of energy in the presence 
of gravitational potential, we neglected to consider the motion of the earth itself. 
We took the surface of the earth as our zero level of gravitational potential energy. 
The reference position did not matter, since we were concerned only with changes in 
potential energy. However, in computing changes in kinetic energy, we assumed 
that the earth remained stationary, as in the case of the ball thrown up fromethe 
earth. j 
In prineiple, we cannot ignore the change in the kinetic energy of the earth itself. 
For example, when the ball falls toward the earth, the earth is slightly accelerated 
toward the ball. We neglected this fact before because we assumed that the change 
in kinetic energy of the earth is negligible. This result is not obvious, because 
although the earth's speed will certainly be small, its mass is enormous and the 
kinetic energy acquired may be significant. To settle the point we compute the 
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ratio of the kinetic energy of the earth to that of the ball. Using mgvg = mag 
from momentum conservation, we have 


Ke _ ymevg? _ i(mgog)? mg _ mp 


Ks }mpvn? — l(mgog)? mg me 


Since the mass of the ball mp is negligibly small compared to the mass of the earth 
me, the kinetic energy acquired by the earth, Kg, is negligibly small compared to 


that of the ball, Ky. For example, if mg = 6 kg (a rather massive ball), then, since“ 


me = 6 X 1024 kg, Kr/Kp = 10-74! 

Notice that this problem is identical in principle to Exam»le 5. The differences 
are only those of detail; in one the potential energy is elastic and in the other the 
potential energy ig gravitational; in one the masses are pictured as of the same 
order of magnitude, and in the other they are of very different orders of magnitude, 

<4 


-9-7 Systems of Variable Mass 


So far we have dealt only with systems in which the total system mass M 
remained constant with time, Now we consider systems in which mass enters or 
leaves the system while we are observing it, dM /dt being positive in the former case 
and negative in the latter. 

Figure 9-10a shows a system of mass M whose center of mass is moving with 

Velocity v as seen from a particular reference frame. An external force F.x; acts 
on the system. At a time At later the configuration has changed to that shown in 
Fig. 9-106. A mass AM has been ejected from the system, its center of mass 
moving with velocity u as seen by our observer, The system mass is reduced to 


To analyze the situation let us, for the time being, define the system to be one of 
constant mass. This means that in Fig. 9-100, we shall include in our system not 

_ only the mass M — AM of the body but also the ejected mass A M, the total mass of 
the system being the M of Fig. 9-10a. Doing so permits us to apply the results 
that we have derived so far for constant mass systems. We shall see that this 
approach leads us to the form of Newton’s second law for systems in which the 


(a) 


Fig. 9-10 A mass M moving with velocity v ejects a mass AM during a time interval 
At. An external force Fext (not shown) acts on the system. 
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From Eq. 9-17 


dP : 
| - di (9-17) 
we ean write, as an approximate result, for the finite time interval At, 
E & AP _ P;—P: 
ext Ta Abe eA 


in which Py is the (final) system momentum in Fig. 9-10b and P; is the (initial) 
system momentum for Fig. 9-10a. But Py = (M — AM)(v + Av) + AMu and 
P; = Mv. This leads to 


., IQf — AM)(v + Av) + AMu] — [My] 
Fox = At 5 


Av AM 
-MẸ tu- (ADIRE (9-19) 


Now, if we let At approach zero, the configuration of Fig. 9-10b approaches that of 
Fig. 9-10a; that is, Av/At approaches dv/dt, the acceleration of the body in Fig. 
9-10a. The quantity AM is the mass ejected in At: this leads to a decrease in the 
mass M of the original body. Since dM/dt, the change in mass of the body with 
time, is intrinsically negative in this case, the positive quantity AM/At is replaced 
by —dM /dt as At approaches zero. Finally, Av goes to zero as At approaches zero. |. 
Making these changes in Eq. 9-19 leads to 


dv, dM dM 
Kx cM yc ac (9-20a) 
or ] s 
d dM 
Fext = di (Mv) —wu S (9-200) 


which is Newton’s second law, defining the external forces on a body (like that of 


Fig. 9-10a) whose mass is changing. eS 

Note that these equations reduce to the familiar forms Fex = Ma and 
Fux, = (d/di)(Mv) respectively for the special case of a body of constant mass 
(dM/dt = 0). It is important to note that we cannot derive a general expression 
for Newton’s second law for variable mass systems by treating the mass in F = 


dP/dt = d(My)/dt as a variable. For this leads to 
F = d(Mv)/dt = M dv/dt + v dM /dt, 


Which is only a special case of the more general Eq. 9-20, namely, the case n "s 
either (a) dM /dt = 0, a system of constant mass, or (b) ue 0, a special choice o 
reference frame. We can use F = dP/dt to analyze variable mass systems only if 
we apply it to an entire system of constant mass having parts among which i ^x A 
interchange of mass. This indeed is what we have done in deriving Eqs. 3 : 
The importance of the momentum formulation F — dP/dt in classical piyaa ies 
in the fact that it highlights momentum conservation and gives us & ES n ys- 
ical way to treat complicated systems. Since the choice of what we wi ] take ‘a 
the system is ours to make, we can always choose & system of constant mass by 
defining our em broadly enough. 

Hose Mer. kei cum in rocket problems, to choose a system whose 
mass varies with time. In such cases we apply Newton s second law of Eqs. 9-20 
in a form that is sometimes more convenient and interpretable more physically. 
The quantity u — (v + Av) in Eq. 9-19 is just Vrei, the relative velocity of the 
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ejected mass with respect to the main body. "Therefore Eqs. 9-20 may be written { 
as 


dM 


dv 
MY = Fac + (u — v) d. (9-21a) 
or 
dy aM 
M a Fext + via pu (9-210) 


The last term in Eq. 9-216, [v.a (dM /dt)), is the rate at which momentum is being 
transferred into (or out of) the system by the mass that the system has ejected (or 
collected), It can be interpreted as the force exerted on the system by the mass 
that leaves it (or joins it). For a rocket, this term is called the trust and it is the 
rocket designer's aim to make it as large as possible. Inspection of Eq. 9-21 shows 
that this requires that the rocket eject as much mass per unit time as possible and 


dy 
Mr Y Fe E Freaction 


in which Frosction (= vra dM/dt) is the reaction force exerted on the system by the 
mass that leaves it. 


> Example 8. A machine gun is mounted on a car on a horizontal frictionless 
surface as in Fig. 9-11a. The mass of the system (car + gun) at a particular 
instant is M. At that same instant the gun is firing bullets of mass m whose 
Velocity, in the reference frame shown, isu. The velocity of the car in this same 
frame is v and the velocity. of the bullets with respect to the car is u — v. The 
number of bullets fired per unit time is n. What is the acceleration of the ear? 

We select the car and gun as our system. Since its mass M is variable, we apply 
Newton's second law in the form given in Eq. 9-21. Since no net external force 
acts on the System, we have Fe = 0 in that equation, yielding 


dv dM 
; pi^ Waka T 


Now dv/dt is a, the acceleration of the system; viis u — v, pointing to the left 
in Fig. 9-11a, and dM /dt is —mn. Inserting these in the equation above yields 


a=% _ _ Yelm), 
M 


This shows that a points in the direction opposite to Vrel, that is, a points to the 
right in Fig. 9-11a, If "re = 500 meters/sec, m = 10 gm, n = 10/sec, and 


M = 200 kg at some instant, then at that instant , 


TH (500 meters/sec) (10-2 kg) (10/sec) 
UOS kg) (10/sec) 
200 kg 


The magnitude of the Average "thrust" of the ejected bullets on the system 
(car + gun) at this instant is given by 


— 0.25 meter/sec?, 


F = venm = (500 meters/sec) (10/sec) (10-* kg) 
= 50 nt. 


- 


Se een, System 
ioa “AT boundary 


> Freaction = Vrel dM/dt 


x 


(b) 


Fig. 9-11 (a) Example 8. A machine gun is fixed to a car that rolls with negligible 
friction. ‘The gun fires bullets of mass m at a rate (number per unit time) n, the velocity 
of the bullets with respect to the gun being u — v- ‘At the instant shown some bullets 
have already left the system. The velocities indicated for the car and the bullets are 
those that would be measured by an observer in a reference frame fixed to the rails as 
shown. The reaction force on the system is F = —mnvra = (dM /df)vra- (b) A 
rocket moves through space with negligible external forces. Gas particles are ejected 
from the exhaust, the particles having a velocity u — v with respect to the rocket. The 
rate at which mass is expelled at the exhaust is —dM/dt. The reaction force on the 
rocket is F = (dM/dt)vre. The velocities indicated for the rocket and exhaust gases 
are relative to the ground. 


In Figure 9-116 we show the analagous situation for a rocket. It is instructive 
to view this problem from the point of view of Newton’s third law and the momen- 
tum principle. .Choose a fixed-mass system (rocket + gas) and attach a reference 
frame to its center of mass. The rocket forces a jet of hot gases from its exhaust; 
this is the action force. The jet of hot gases exerts a force on the rocket, propelling 
it forward. ‘This is the reaction force. These forces are internal forces in the 
system (rocket + gas). In the absence of external forces the total momentum of 
the system is constant (the center of mass, initially at rest, remains at rest). The 
individual parts of the system (rocket and gases) may change their momentum, 
however; with respect to the center of mass frame, the hot gases acquire momentum 
in the backward direction and the rocket acquires an equal amount of momentum 
in the forward direction. rie i 

The student can analyze the system (bullets + car) in a similar way. 


Example 9.. A rocket weighs 30,000 Ib when fueled up on the launching pad. 
It is fired vertically upward and, at burnout, weighs 10,0001b. Gases are exhausted 
at the rate of 10 slugs/sec with à velocity of 5000 ft/sec, relative to the ratket 
(exhaust velocity), both quantities being assumed to be constant while the fuel is 
burning. 
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(a) What is the thrust? The thrust F is the last term in Eq. 9-215, or 
F= ve = (5000 ft/sec) (10 slugs/sec) = 50,000 Ib. 


Note that initially, when the fuel tanks are full, the net upward force acting on the 
rocket (neglecting air resistance) is the thrust (50,000 Ib) minus the initial weight 
(30,000 Ib) or 20,000 Ib. Just before burnout the net upward force is 50,000 Ib 
minus 10,000 Ib or 40,000 Ib. 

(b) If we could negleet all external forces, including gravity and air resistance, 
what would be the speed of the rocket at burnout? 

If we put Fe, = 0 in Eq. 9-215, we have 


d dM dM 
MITT or dv = vi 


Integrating this expression (see Appendix I) from the instant the velocity is ve 
and the mass of the rocket is Mo to the instant when the velocity is v and the mass 
of the rocket is M, we obtain 


the exhaust velocity being assumed constant during this time. This yields 


Ne St Vie T In (Mo/M) Fret In (1 + moy 
Hence the change in speed of the rocket in any interval of time depends only on 
the exhaust velocity (being opposite in direction from it) and on the fraction of 
mass exhausted during that time interval. 
In our example, vo = 0 and Mo/M = (30,000/10,000) = 3.0, so that the speed 
of the rocket at burnout is 


v = trey In (Mo/M) = (5000 ft/sec) In 3.0 = 3800 miles/hr. 


Tf the external forces of gravity and air resistance were taken into account, the 
final speed would be smaller.* : 

Assuming that the rocket starts from rest (v; = 0) with an initial mass Mo and 
reaches a final velocity v; at burnout when its mass is My, we can write the rocket 
equation above as 


M, = e ^?! lora 
* Mo 
in which v4 is the exhaust velocity. 

The classical rocket (or variable mass) equations imply that the speed of the 
rocket can increase to any value provided only that the rocket expels enough pro- 
pellant so that the final remaining mass is sufficiently smail. However, we know 
from relativistic mechanics that a rocket cannot be accelerated to a speed equal 
to or greater than the speed of light. Once the rocket’s speed approaches the 
relativistic range the classical equations are no longer applicable. One must take 


t * Foran exact solution of the classical rocket problem see “ Variable-Mass Dynamics” 
y J. L. Meriam, Journal of Engineering Education, December 1960. 
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into account the variation of inertial mass of a particle with speed and the rela- — 
tivistic velocity addition formula. The resulting equations apply to a relativistic 
rocket.* 

Example 10. Sand drops from a stationary hopper at a rate dA /dt onto a 


conveyor belt moving with velocity v in the reference frame of the laboratory, as in 
Fig. 9-12. What force is required to keep the belt moving at a speed v? : 


Fig. 9-12 Example 10. Sand drops from a hopper at a rate dM /dt onto a conveyer 
belt moving with velocity v in the reference frame of the laboratory. The force F 
required to keep the belt moving at constant velocity is vdM/dt. The hopper is at 
rest. in the reference frame shown. - 


This is a clear-cut example of a force associated with change of mass alone, the 
velocity being constant. We take as our system the belt of varying mass so that 
Eq. 9-21 applies. We must put dy/dt = 0 in that equation because the velocity 
of the belt is constant. Furthermore, to an observer at rest on the belt, the falling 
sand (and the hopper) would appear to have a horizontal motion with speed v in a 
direction opposite to that shown for the belt in the laboratory. Therefore 
Viel = —v in Eqs. 9-21. More formally, vei = 4 — v; but u = 0, so that 


Veet = —v. Making these substitutions yields 
dM 
0= Fext a “dt 
or 
dM 
» Fext = MET. 
tem is gaining mass with time. 


t in the direction in 
the mass of the belt 


In this example, dM/dt is positive because the sys à 
Hence, as expected, the necessary external force must poin 
Which the belt moves. Note that, in the absence of friction, 
itself does not enter the problem. 


* See “The Equation of Motion for Relativistic Particles and Systems with a Varia- 
ble Rest Mass,” by Kalman B. Pomeranz, in American Journal of Physics, December 


1964. 


204 CONSERVATION OF LINFAR MOMENTUM Chap. 9 
The power supplied by the external force is y 


“P= F-y=y-F =v: (vdM/di) = vi(M/d). 


Since v = a constant, we can write this as 


dn) = 


This tells us that the power required to keep the belt moving is twice the rate at 
which the kinetic energy of the system is increasing; note that we need not consider 3 
the kinetic energy of the belt itself because—its speed being constant—its kinetie 
energy does not change. It is clear that mechanical energy is not conserved in ^ 
this case. Where is the other half of the power going? In which of the previous — 
examples did we have conservation of momentum without conservation of mechani- 
cal energy? 
The student should be able to solve Example 10 alternatively by choosing & 

fixed-mass system and applying the momentum principle. 4 


d(Mv?) te 
os dt 


QUESTIONS 


1. Must there necessarily be any mass at the center of mass of a system? 

2. Does the center of mass of a solid body necessarily lie within the body? If not, 
give examples. 

3. How is the center of mass concept related to the concept of geographic center of 
the country? To the population center of the country? What can you conclude from 
the fact that the geographic center differs from the population center? 

4. A sculptor decides to portray a bird (Fig. 9-13). Luckily the final model is 
aetually able to stand upright. The 
model is formed of a single sheet of metal 
of uniform thickness. Of the points 
shown, which is most likely to be the 
center of mass? 

5. If only an external force can change — 
the state of motion of the center of mass ' 
of a body, how does it happen that the 
internal force of the brakes can bring & 
car to rest? ; 

6. Can a body have energy without 
having momentum? Explain. Can a 
body have momentum without having 
energy? Explain. 
nios; T 7. Alight and a heavy body have equal 
kinetic energies of translation. Which one has the larger momentum? 

8. A bird is in a wire cage hanging from a spring balance. Is the reading of the 

nee when the bird is flying about greater than, less than, or the same as that when 
the bird sits in the cage? 


^ Fig. 9-13 
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9. Can a sailboat be propelled by air blown at the sails from a fan attached to the i 
boat? i ' 

10. A man stands still on a large sheet of slick ice; in his hand he holds a lighted fire- 
cracker. He throws the firecracker into the air. Describe briefly, but as exactly as 
you can, the motion of the center of mass of the firecracker and the motion of the center 
of mass of the system consisting of man and firecracker. It will be most convenient to 
describe each motion during each of the following periods: (a) after he throws the fire- 
cracker, but before it explodes; (b) between the explosion and the first piece of firecracker 
hitting the ice; (c) between the first fragment hitting the ice and the last fragment land- 
ing; (d) during the time when all fragments have landed but none has reached the edge 
of the ice. 

ll. As stated in the text one cannot use the equation F = d(Mv)/dt for a sys- 
tem of variable mass. To show this (a) put the equation in the equivalent form 
(F — M dy/dt)/(dM/dt) = v and (b) show that one side of this equation has,the same 
value in all inertial frames, whereas the other side does not. Hence the equation cannot 
be generally valid. (c) Show that Eq. 9-20 leads to no such contradiction. 

12. The final velocity of the final stage of a multistage rocket is much greater than 
the final velocity of a single-stage rocket of the same total weight and fuel supply. 
Explain this fact. 5 

13. Asa rocket expels burned fuel the location of the center of mass of the rocket (in 
a frame attached to the rocket) changes. Must one take this into account in an exact 
solution of the rocket problem? : 

14. Explain clearly the distinction between the origin of the varying mass of a 
classical system and that of a relativistic system. 

15. Can you think of variable mass systems other than the examples given in the 
text? 


PROBLEMS 


l. Show that the ratio of the distances of two particles from their center amen 
the inverse ratio of their masses. 


2. Show that the center of mass of two particles is on the li 
whose distance from each particle is inversely proportional to 
3. Experiments using the diffraction of electrons show that the distance (spies 
centers of the carbon (C) and oxygen (O) atoms in the carbon monoxide gas molecule ^v 
1.130 X 10—!° meter. Locate the center of mass of a CO molecule relative to the 


carbon atom. 


4. The mass of the moon is about 0.013 times the 
from the center of the moon to the center of the eart 
earth. How far is the center of mass of the earth-moon sys 
earth? Take the earth’s radius to be 4000 miles. _ ; 
the three hydrogen (H) atoms form an equi- 
f the atoms being 1.628 X 107!? meter, 


ne joining them at a point, 
the mass of that particle. 


mass of the earth, and the distance 
h is about 60 times the radius of the 
tem from the center of the 


5. In the ammonia (NH3) molecule, 
lateral triangle, the distance between centers o 
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so that the center of the triangle is 9.39 X 107"! meter 
from each hydrogen atom. The nitrogen (N) atom is at 
the apex of a pyramid, the three hydrogens constituting 
the.base. (See Fig. 9-14.) The hydrogen-nitrogen dis- 
tance is 1.014 X 107!? meter. Locate the center of mass 
relative to the nitrogen atom. (The nitrogen atom 
actually oscillates up and down through the bese as 
indicated by the arrows and dotted lines. Assume a static 
molecule for this problem, however.) 

6. Find the center of mass of a homogeneous semicir- 
cular plate. Let a be the radius of the circle. 

7. Two particles P and Q are initially at rest 1.0 meter 
apart. P has a mass of 0.10 kg and Q a mass of 0.30 kg. 
P and Q attract each other with a constant force of 1.0 X. 
107? nt. No external forces act on the system. Describe 
the motion of the center of mass. At what distance from _ 
P's original position do the particles collide? 


8. Two bodies, each made up of weights from a set, are 
connected by a light cord which passes over a light, 
frictionless pulley with a diameter of 5.0 cm. The two 
„bodies are at the same level. Each originally has a mass of 500 gm. (a) Locate their 

center of mass. (b) Twenty grams are transferred from one body to the other, but the 
bodies are prevented from moving. Locate the center of mass. (c) The two bodies are 
nowreleased. Describe the motion of the center of mass and determine its acceleration. 


9. What is the momentum of a 4000-Ib car whose speed is 30 mph? At what speed 
would a 10-ton truck have the same momentum? The same kinetic energy? , 


= Sese- 


Tm. Reg. U. S, Pat. Of —All rights reserved 
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Fig. 9-15 
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10. A 200-Ib man standing on a surface of negligible friction kicks forward a 0).10-Ib 
stone lying at his feet so that it acquires a speed of 10 ft/sec. What velocity does the 
man acquire as a result? 5 Az 

11. A dog, weighing 10.0 Ib ia standing on a flatboat so that he is 20 ft from the shore; 
He walks 8.0 ft on the boat toward shore and then halts. The boat weighs 40 Ib, and 
one can assume there is no friction between it and thé water. How ‘far is he from the 
shore at the end of this time? (Hint: The center of mass of boat + dog does not move. 
Why?) ‘The shoreline is also to the left in Fig. 9-15. _ 

12. A cannon and a supply of cannon balls are inside a sealed railroad car as in Fig. 
9-16. ` The cannon fires to the right, the car recoiling to the left. The cannon balls 
remain in the car after hitting the far 
wall. Show that no matter how the 
¢annon balls are fired the railroad car 
cannot travel more than its length L, 
assuming it starts from rest. 

13. A vessel at rest explodes, break- 
ing into three pieces. Two pieces, 
having equal mass, fly off perpendicular 
to one another with the same speed of 
30 meters/sec. The third piece has 
‘three times the mass of each other 
piece. What is the direction and mag- + 
nitude of its velocity immediately after 
the explosion ? T 

14. A radioactive nucleus, initially at rest, decays by emitting an electron aid a 
neutrino at right angles to one another. The momeñtum of the electron is 1.2 x 10 
kg-m/sec and that of the neutrino is 6.4 X 10~**kg-m/see. (a) Find the direction and 
magnitude of the momentum of the recoiling nucleus. (b) The mass of the residual 
nucleus is 5.8 X 10725 kg. What is its kinetic energy of recoil? ; 

15. A projectile is fired from a gun at an angle of 45° with the horizontal and with a 
muzzle speed of 1500 ft/sec. At the highest point in its flight the projectile explodes 
into two fragments of equal mass. One fragment, whose initial speed is zero, falls 
vertically. How far from the gun does the other fragment land, assuming a level 
terrain? j . 

16. A body of mass8.0kgistravelingat 2.0 meters/sec under the influence of no external 
agency. At a certain instant an internal explosion occurs, splitting the ponyeto vmo 
chunks of 4.0 kg mass cach; 16 joules of translational kinetic energy are imparted jr 
two-chunk system by the explosion, Neither chunk leaves the line of E s ds 
motion. Determine the speed and direetion of motion of each of the chunks after 
explosion. ` i T 

17. The last stage of a rocket is traveling at a speed of 
Sec. This last imas is made up of two parts which are clamped together, pi sie F 
rocket case with a mass of 20 slugs and a passenger capsule with a mass o si Wn 
including a chimpanzee. When the clamp is released, a compressed aping m P 
two parts to separate with a relative speed of 3000 ft/sec. (a) What pm * A iiio 
the two parts after they have separated?. Assume that all velocities are al ie e aby 
line. (b) Find the total kinetic energy of the two parts before and after they sep 
and account for the difference, if any. j 


Fig. 9-16 


LI 
17,000 miles/hr or 25,000 ft/ 
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18. A block of mass m rests on a wedge of mass M which, in turn, rests on a horizontal 
? table, as shown in‘Fig. 9-17. All surfaces are 
frictionless. If the system starts at rest with. 
point P of the block a distance À above the 
table, find the velocity of the wedge the instant 
point P touches the table. 

19. A railroad flat car of weight W can roll 
without friction along a straight horizontal 
track as shown. Initially a man of weight w is 
standing on the car which is moving to the 
right with speed vo. What is the change in 
velocity of the car if the man runs to the left 
Fig. 9-17 (Fig. 9-18) so that his speed relative to the car 

is vrel just before he jumps off at the left end? 


/ 
Fig. 9-18 


20. Assume that the car in Problem 19 is initially at rest. It holds n men each of 
weight w. If each man in succession runs with a relative velocity vrei and jumps off the 


end, do they impart to the car a greater velocity than if they all run and jump at the 
same time? 


21. A machine gun fires 50-gm bullets at a speed of 1000 meters/sec. The zunner, 
holding the machine gun in his hands, can exert an average force of 180 nt against the 
, gun. Determine the maximum number of bullets he can fire per minute. 


22. A 6000-kg rocket is set for a vertical firing. If the exhaust speed is 1000 meters/ 
sec, how much gas must be ejected per second to supply the thrust needed (a) to over- 


come the weight of the rocket, (b) to give the rocket an initial upward acceleration of 
19.6 meters/sec?? ; 


23. Show that the recket speed is equal to the exhaust speed when the ratio Mo/M is 
e (about 2.7). Specify the coordinate system within which this result holds. Show also 
that the rocket speed is twice the exhaust speed when Mo/M is e? (about 7.4). 

24. A widely used rocket fuel is kerosene and liquid oxygen, capable of giving 
an exhaust velocity v. of 8000 ft/sec (about 1.5 miles/sec). (a) Neglect gravity 
and the weight of fuel tanks, pumps, etc., and find how many pounds of this 
fuel one needs for each pound of payload in order to get a rocket, starting from rest, to 
reach a velocity of 7.5 miles/sec (the velocity of escape from the earth is 7.0 miles/sec). 
(b) in the Mariner probe to Mars the initial weight was about 200,000 lb and the pay- 
load about, 500 Ib, a “fuel” to payload ratio of 400 to 1. Starting a rocket from rest, 
what final velocity is achievable under these circumstances? (c) The actual final 
rocket velocity was about 15 miles/sec, much greater than the value found in (b). 
Explain this, considering the following factors: the external forces and weight neglected 
in (a) must be taken into account; the rocket uses a number of stages; the initial rocket 
velocity is that of the earth's surface, in a reference frame attached to the sun. 
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25. Ajet airplane is traveling 600 ft/sec. The engine takes in 2400 ft? of air having a 
mass of 4.8 slugs each second. The air is used to burn 0.20 slug of fuel each second. 
The energy is used to compress the products of combustion and to eject them at the 
rear of the plane at 1600 ft/sec relative to the plane. Find the thrust of the jet engine 
and the delivered horsepower. 

26. A freight car, open at the top, weighing 10 tons, is coasting along a level track 
with negligible friction at 2.0 ft/sec when it begins to rain hard. The raindrops fall 
vertically with respect to the ground. What is the speed of the car when it has col- 
lected 0.50 ton of rain? What assumptions, if any, must you make to get your answer? 

27. A freight car filled with sand has a hole so that sand leaks out through the bottom 
at a constant rate, —dm/dt =. A force F acts on the car in the direction of its motion. 
Call the instantaneous speed v and write the equation of motion of the freight car. 

28. A flexible rope of length / and mass per unit length p slides over the edge of a 
frictionless table. At time ¢ = 0 let a length yo of it be hanging at rest over the edge 
aud at time t let a length y, moving with speed dy/dt, be over theedge. (a) Show that in 
terms of a variable mass problem vrei = 0, so that the equation of motion has the form 
mdv/di = Fext. (b) Show that the specific equation of motion is 1(d*y/dt*) = gy. . 
(c) Show that conservation of mechanical energy leads to l(dy/dt)? — gy? = a constant, 
and that this is consistent with (b). (d) Show that y = (yo/2)(e V ?1* + e-V/7/1!) is a 
solution to the equation of motion [by substitution into (b)] and discuss the solution. 

29. Consider a particle acted on by a force having the same direction as its velocity. 
(a) Using the relativistic relation F = d(mv)/dt for a single particle, show that 


F ds = mv dv + v? dm. ^ 


(b) Using the relativistic relation v? = (1 — mo? /m?)c?, show that 


2,2 
moe 

mo dv = — y dm. 
m 


(c) Substitute the relations for mv dv and v? into result (a) and show that 
W =f F ds = (m — mo)c’. 


Collisions 
CHAPTER 10 


10-1 What is a Collision? 


We learn much about atomic, nuclear, and elementary particles experi- 
mentally by observing collisions between them. Ona larger scale we can 
better interpret such things as the properties of gases in terms of particle . 
collisions. In this chapter we apply the principles of conservation of 
energy and conservation of momentum to the collisions of particles. ‘ 

In a collision a relatively large force acts on each colliding particle for a 
relatively short time. The basic idea of a “collision” is that the motion of 
the colliding particles (or of at least one of them) changes rather abruptly. : 
and that we can make a relatively clean separation of times that are 
“before the collision” and those that are “after the collision.” 

When a bat strikes a baseball for example, the beginning and the end of 
the collision can be determined fairly precisely. The bat is in contact with 
the ball for an interval that is quite short in comparison to the time during 
which we are watching the ball. . During the collision the bat exerts a 
large force on the ball (Fig. 10-1). -This force varies with time in a com- 
plex way that we can measure only with difficulty. Both the ball and the 
bat are deformed during the collision. Forces that act for a time that 18 
b compared to the time of observation of the system are called impulsive 

orces. 3 ; 

When an alpha particle (He*) “collides” with a nucleus of gold (Au’®’), 
the force acting between them may be the well-known repulsive electro- 
Static force associated with the charges on the particles. The particles 
may not “touch,” but we still may speak of a “collision” because a rela- 

210 


Sec. 10-1 WHAT IS A COLLISION 211 


Fig. 10-1 A high-speed flash photograph of a bat striking a baseball. Notice the 
deformation of the ball, indicating the enormous magnitude of the impulsive force at 
this instant. (Courtesy Harold E. Edgerton, Massachusetts Institute of Technology, 
Cambridge, Mass.) 


tively strong force, acting for a time that is short in comparison to the 
time that the alpha particle is under observation, has a marked effect, on 
the motion of the alpha particle. 

When a proton (H! or p) with energy of, say, 25 Mev, “collides” with a 
nucleus of, say, a silver isotope (perhaps Ag"), the particles may actually 
“touch,” the predominant force then acting between them being, not.the 
electrostatic repulsive force, but the strong, short-range, attractive nuclear 
force (see page 120). The proton may enter the silver nucleus, forming a 
compound structure. A short time later—the “collision interval" may be 
107}? sec—this compound structure may break up into two different par- 


ticles, according to a scheme such as 
pt Agi! ia b pat 


in which æ (= He’) is an alpha particle. Thus we may broaden the con- 
cept of collision to include events (usually called reactions) in which, the 
identities of the interacting particles change during the event. The con- 


servation principles are applicable to all these examples ¢ 
We may, if we wish, broaden our definition of "collision" even further to 


include the spontaneous decay of a single, particle into two or more other 
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particles. An example is the decay of the elementary particle called the 
sigma, particle into two other particles, the pion and the neutron (see_ 
Appendix E) or » 


DIr tn. 


Although two bodies do not come in contact in fhis process (unless we 
consider it in reverse), it has many features in common with collisions: 
` (1) there is a clean distinction between "before the event" and "after the 
event," and (2) the laws of conservation of momentum and energy permit. 
us to learn much about such processes by studying the “before” and “after” 
situations, even though we may know little about the force laws that 
operate during the "event" itself. 
In studying collisions in this chapter our aim will we this: given the 
` initial motions of the colliding particles, what can we learn about their final 
motions from the principles of conservation of momentum and energy, 
assuming that we know nothing about the forces acting during the collision? 


10-2 Impulse and Momentum 


Let us assume that Fig. 10-2 shows the magnitude of the force exerted 
on a body during a collision. We assume that the force has a constant 
direction. The collision begins at 
time ¢; and ends at time ty, the 
force being zero before and after 
collision. From Eq. 9-12 we can 
write the change in momentum dp 
of a body in a time di during which 
a force F acts on it as 


dp=Fdt. (10-1) 


We can find the change in mo- 
mentum of the body during a col- 
lision by integrating over the time 
of collision, that is, 


2 (10-2) 
Fig. 10-2 How an impulsive force F(t) ^ : : $ PEPE 
might vary with time during a collision in which the subser ipts è (= initial) 
Starting at time ¢; and ending at ty. and f (= final) refer to the times 


before and after the collision, re- 

i spectively. The integral of a force 

over the time interval during which the force acts is called the impulse J 

of the force. Hence the change in momentum of a body acted on by an 

MEN ulsive force is equal to the impulse. Both impulse and momentum 
Ne vectors and both have the same units and dimensions. 

The impulsive force represented in Fig. 10-2 is assumed to have a con- 


Sec. 10-3 CONSERVATION OF MOMENTUM DURING COLLISIONS 213 


: A $ ft | 
stant direction. The impulse of this force, fr " F dt, is represented in mag- 
nitude by the area under the force-time curve.* 


10-3 Conservation of Momentum during Collisions 


Consider now a collision between two particles, such as those of masses 
mi and m», shown in Fig. 10-3. During the brief collision these particles 
exert large forces on one another. At any instant F; is the force exerted 
on particle 1 by particle 2 and F} is the force exerted on particle 2 by 
particle 1. By Newton's third law these forces at any instant are equal in 
magnitude but oppositely directed. _ 


Fig. 10-3 Two “particles” m,and 
ms, in collision, experience equal 
and opposite forces along their line 
of centers, according’ to Newton’s 
third law; Fe(t) = —Fi@. 


The change in momentum of particle 1 resulting from the collision is 
t 3 — 
api = f, Fidt = Fiat 


in which Fi is the average value of the force F; during the time interval of 


the collision At = t; — ti. mds 
The change in momentum of particle 2 resulting from the collision is 


ty — 

Ap: = je F: dt = F; At 

in which F; is the average value of the force F; during the time interval of 
the collision At = ty — ti- j i 
If no other forces act on the particles, then Api and Ap» give the tota 
change in momentum for each particle. But we have seen that at each 


instant F, = — Fs, so that Fi = DOES and therefore 


Api = — Ap». 


If we consider the two particles as an isolated system, the total momen- 


tum of the system is 
P= pit Pz 


and the total change in momentum of the system as 8 result of the collision 
18 zero, that is, 
AP = Api + AP? = 0. 


* The impulse J, defined from Eq. 10-2, does not depend eH on en 
values of ¢; and ty as long as these times are far enough apart to include id m one 
area of Fig. 10-2. For reasons that will appear later we usually choose : es ne dei 
Separation that is just large enough to make a clean distinction between the 


and the “before and after intervals.” 
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Hence, if there are no external forces the total momentum of the system is 
not changed by the collision. The impulsive forces acting during the | 
collision are internal forces which have no effect on the total momentum of | 
the system. 
We have defined a collision as an interaction which occurs in a time At T 
that is negligible compared to the time during which we are observing the T. 
system. We can also characterize a collision „as an event in which the 
exterhal forces that may act on the system are negligible compared to the 
impulsive collision forces. When 
a bat strikes a baseball, a golf 
club strikes a golf ball, or one 
billiard ball strikes another, ex- 
ternal forces act on the system. 
Gravity or friction exerts forces - 
on these bodies, for example; these 
external forces may not be the 
same on each colliding body nor 
are they necessarily cancelled by — 
other external forces. Even so 
it is quite safe to neglect these 
external forces during the collision 
and to assume momentum con- 
servation provided, as is almost 
Fig. 10-4 During a collision, the impul- always true, that the external 
five force Fimp is generally much greater forces are negligible compared to 


than any external forces F t Which may ; x E. 
act on the system. E) Orin the impulsive forces of collision. 


As a result the change in momen- 
: tum of a particle during a collision 
arising from an external force is negligible compared to the change in 
momentum of that particle arising from the impulsive collisional force 
(Fig. 10-4), 
For example, when a bat Strikes a baseball, the collision lasts only a 
small fraction of a second. Since the change in momentum is large and 
the time of collision is small, it follows from 


Ap = Fat 


that the average impulsive force F is relatively large. Compared to this 
force, the external force of gravity is negligible. During the collision we can 
safely ignore this external force in determining the change in motion of the 
Mem the shorter the duration of thé collision the more likely this is to be 
rue. ; 

3 In practice, therefore, we can apply the principle of momentum conserva- 
tion during collisions if the time of collision is small enough. Wè can then 
say that the momentum of a system of particles just before the particles 


orige is equal to the momentum of the system just after the particles 
ollide. 


» Li 
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10-4 Collisions.in One Dimension 


We can always calculate the motions of bodies after collision from their 
motions before collision if we know the forces that act during the collision, 
and if we can solve the equations of motion. Often we do not know these 
forces. However, the principle of conservation of momentum must hold 
during the collision. We already know that the principle of conservation 
of total energy holds. Although we may not know the details of the inter- 
action, we can use these principles in many cases to predict the results of 
the collision. 3 

Collisions are usually classified according to whether or not kinetic 
energy is conserved in the collision. When kinetic energy is conserved, 
the collision is said to be elastic. Otherwise, the collision is said to be 
inelastic. Collisions between atomic, nuclear, and fundamental particles 
are sometimes elastic. "These are, in fact, the only truly elastic collisions 
known. Collisions between gross bodies are always inelastic to some 
extent. We can often treat such collisions as approximately elastic, how- 
ever, as, for example, collisions between ivory or glass balls. When two 
bodies stick together after collision, the collision is said to be completely 
inelastic. For example, the collision between a bullet and its target 1s 
completely inelastie when the bullet remains embedded in the target. 
The term completely inelastic does not mean that all the initial kinetic 
energy is lost; as we shall see, it means rather that'the loss is as great as 18 
consistent with momentum conservation. : : 

Even if the forces of collision are not known, we can find the-motions of 
the particles after collision from the motions before collision, provided the 
collision is completely. inelastic, or, if the collision is elastic, provided me 
collision is a one-dimensional one. For a one-dimensional collision the 
relative motion after collision is along the same line as the relative motion 
before collision. We restrict ourselves to one-dimensional motion Or the 
present. ipo Mw 

Consider first a elastic one-dimensional collision. We can imagine two 
smooth nonrotating spheres moving initially along the line joining n 
centers, then colliding head-on and moving along the same straight line 
without rotation after collision (see Fig. 10-5). These bodies exert forces 


on each other during the collision that are along the initial line of motion, 


80 that i ion i long this same line. : 
iat the final motion is also along hs odi veloetty ‘com 


The masses of the spheres are mı and ma, dera 
ponents being vı; and vo; before collision and viy and f ss Psi 
We take the positive direction of the momentum and vel ~ y ita dm. 
right. We assume, unless we specify otherwise, that t De rinde 
colliding particles are low enough so that we need not use the relat 
: * The notation used is easy to interpret 
tion in a simple compact way. The numbe Y 
particle and the letter subscripts, iand f, indicate initia’ V 
final value (after the collision), respectively. 


í 


informa- 

nd to remember and reveals much inf 
m subscripts, such as 1 and 2, specify the 
alue (before the collision) and 


M 
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Fig. 10-5 Two spheres before and after an elastic collision. The velocity, vg; = Vou 
of m; relative to ms before collision is equal to the velocity, ver — vıy, of me relative to 
my after collision. : 


expressions for momentum and kinetic energy. Then from conservation 
of momentum we obtain 


Mii maus; = mi, + ma». 
Because the collision is elastie, kinetic energy is conserved and we obtain 
^ 2 2 2 
ami; + mw? = mwi? + imow? 


It is clear at once that, if we know the masses and the initial velocities, we 
can caleulate the two final velocities vı; and v; z from these two equations. 
The momentum equation can be written as 


mii; — vis) = meluas — vo;), (10-3) 
and the energy equation can be written as 
mi! — vi?) = mv, — v2). (10-4) 


Dividing Eq. 10-4 by Eq. 10-3, and assuming v; = və; and vıy = vi; (see 
Question 5), we obtain 


vii + Vis = vaf + va 
and, after rearrangement, 
Vii — Us = voy — viy (10-5) 


This tells us that in an elastic one-dimensional collision, the relative 


velocity of approach before collision is equal to the relative velocity of 
separation after collision. 


To find the velocity components vıy and vey after collision from the 
velocity components v; and V9; before collision, we can use any two of the 
three previous numbered equations. ^ Thus from Eq. 10-5 


Yer = Vai + vig — v. 


Inserting this into Eq. 10-3 and solving for vi, we find that 


mı — ma 2ms 
viy = Ui; Uzi. 
LENA T 1i +( 2i 


mı + ms 
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Likewise, inserting vij = Vay + vai — vi; (from Eq. 10-5) into Eq. 10-3 
and solving for vo, we obtain 


2mi m. mı 
of eee di s SECUN AS 
ed s + -) uc (= +m ig 


There are several cases of special interest. For example, when the col- ` 
liding particles have the same mass, mı equals m2 so that the two previous 
equations become simply 


wig ovs and Ves = Ue 


That is, in a one-dimensional elastic collision of two particles of equal 
mass, the particles simply exchange velocities during collision. 

Another case of interest is that in which one particle mz is initially at 
rest. Then vg; equals zero and ` 


(= E ur n ( 2mi ) 
o at sit pce ide Pow 
| mi doma 1 = Nm m 


Of course, if mı = mg also, then vıy = 0 and vos = v1, a8 We expect. The 
first particle is “stopped cold” and ‘the second one "takes off” with the 
velocity the first one originally had. If, however, m» is very much greater 
than mı, we obtain 

vy S —uv and vas = 0. 


That is, when a light particle collides with a very much more massive 
particle at rest, the velocity of the light particle is approximately reversed 
and the massive particle remains approximately at rest. For example, 
suppose that we drop a ball vertically onto a horizontal surface attached to 
the earth. This is in effect a collision between the ball and the earth. If 
the collision is elastic, the ball will rebound with a reversed velocity and 
will reach the same height from which it fell. Å 
If, finally, mg is very much smaller than mı, we obtain 


sme gg RE Wii 


This means that the velocity of the massive incident particle is virtually 


unchanged by the collision with the light stationary particle, but that the 


light particle rebounds with approximately twice the velocity of the 


incident particle. The motion of a bowling ball is hardly Sone 
collision with an inflated beach ball of the same size, but the beach ba 


bounces away quickly. 

Neutrons produced in a reactor from thi n 
very fast and must be slowed down if they are to produce more ron 
Assuming that they make elastic collisions with the nuclei at a w M 
material should be picked to moderate the neutrons in the reactor: e 
. can answer this from the considerations just discussed. If the Achat 
targets were massive nuclei, like lead, the neutrons would simply ounce 
back with practically the same speed they had initially. If the stationary 


e fission of uranium atoms move 
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targets were very much lighter than the neutrons, like electrons, the neu- 
. * . * eq p q 
trons would move on with practically the same velocity they had initially, 


However, if the stationary targets are particles of nearly the same mass, the 
neutrons will be brought almost to rest in a (head-on) collision with them, 
Hence, hydrogen, whose nucleus (proton) has nearly the same mass asa 
neutron, should be most effective. Other considerations affect the choice 


of a moderator for neutrons, but momentum and energy considerations. 
alone limit the choice to the lighter elements. 


If a collision is inelastic then, by definition, the kinetic energy is not . 
conserved. The final kinetic energy may be less than the initial value, the 
difference being ultimately converted to heat or to potential energy of ` 
deformation in the collision, for example; or the final kinetic energy may - 


exceed the initial value, as when potential energy is released in the col- 
lision. In any case, the conservation of momentum still holds, as does the . 
conservation of total energy, ; 

Let us consider finally a completely inelastic collision. "he two particles 
stick together after collision, so that there will be a final common velocity 
vy. Itis not necessary to restrict the discussion to one-dimensional motion. 
Using only the conservation of momentum principle, we find 


miis + mova; = (my + ma)v;. (10-6) 
This determines v; when vı; and vs; are known. 


> Example l. A baseball weighing 0.35 Ib is struck by a bat while it is in 
horizontal flight with a speed of 90 ft/sec. After leaving the bat the ball travels 
With a speed of 110 ft/sec in a direction opposite to its original motion. Determine 
the impulse of the collision, i 

We cannot calculate the impulse from the definition J = J F dt because we do 
not know the force exerted on the ball as a function of time. However, we have 


seen (Eq. 10-2) that the change in momentum of a particle acted on by an impul- 
sive force is equal to the impulse. Hence 


PAM fe change in momentum — Ps — pi 


= mv, — mv; = =) (v; — v. 


Assuming arbitrarily that the direction of v; is positive, the impulse is then 
~ {0.35 Ib 
J=(——— ) N b: 
(3 x (—110 ft/sec — 90 ft/sec) = —2.2 Ib-sec. 


The minus sign shows that the direction of the impulse acting on the ball is opposite 
that of the original velocity of the ball. 

. We cannot determine the force of the collision from the data we are given. 
Actually, any force whose impulse is —2.2 Ib-sec will produce the same change in 


momentum, For example, if the bat and ball were in contact for 0.0010 sec, the 
average force during this time would be f 
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For a shorter contact time the average force would be greater. The actual force 
would have a maximum value greater than this average value. : 
How far would gravity cause the baseball to fall during its collision time? 


Example 2. (a) By what fraction is the kinetic energy of a neutron (mass m1) 
decreased in a head-on elastic collision with an atomic nucleus (mass m») initially 
at rest? 

The initial kinetic energy of the neutron K; is $mi?. Its final kinetic energy 
Ky is 4miiy*. The fractional decrease in kinetic energy is 


Ki = Ky vus = vu ny? 
———— m Lee CUm 
Ki vii vu? 


But, for such a collision, 


ins (=) c 
mı ma 
so that : S 
Ki ~ Kye (mom) imm, 
Ki m; + ma (mı + ma)? 


(b) Find the fractional decrease in the kinetic energy of a neutron when it col- 
lides in this way with a lead nucleus, a carbon nucleus, and a hydrogen nucleus. 
The ratio of nuclear mass to neutron mass (= m/m) is 206 for lead, 12 for carbon, 
and 1 for hydrogen. 

For lead, m» = 206m1, 

K; — Ky _ 4 X 206 


EN (207)? = 0.02 or 2%. 


For carbon, m3 = 12m, 


Ki — Ky 4X12 998 or 28%. 
Ki (13)? i- 


For hydrogen, m3 = mi, 


Ki — Ky JE oss 1 or 100%. 
Ki (2)? 
_ These results explain why paraffin, which is rich in hydrogen, is far more effective 
in slowing down neutrons than is lead. : 
stic pendulum is used to meas- 


block of mass M hanging verti- 
g with a horizontal speed vi, 


Example 3. The Ballistic Pendulum. The balli 
ure bullet speeds. ^ The pendulum is a large wooden 
cally by two cords, A bullet of mass m, travelin d 
strikes the pendulum and remains embedded in it (Fig. 10-6). If the collision 
time (the time required for the bullet to come to rest with respect to the block) is 
very small compared to the time of swing of the pendulum, the supporting cords 
remain approximately vertical during the collision. Therefore, no external hori 
zontal force acts on the system (bullet + pendulum) during collision, and the 
horizontal component of momentum is conserved. The speed of the system after 
collision v, is much less than that of the bullet: before collision. This final speed 
can be easily determined, so that the original speed of the bullet can be calculated 


from momentur conservation. 


220 i COLLISIONS = Chap. 10 


Fig. 10-6 Example 3. A ballistic 
pendulum consisting of a large 
wooden block of mass M suspended 
by cords. When a bullet of mass m 
and velocity v; is fired into it, the 
block swings, rising a maximum dis- 
tance y. 


The initial momentum of the system is that of the bullet mus, and the momentum 
E of the system just after collision is (m + M)v,, so that 


mo; = (m + Mvr. 
After the collision is over, the pendulum and bullet swing up to a maximum height 
y, where the kinetic energy left after impact is converted into gravitational poten- 
tial energy. Then, using the conservation of mechanical energy. for this part oj 
the motion, we obtain | 
(m + M)u,? = (m + M)gy. 
Solving these two equations for v;, we obtain Jt 


u= HEE Vay. 


Hence, we can find the initial speed of the bullet by measuring m, M, and y. 
The kinetic energy of the bullet initially is $mv;* and the kinetic energy of the 
system (bullet + pendulum) just after collision is }(m + M)v;?. The ratio is 


3(m + M)? GER, CEN 
im? m+M 


For example, if the bullet has a mass m = 5 gm and the block has a mass M = 2000 
gm, only about one-fourth of 1% of the original kinetic energy remains; over 99% 
is converted to other forms of energy, such as heat. 4 


'.. The velocity of the center of mass of two particles is not changed by their col- 
lision, for the collision does not change the total momentum of the system of two 
particles, only the distribution of momentum between the two particles. The 
momentum of the system can be written (Eq. 9-15) as P = (my + ma)vem. If no 

forces act on the system, then P is constant before and after the collision, 

and the center of mass moves with uniform velocity throughout. 
If we choose a reference frame attached to the center of mass, then in this center- 
of-mass reference frame, vim = 0 and P — 0: There is a great simplicity and 
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symmetry in describing collisions with respect to the center of mass, and it is cus- 
tomary to do so in nuclear physies. For whether collisions are elastic or inelastic, 
momentum is conserved, and in the center of mass reference frame the total 
momentum is zero. These results hold in two and three dimensions as well as in 
one because momentum is a vector quantity. 

As an example, consider a head-on elastic collision between two particles m, and 
mz. Let m: equal 3m, and let ms be at rest, so that ve; equals zero in the laboratory 
reference frame. The total momentum of the two particles is just that of the 
incident particle mv1;, so that 


^ 


‘ my; = (mi + m2) tem 


or 
m; 
Yom = | ——— Ju = rs i 
lem ( cp ) iui 


After the collision, m has a velocity vıy = —391; and mz has a velocity ver = ivi; 
The total momentum of the two particles (miviy + masz) is the same as before the 
collision, and the motion of the center of mass is unchanged (check this). In Fig. 
10-7a we show a series of “snapshots” of the collision taken at equal time intervals 
as seen in the laboratory reference frame. In Fig. 10-76 we show the same situa- 
tion as seen in the center-of-mass reference frame, where tem is zero. Notice the 
symmetry of the particles’ motions when described in this way. The particle 
coming from the left has a speed 20; with respect to the center of mass (where 
vı; is the speed of m; in the laboratory frame) and recedes with this same speed. 

` The particle coming from the right has a speed 40; with respect to the center of 
Mass and recedes with this same speed. 


Vem = lw; Vem = 0 
Vii Em Vo; =0 iv zlii 
2i + mo 
my c.m. m2 uia 
— i. ^ —b | +0 
ee ater of. x 9e 
—\. 
ka 
— (tae se 
. 
Ae eo 
cy 
q—e e 
coe e> 
e 
— > dct 
mo 
m; 
ue > du P 
Yip --ini v = Avie cdm 
(b) 
(a) 
(b) The same 


Fig. i 0-7 (a) An elastic collision in the laboratory reference frame. 
elastic collision in the center-of-mass reference frame. 
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x» 
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Rg. 10-8 (a) A completely inelastic collision in the laboratory reference frame. 
(6) The same completely inelastic collision in the center-of-mass reference frame. Ini 
each case the motion before collision is the same as that of Fig. 10-7. 


If the collision is completely inelastic, the motion after collision is simply that of - 
two particles moving along together at the center of mass. In Figs. 10-8a and 
10-8b we show how the collision of Fig. 10-7, now assumed to be completely 
inelastic, would be described in the laboratory and the center-of-mass reference 
frames, respectively. These figures are exactly like the previous ones until the 
collision occurs; after the collision, however, the motion of the center of mass 
describes that of the entire system, z 


10-5 The “True” Measure of a Force 


The distinction between kinetic energy and momentum and the relationship " 
of these concepts to force were not clearly understood until late in the eighteenth | 
century. Scientists argued whether kinetic energy or momentum was the "true" 
measure of the effect of a force on a body. Descartes argued that when bodies 
interact, all that can happen is the transfer of momentum f rom one body to another, 
for the total momentum of the universe remains constant; hence the only “true S 
measure of a force is the change in momentum it produces in a given time. Leibnitz 
attacked this view and argued that the "true" measure of a force is the change it 
produces in kinetic energy (called by him vis viva or living force, taken to be twice - 
what we now call kinetic energy). 

In his treatise on mechanics (1743), D’Alembert dismissed the argument 8 

ing pointless and arising from a confusion of terminology. The cumulative 1 
effect of a foree can be measured by its integrated effect over time, JF dt, which : 
produces a change in momentum, or by its integrated effect over space, J F dz, 1 
which produces a change in kinetic energy. Both concepts are useful and yalid, 
although different, Which one we use depends on what we are interested in of 
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what is more convenient. As our present study of collisions illustrates, we fre- 
quently use both eoncepts in the same problem. 

A more modern view is to look for quantities of the motion that are invariant, 
rather than focusing on the concept of force. The question as to whether the 
energy or the momentum is the “real” quantity of motion becomes pointless for 
there is no unique “quantity of motion.” Instead, both energy and momentum 
may be regarded as invariant quantities of the motion in that for an isolated system 
the total of each of these quantities, summed up over all parts of the system, 
remains constant with time. There may be an exchange of energy, and of momen- 
tum, between different parts of an isolated system, but the total of each quantity 


is conserved. 
10-6 Collisions in Two and Three Dimensions 


In two or three dimensions (except for a completely inelastic collision) 
the conservation laws alone cannot tell us the motion of particles after a 
collision if we know the motion before the collision. For example, for a 
two-dimensional elastic collision, which is the simplest case, we have four 
unknowns, namely the two components of velocity for each of two particles 
after collision; but we have only three known relations between them, one 
for the conservation of kinetic energy and a conservation of momentum 
relation for each of the two dimensions. Hence we need more information 
than just the initial conditions. When we do not know the actual forces 
of interaction, as is often the case, the additional information must be 
obtained from experiment. It is simplest to specify the angle of recoil of 


one of the colliding particles. +S : 
Let us consider what happens when one particle is projected at a target 
t as restrictive as it may seem, for 


particle which is at rest. This case is no 
we can always pick our reference frame to be one in which the target 
particle is at rest before the collision. Much experimental work in nuclear 
physics involves projecting nuclear particles at a target which is stationary 
in the laboratory reference frame. In such collisions, because of momen- 
tum conservation, the motion is in a plane determined by the lines of 
recoil of the colliding particles. The initial motion need not be along the 
line joining the centers of the two particles. The force of interaction may 
be electromagnetic (in which we include “contact” forces; see page 120), 


gravitational, or nuclear. The particles need not "touch"; strong forces, ~ 
which act at relatively close distances of approach and for a time short 
he particles from their initial 


compared to the observation time, deflect t 


courses. 

A typical situation is shown in Fig. 10-9. The distance b between the 
initial line of motion and a line parallel to it through the center of id 
target particle is called the impact parameter. This is a measure of t e 
directness of the collision, b — 0, corresponding to à head-on collision. 
The direction of motion of the incident particle ma after collision E 
an angle 6; with the initial direction, and the target projectile ma, ond 
at rest, moves in & direction after collision making an angle 92 wit : 
initial direction of the incident projectile. Applying the conservation 0 


momentum, which is a vector relation, we obtain two scalar equations; fo 
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Fig. 10-9 Two particles, mı and mo, undergoing a collision. ‘The open circles indicate 
their positions before collision, the shaded ones after collision. Initially m» is at rest. 
The impact parameter b is the distance by which the collision misses being head-on. ~ 


the z-component of motion we have 
: Miz = moiy cos 6, + mayo, cos 6s, 
and for the y-component 
| 0 = mi, sin 6; — IU»; Sin 65. 


Let us now assume that the collision is elastic. Here the conservation bf 
kinetic energy applies and we obtain a third equation, 


amis = mwi? mw 


If we know the initial conditions (ma, ms, and v1;), we are left with four 

~ unknowns (vis, vas, 61, and 02) but only three equations relating them. 
We can determine the motion after collision only if we specify a-yalue for 
one of these quantities, such as 61. : 


> Example 4. A gas molecule having a speed of 300 meters/sec collides elas- 
tically with another molecule of the same mass which is initially at rest. After the 
collision the first molecule moves at an angle of 30° to its initial direction, Find the 
speed of each molecule after collision and the angle made with the incident direction 
by the recoiling target molecule, 

-~ This example corresponds exactly to the situation just discussed, with mı = ma 
1° = 300 meters/sec, and 01 = 30°. Setting m; equal to ms, we have the relations 
mee S a E Uii = Viy COS 1 + voy cos Oo, 

HOVER Gute Mee sors 108i Os = Day sin By, 
and uj = nj? + vis. 
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We must solve for vıy, vas, and 02. To do this we square the first equation (rewrit- 
ing it as vı: — 1; cos Ó1 = vas cos 02), and add this to the square of the second 
equation (noting that sin? @ + cos? 8 = J); we obtain 


\ 


vu? + vy? — wv cos 01 = voy? 
Combining this with the third equation, we obtain 


2v1? = 2vytiy cos 01 
or (since vıy Æ 0) 
vıy = vı; cos Üi = (300 meters/sec) (cos 30°) 
or 
Ui; = 260 meters/sec. 


From the third equation 


v? = vy? — vy? = (300 meters/sec)? — (260 meters/sec)?, 
or : 
vey = 150 meters/sec. 


Finally, from the second equation 
sin 05 = (vs/voy) sin 01 
= (260/150)(sin 30°) = 0.866 
or C7 8s = 60°, 
The two molecules move apart at right angles (81 + @2 = 90° in Fig. 10-9). 
The student should be able to show that in an elastic collision between particles 


of equal mass, one of which is initially at rest, the recoiling particles always move 
off at right angles to one another. 4 


In Fig. 10-10, we show photographs of four elastic nuclear collisions that 
take place in a Wilson cloud chamber.* The tracks of the particles are 
made visible by the trail of droplets left in their wake. In each case the 
incident particle is an a-particle (He*) and the target nucleus is essentially 
at rest before collision. Notice that as the target mass increases, the 
angle between the recoiling particles increases (see Problem 26). In case 
(b) where the target is also an a-particle, stereoscopic photos show that 
the recoiling particles move off at right angles; the angle is not quite a 
right angle in the figure because the particles do not lie in the plane of the 
figure. 

Figure 10-11 shows a series of four successive elastic collisions between 
Protons caused when a high energy proton enters & bubble chamberT filled 
EZ — t . 

. “In 1927, the English physicist, C. T. R. Wilson, received the Nobel prize for TAR 

Ing the cloud chamber; his investigations started along an entirely different line, nons i 

an attempt to produce in the laboratory a certain atmospheric phenomenon observe 

on the mountain Ben Nevis in Scotland. 

,. 1 Tn 1960, the American physicist, Donald Glaser, 

"^£ the bubble chamber; it is said that the concept occurred 
ubbles form in a glass of beer. ; 


received the Nobel prize for invent- 
to him while watching 
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with liquid hydrogen, which supplies the target protons. The tracks of 
the particles are made visible in this case by the trail of bubbles left in 
their wake. Since the interacting particles are of equal mass and the 
collisions are elastic, the particles recoil at right angles to each other; this 
is apparent when the tracks of Fig. 10-11a are viewed ster oscopically, 


(d) 


Fig. 10-10 Photo 


chamber, a device that makes these paths visible. 
water vapor. 


the water vapo: 


in all four cases is a helium nucleus (He*, or a). 
(H}, or p). 


nucleus, whereas in (c) and (d) the targets are 


graphs of trajectories of particles undergoing collisions in a cloud 
The chamber contains saturated 
If the vapor is slightly compressed and then allowed to expand quickly, 
r will condense in droplets along the trajectory, The incident particle 
In (a) the target is a hydrogen nucleus 
The other tracks are similar, except that in (b) the target is another He 
fluorine and chlorine nuclei respectively: 


In general, the particles do not lie in the plane of the photograph. Stereoscopic photos 


are required for a complete analysis, 
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Fig. 10-11 (a) Four proton-proton collisions in a 10"-diameter bubble chamber. The 
original high-energy proton entered from the upper right. The spiral tracks are low 
energy electrons. The other tracks passing through the chamber are mesons of various 
kinds. This photo may be viewed stereoscopically using a device supplied with the 
explanatory booklet Introduction to the Detection of Nuclear Particles in a Bubble 
Chamber, Ealing Press, 1964 (courtesy Lawrence Radiation Laboratory). Such 
stereoscopie viewing shows that the angle between the outgoing tracks in each case is 
90°, This is not apparent in the figure because the tracks do not lie in the plane of the 


figure. (b) A schematic representation of the proton tracks in a. 


10-7 Cross Section 


Although we have introduced the concept of the impact parameter b to 
describe collisions (see Fig. 10-9), it must be clear that, when we deal with 
particles of atomie or subatomic dimensions, we cannot define the track 
of the incident particle or the location of the target particle precisely 
enough. In practice, as when we bombard a thin target foil with a beam 
of deuterons from a cyclotron, we must deal in a statistical way with a 
large number of collisions between deuterons and the nuclei in the target; 
the impact parameters for individual collisions cannot be determined. 

The situation is much the same as if we were firing a machine gun at 
random (in the dark, say) at the side of a distant barn of area A on which 
someone had hunig a number of small dinner plates, each of area c, In 
random (but not overlapping) positions. If the number of plates is q and 
if the rate at which bullets strike the barn is Ro, what is the rate Rat which 
plates are broken? It is, on the basis of the random character of the 


events, 
R = Reeg/ A), (10-72) 
where og is the total area of all the plates. We could, in fact, use i. 
relation to measure c, the geometrical area of a single plate. Solving tor 


iel 
yields ie RA/Rot (10-76 
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which permits us to find ¢ from measured values of R, A, Ro, and q. We 
may call o the cross section for the event consisting of the impact of g 
bullet on a plate. 

Let us now consider a more restricted class of event, namely the impact 
of a bullet on a plate ‘causing the plate to break into (say) exactly fiye 
pieces. The rate Rs at which events of this kind occur is much less than 
the rate R at which the events described above occur. We may assigna 


cross section e; to these restricted events and may measure it, by analogy 
with Eq. 10-7, from 


gs = R5A/ Roq. (10-8) 


We can consider other Ways of breaking plates such as breaking into 
thirteen pieces, breaking so that one fragment has an area equal to half 
the plate or more, breaking so that one fragment flies vertically upward, 
ete. Each of these events can be assigned its own cross section e, by 
measuring the rate R, at which the events occur. None of these cross set- 
tions necessarily has anything to do with the geometrical area of the plate; all 
are measures of the probability of occurrence of the events to which they are 
assigned. Cross sections are important because they are identified with 


Similarly, in nuclear physics we often. bombard targets with nuclear 
Projectiles, measure the tate at which events of a Selected type occur, and 
assign a cross section to those events. For example, let us bombard a thin 
gold foil (Au!9?) with deuterons (H?, or d) whose energy is, say, 30 Mev. 


backward hemisphere, (3) inelastic scattering of the deuteron between the 
angles of 30? and 60° with the direction of the incident beam, (4) the 
nuclear reaction d + Au — 5 4 Aus and (5) the nuclear reaction 


Let the area of the foil exposed to the beam be A and the thickness of the 
foil be x. [f the 
total number of available target particles is nAz. If the effective area 
(that is, the cross section) for the event we are concerned with is oz, the 
1 ei is n4zc,. If Rois the rate at which 
z is the rate at which the events in which 
» We have, because of the random nature of the 
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events (see Eq. 10-72), * 
Rz žl (nAze;) 
Ro A 
or 
Rz = Ronzo;z. (10-9) 


Thus we can measure ¢, for the event by measuring Rz, o, n, and z and 
substituting into Eq. 10-9. Cross sections are commonly expressed in 
barns or submultiples thereof; one barn = 10~** meter”. 

Cross sections almost always depend on the energy of the incident par- 
ticle, often exhibiting sharp peaks as the energy is varied. This simply 
means that at certain rather precisely defined characteristic energies the 
reaction is much more likely to “go” than at others. In much the same 
way a steel plate will vibrate with large amplitude at a series of father 
precisely defined characteristic frequencies. We shall study such “‘reso- 
nances” in Chapter 20 and elsewhere. : 

Figure 10-12 shows one of the thousands of cross section curves that 
have been measured for various atomic and nuclear process. Let a highly, 
collimated beam of neutrons of kinetic energy K fall on a thin foil of 
cadmium. The process to which the cross section c in Fig. 10-12 refers 
is any process (absorption, elastic scattering, or inelastic scattering) that 


g, barns 


1 
0.01 0.1 10 


Fig. 10-12 The cross section as a function of energy for processes e scr poe 
trons from a collimated beam as they p8s* through cadmium. Note that bo y 


are logarithmic. 
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that peak; this can be learned from other experiments using foils made of 
the separated isotopes. The strong peak labeled “113” that occurs at 
0.17 electron volts'is caused by the reaction 


É Cd? +n cqui. 


in which y represents a gamma tay. This reaction, which has a peak cross 
section of 7600 barns, is responsible for the very large absorbing power of - 
cadmium for slow neutrons,. Note that both scales in Fig. 10-12 are 
logarithmic. : 


> Example 5. (a) About 1910, Geiger and Marsden, working under Lord. 
Rutherford at Manchester University, performed a series of classic experiments 
that established the fact that atoms consisted of a small nucleus surrounded by a : 
cloud of electrons rather than a sphere of distributed positive and negative charges, — 


; "zc = fraction Scattered backward 
we have 


2 (5.9 X 10**/meter?) (4 9 X 10-7 meter)o = 1/(6.17 x 10°) 


7 = 6.9 X 10-28 meter? = 6.9 barns. 


This is the cross section for backward scattering, 


= by collimating slits, me of the a-particles are scattered backward by the 


end A Na pik u =e e 
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(b) Rutherford reasoned that the backward scattering could not be caused by 
electrons in the atom; the o-particles are so much more massive than the electrons 
that they would hardly be deflected at all by them, let alone be scattered backward. 
He then suggested the nuclear model of the atom, attributing the scattering to 
collisions between a-particles and the massive positive core of the atom, the nucleus. 

Assuming that the cross section for backward scattering is approximately equal 
to the area offered by a gold nucleus for direct collisions, estimate the effective size 
of a gold nucleus. 

If the effective radius of the gold nucleus is taken to be r, we have 


o =r’, 
r? = ofr = 6.9 X 107% meter?/r, 
or ï = 1.5 X 107 meter. 


This is the approximate radius of a gold nucleus which compares with the value of © 
about 1.5 X 10-!* meter for the gold atom. Hence the massive nucleus is con- 
centrated in a very small region of the atom (about 1 part in 101? by volume), . 4 


10-8 Reactions and Decay Processes” 


We stated in Section 10-1 that reactions and radioactive decay processes, 
for atoms, nuclei, and elementary particles, can be treated by the 
same methods used in collision studies, namely: We can apply the principles 
of conservation of linear momentum and energy to the (well-defined) 
periods ‘before the event” and “after the event." For these processes we 
must use the conservation of total energy because kinetic energy is not 
conserved. In this section we only consider examples in which the speeds 
of the particles are negligible with réspect to the speed of light. This 
means that we may use the classical expressions for momentum and energy. 
and need not use the relativistic expressions. - e ci 


P Example 6. Nuclear Reactions. A thin film containing a fluorine (F!*) com- 
pound is bombarded by a beam of protons (p) which have been accelerated to an 
energy of 1.85 Mev (million electron volts; 1 Mev = 1.60 X iU joule) in a 
Van de Graaff accelerator. Some of the protons interact with the fluorine nuclei 


to produce the following nuclear reaction: 

FY 4+ p> otta 
It is observed that the a-particles (which are helium nuclei) that, emerge at in 
angles to the incident proton beam (see Fig. 10-14) have speeds of 1.95 X ; 
meters/sec. What can you learn about the reaction by applying the "s o 
conservation of linear momentum and of total energy? The masses involved are, 


to a precision good enough for our purposes, 


m, = 1.01 amu mo = 16.0 amu 


mp = 19.0amu Ma7 4,00 amu, 
in which 1 amu (atomic mass unit) = 1.66 X 10-2? kg. ; 

The z- and y-components of linear momentum are conserved, which means wr 
they have the same values before and after the reaction, In the laboratory refer- 
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X 
Fig. 10-14 The nuclear reaction p + F? — a + 0!5, showing the situation before and 


after the event in the laboratory reference frame. 


ence frame of Fig. 10-14, then 


my), = moro cos 8 (z-component) (10-10) 
and 


0 = mata — movo sin — (y-component) (10-11) 
For the conservation of total energy we write 
Ge 
Q + 275%? = moro? + bna? (10-12) 


_in which it is clear that Q is the amount by which the kinetic energy of the system 


after the reaction exceeds the kinetic energy of the system before the reaction. 
Note that we have assumed that the particles are moving slowly enough so that 
we may use the classical expression for kinetic energy (mv?) rather than the rela- 


tivistie one (mec? V1 — v*/c?). If Q is positive, kinetic energy must be generated 


` by the reaction. 


The energy represented by Q can only come from differences in the rest energies 
of the particles before or after the reaction, according to Einstein's well-known 


relation Æ = Amc? (see Section 8-9). Thus (if Q is positive) we expect that the 


rest mass of the system after the reaction would be slightly less than its rest mass 
before the reaction and that Q would indeed be given by the Einstein relation 


- Q=Ame? 
= [(my + mg) — (ma + mo)]c?. (10-13) 


Note that Eqs. 10-12 and 10-13 are independent relations for Q, being connected 
through Einstein's mass-energy relation. 3 

The three conservation equations contain just three unknowns, vo, 0, and Q. 
To find Q from them let us first eliminate 0 between the first two equations by 
Squaring and adding (recalling that cos? 0 + sin? @ — 1). We obtain 


My? F Matta? = mo*vo?. 


We can now eliminate vo between this relation and Eq. 10-12. The student can 


-show that, after a little rearrangement, we obtain 


Q- K«ü + ma/mo) — Ky(1— my/mo). (10-14) 
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From the data given we know that K,(= impp?) 2185 Mey and 
Ke — 3Mava* i 

= $(4.00 amu X 1.66 X 107?" kg/amu)(1.95 X 107 meters/sec)? 

= (1.26 X 10>? joule)(1 Mev/1.60 x 10-!* joule) 

= 7.88 Mev. 
We may now calculate Q from Eq. 10-14 as 

Q = (7.88 Mev) (1 + 4.00/16.0) — (1.85 Mev) (1 — 1.01/16.0) = 8.13 Mev. 


Thus, by using the principles of conservation of linear momentum and total energy, 
we can calculate Q for the reaction without making any observations on the recoil- 
ing O!? nucleus. If we want to know vo and 6 for this nucleus we can easily calcu- 
late them from Eqs. 10-10 and 10-11. 

The result Q = 8.13 Mey is an important bit of information about the reaction. 
From Eq. 10-13, which is a relation for Q independent of Eq. 10-14, we can now 
caleulate that the decrease in rest mass during the reaction is given by 


Am = Q/c? , 
= (8.13 Mev X 1.60 X 1071 joule/Mev)/(3.00 X 10* meters/sec)? 
(1.44 X 10-2 kg) (1 amu/1.66 X 10-7 kg) 


! 


— 0.00873 amu. 


We can verify this result by calculating Am [= (mp + mr) — (ma + mo)] from 
Very precise measurements of the four separate masses made in a mass spectrometer 
(see Problem 37). The excellent agreement that we get shows once again the 
essential validity of Einstein's mass-energy relationship. 4 


QUESTIONS 


l. Explain how consérvation of momentum applies to a handball bouncing off a 


wall. 


2. How can you reconcile the sailing of a sailboat into the wind with. the conservation 


of momentum principle? : : ing i 

3. A sand glass is being weighed on a sensitive balance, first. when sand is a d in 
a steady stream from the upper to the lower part and then again after the upper part 18 
empty. Are the two weights the same or not? Explain your answer. 


4. The blades of a turbine are usually curved rather than flat in abe " on e 
fluid striking them follows a path resembling. a u-turn. Convince yourse al 
d shape over the flat one. 


fluid's motion and explain the advantage of the curve p b bs 
5. It is obvious from inspection of Eqs. 10-3 and 10-4 that & valid neon bed 
Problem of finding the final velocities of two particles in à ERA: ; 
collision is viy = vj; and vs y = ve, What does this mean physically? i xplain. i 
6. Consider a one-dimensional elastic collision between a given incoming hedy i n 
a body B initially at rest. How would you choose the mass TSS fan age 
mass of A. in order that B should recoil with (a) the greatest speed, (b) the greates 
momentum, and (c) the greatest kinetic energy ? 
7. In a two body collision in the center-of-mass 
Particles dre equal and opposite to one another both 


reference frame the momenta of the 
before and after the collision. Ts 
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the line of relative motion necessarily the same after collision as before? Under what 7 
conditions would the magnitudes of the velocities of the bodies increase? Decrease? 7 
Remain the same as a result of the collision? As 

8. When dealing with atoms, nuclei, or elementary particles, what does it mean to 
say that two such bodies “touch” during a collision? 

9. When the forces of interaction between two particles have an infinite range, such 
as the mutual gravitational attraction between two bodies, can the cross section for 
“collision” be finite? Is it at all useful to regard this interaction as a collision? * 

10. Why does the computation of the radius of the gold nucleus in Example 5 give 

~ only an approximate answer? s 1 

11. Could we determine in principle the cross section for a collision by using only one 

bombarding particle and one target particle? In practice? 5 Y 


PROBLEMS 


aar ..1.. A cue strikes a billiard ball, exerting an average force of 50 nt over a time of 10 
— . milliseconds. If the ball has mass 0.20 kg, what speed does it have after impact? 


2. A 1.0-kg ball drops vertically onto the floor with a speed of 25 meters/sec. It - 
rebounds with an initial speed of 10 meters/second. (a) What impulse acts on the ball. 
during contact? (b) If the ball is in contact for 0.020 sec, what is the average force 
exerted on the floor? 


n 3. A croquet ball (mass 0.50 kg) is struck by a mallet, receiving the impulse shown in | 


= the graph (Fig. 10-15). What is the ball's velocity just after the force has become 
- zero? > : y 
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Fig. 10-15 x g; 1 


: 4. A golfer hits a golf ball imparting to it an initial velocity of magnitude 5.0 X 10° 
cm/s sec directed 30° above the horizontal. Assuming that the mass of the ball is 25 gm — 
and the club and ball are in contact for 0.010 sec, find (a) the irapulse imparted to the 


TW 
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ball; (b) the impulse imparted to the club; (c) the average force exerted on the ball by 
the club; (d) the work done on the ball. : 

5. A ball of mass m and speed v strikes a wall perpendicularly and rebounds with 
undiminished speed. If the time of collision js t, what is the average force exerted by 
the ball on the wall? : i 

6. A stream of water impinges on a stationary “dished” turbine blade, as shown in 
Fig. 10-16. The speed of the water is u, both before and after. it strikes the curved 
surface of the blade, and the mass of water striking the blade per unit time is constant at 
the value u. Find the force exerted by the water on the blade. j 


7T. A 6.0-kg box sled is traveling across the ice at a speed of 9.0 meters/sec when a 
13-kg package is dropped into it vertically. Describe the subsequent motion of the 
sled. 3 : aa ? 
8. A body of 2.0 kg mass makes an elastic collision with another body at rest and 
afterwards continues to move in the original direction but with one-fourth of its original 
speed. What is the mass of the struck body? j : : 

9. A block of mass mı = 100 kg is at rest on a very long frictionless table, one end of 
which is terminated in a wall. Another block of mass m2 is placed between the first 
block and the wall and set in motion to the left with constant speed vz, as in Fig. 10-17. 
Assuming that all collisions are completely elastic, find the value of m2 for which both 
blocks move with the same velocity after m2 has collided once with m, and once with 


the wall. The wall has infinite mass effectively. 


Fig. 10-17 


mA! -21h i i i 4.0-Ib wooden block 
10. A bullet weighing 1.0 X 107? Ib is fired horizontally into & i 

at rest on a horizontal surface. The coefficient of kinetic friction ce jx 
surface is 0.20. The bullet comes to rest in the block which moves 1t 


Speed of the bullet. $ ^ kg. The center 
1l. A bullet of mass 10 gm strikes a ballistic pandapa, “halen ete ballet penis | 
of mass of the pendulum rises a vertical distance ofi2cm. Assuming 


embedded i te its initial V M ; i 
edded in the pendulum, calculate spe tage the reloading mechanism 


12. In a breech-loading automatic firearm of early vin ? a é 
at the rear of the bore is activated when the breech-block, which recoils after the bullet 


: t id 
is fired, compresses a spring by 2 predetermined amount d. (a) Show that the spee 
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v of the bullet of mass m must be at least d~/kM/m on firing, for automatic loading, 
where k is the force constant of the spring and M is the mass of the breech-block, 
(b) In what sense, if any, can this process be regarded as a collision? 

13. A steel ball weighing 1.0 lb is fastened to a cord 27 in. long and is released when 
the cord is horizontal. At the bottom of its path the ball strikes a 5.0-Ib steel block 
initially at rest on a frictionless surface (Fig. 10-18). The collision is elastic. Find the 
speed of the ball and the speed of the block just after the collision. 


mui - 


= tr 


Fia. 10-19 


14. Two pendulums each of length J are initially situated as in Fig. 10-19. The first 
pendulum is released and strikes the second. Assume that the collision is completely 


inelastic and neglect the mass of the strings and any frictional effects. How high does 
the center of mass rise after the collision? 


15. A railroad freight car weighing 32 tons and traveling 5.0 ft/sec overtakes one 
weighing 24 tons traveling 3.0 ft/sec in the same direction. (a) Find the speed of the 
cars after collision and the loss of kinetic energy during collision if the cars couple 
together. (b) If the collision is elastic, the freight cars do not couple but separate after 
collision. What are their speeds? 

16. An elevator is moving up at 6.0 ft/sec in a shaft. At the instant the elevator is 
60 ft from the top, a ball is dropped from the top of the shaft. The ball rebounds 
elastically from the elevator roof. To what height can it rise relative to the top of the 
shaft? Do the same problem assuming the elevator is moving down at 6.0 ft/sec. 

17. The two masses on the right of Fig. 10-20 are slightly Separated and initially at 
rest; the left mass is incident with speed vy. Assuming head-on elastic collisions, (a) if 
M S m, show that there are exactly two collisions and find all final velocities; (b) if 
M > m, show that there are three collisions and find all final velocities, 


Fig. 10-20 
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18. A ball of mass m is projected with speed v; into the barrel of a spring-gun of mass 
M initially at rest on a frictionless surface; see Fig. 10-21. The mass m sticks in the 
barrel at the point of maximum compression of the spring. No energy is lost in friction. 
What fraction of the initial kinetic energy of the ball is stored in the spring? 

19. A block of mass m = 2.0 kg slides along a frictionless table with a speed of 
10 meters/sec. Directly in front of it, and moving in the same direction, is a block of 
mass m3 = 5.0 kg moving at 3.0 meters/sec. A massless spring with a spring constant 
of k = 1120 nt/meter is attached to the backside of m» as shown in Fig. 10-22. When 
the blocks collide, what is the maximum compression of the spring? Assume that the 
spring does not, bend and always obeys Hooke’s law. 


KU s e 


Fig. 10-21 Fig. 10-22 


20. A box is put on a scale which is adjusted to read zero when the box isempty. A 
stream of pebbles is then poured into the box from a height h above its bottom at a 
rate of 4 (pebbles per second). Each pebble has a mass m. If the collisions between 
the pebbles and box are completely inelastic, find the scale reading at time ¢ after the 
pebbles begin to fill the box. Determine a numerical answer when » = 100 sec", 
h = 25 ft, mg = 0.010 Ib, and t = 10 sec. 

21. A scale is adjusted to read zero. Particles fall from a height of 9.0 ft before 
colliding with the balance pan on the scale; the collisions are elastic, i.e., the particles 
rebound upward with the same speed. If each particle has a mass of she slug and 
collisions occur at the rate of 32 particles /sec, what is the scale reading in pounds? 

22. An electron collides elastically with a hydrogen atom initially at rest. The 
initial and final motions are along the same straight line. What fraction of the elec- 
tron’s initial kinetic energy is transferred to the hydrogen atom? The mass of the 
hydrogen atom is 1840 times the mass of the electron. 

23. An electron, mass m, collides head-on with an atom, mass M, initially at rest. 
As a result of the collision a characteristic amount of energy E is stored internally in 
the atom. What is the minimum initial velocity vp that the electron must have? 
(Hint; Conservation principles lead to a quadratic equation for the final electron 


velocity v and a quadratic equation for the final atom velocity V. The minimum value 


vo follows from the requirement that the radical in the solutions for v and V be real.) 


24. (a) Show that in a one-dimensional elastic collision the speed of the center of mass 
of two particles, mı moving with initial speed vj; and mz moving with initial speed va, is 


m; ma ah 
Yom = (= + =) vui t (= TÉ =) 2i 


particles’ speeds after collision, to 


(b) Use the expressions obtained for vıy and vay, the 
derive the same result for vem after the collision. : è 

25. Mass mı collides head-on with me, initially at rest, in a completely pore 
collision. (a) What is the kinetic energy of the system before collision? (b) Wha 
the kinetic energy of the system after collision? (c) What fraction of the ox ; 
kinetic energy was converted into heat? (d) Let vem be the velocity of the center o 
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mass of the system. View the collision from a primed reference frame moving with 
the center of mass so that vi^ = vi; — tom, Va’ = —tem. Repeat parts (a), (b), and 
(c), as seen by an observer in this reference frame. Is the mechanical energy con- 
verted to heat the same in each case? Explain. 


26. Show that, in the case of an elastic collision between a particle of mass mı witha _ 
particle of mass m» initially at rest, (a) the maximum angle 65 through which m can be 
deflected by the collision is given by cos? 9m = 1 — ma?*/mi?, so that 0 € Om S 1/2, 
when mı > m»; (b) 01 + 84 = 7/2, when m, = ms; (c) ð can take on all values between 
0 and r, when m; < ma. 


21. A billiard ball moving at a speed of 2.2 meters /sce strikes an identical stationary 
ball a glancing blow. After the collision one ball is found to be moving at a speed of 1.1 
meters/sec in a direction making a 60° angle with the original line of motion. Find the 
velocity of the other ball. Can the collision be inelastic, given these data? 


28. An a-particle collides with an oxygen nucleus, initially at rest. The a-particle is 
scattered at an angle of 64° from its initial direction of motion and the oxygen nucleus 
recoils at an angle of 51? on the other side of this initial direction. What is the ratio of 
the speeds of these particles? The mass of the oxygen nucleus is four times that of the 
a-particle. 

29. Two balls A and B, having different but unknown masses, collide. A is initially 
at rest when B has a speed v. After collision B has a speed v/2 and moves at right 
angles to its original motion. Find the direction in w hich ball A moves after collision. 
Can you determine the speed of A from the information given? Explain. 


30. Two vehicles A and B are traveling west and south, respectively, toward the 
same intersection where they collide and lock together. Before the collision A (total 
weight, 900 Ib) is moving with a speed of 40 mph, and B (total weight, 1200 Ib) has a 
speed of 60 mph. Find the magnitude and direction of the velocity of the (interlocked) 
vehicles immediately after collision. 


31. A deuteron is a nuclear particle made up of one proton and one neutron. Its 
massis approximately 4 X 107% gm. A deuteron, accelerated by a cyclotron to a 
speed of 10° cm/sec, collides with another deuteron at rest. (a) If the two particles 
stick together to form a helium nucleus, find the velocity of the nucleus. (b) The 
helium nucleus then breaks up into a neutron with a mass of about 2 X 10724 gm anda 
helium isotope of mass 6 X 107? gm. If the neutron is given off at right angles to the 
direction of the original velocity with a speed of 5 X 103 cm/sec, find the magnitude 
and direction of the velocity of the helium isotope. 


32. In 1932 Chadwick in England demonstrated the existence and properties of the 
neutron (one of the fundamental particles making up the atom) with the device shown 
in Fig. 10-23. In an evacuated chamber, a sample of radioactive polonium decays to ` 
yield a-rays (helium nuclei). These nuclei impinge on a block of beryllium inducing : 
process whereby neutrons are emitted. (The reaction is: He and Be combine to form 
radioactive carbon, which decays to stable carbon + neutrons.) The neutrons strike & 
film of paraffin (CH4), releasing hydrogen nuclei which are detected in an ionization 
chamber. In other words, an elastic collision takes place in which the momentum of 
the neutron is partially transferred to the hydrogen nucleus. 

(a) Find an expression for the maximum speed vg that the hydrogen nucleus (mass 
my) can achieve. Let the incoming neutrons have mass my and speed vn. (Hint: Will 
more energy be transferred in a head-on collision or in a glancing collision?) 

(b) One of Chadwick's goals was to 


H = 


i 
l 
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Therefore if vy and vy are measured in separate experi imi d 
N experiments, v, can be elimina! 
between the two expressions for hydrogen and nitrogen to yield 5 value "hi dr 
wick's values were AU a 
vg = 3.3 X 10° cm/sec, 
vy = 0.47 X 10? cm/sec. 


What was his value for m4? How does this compare wi i 
l compare with the establish d vali 
my = 1.00807 amu? (Take mg = 1.0 amu, my = 14 amu.) ink 


Fig. 10-23 3 


33. A sphere of radius ri impinges on a sphere of radius r» What is the cross section 
for a contact collision? ; 

34, A beam of fast neutrons impinges on & 5.0-mg sample of Cu®, a stable isotope of 
copper. A possibility exists that the copper nucleus may capture a neutron to form 
Cu®®, which is radioactive and decays to 7*5, which is again stable. If a study, of the 
electron emission of the copper sample implies that 4.6 X 10!! neutron captures occur 
each second, what is the neutron capture cross section in barns for this process? The 
intensity of the neutron be» iv] X 1018 neutrons/meter? sec. t 


35. A beam of slow n trikes an aluminum foil 1.0 X 10-5 meter thick. Some 
neutrons are capture uminum which becomes radioactive and decays by emit- 


ting an electro“ ng silicon: - 
"1, AP — Si?! 2-87. 


0 X 1015/meter? sec, and the neutron capture cross 


Supr 

secti ransmutations will occur each second? 

3 at many layers of target particles so that the number 

of ,ayer will depend on how many have been scattered out 
depth s be N and 


„umber of particles reaching a layer at à 
sring from that layer be —dN; then show that 


dN 2 


—— mnc 


h 


N= Now” 


3 No is the number of particles incident on the face of the foil (s = u). 
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37. The precise masses in the reaction 
pt+F¥ oa + ols 
have been determined by mass spectrometer measurements and are 
Mp = 1.00783 amu Ma = 4.00260 amu 
mp = 18.99840 amu mo = 15.99491 amu 


` Calculate the Q of thé reaction from these data and compare with the Q calculated in | 
Example 6 from reaction studies. 
38. An elementary particle called Z7, at rest in a certain reference frame, decays 
spontaneously into two other particles according to 
D-r +n 
The masses are 
myr- = 2340.5m, 
Mr- = 273.2m, 
ma = 1838.65m, 


where me is the electron mass. (a) How much kinetic energy is generated in this 
process? (b) Which of the decay products (x^ and n) gets the larger share of this- 
kinetic energy? Of the momentum? 


Rotational Kinematics 


CHAPTER 11 


11-1. Rotational Motion 3 


: So far we have dealt mostly with the translational motion of single par- 
ticles or of rigid bodies, that is, of bodies whose parts all have à fixed rela- 
No real body is truly rigid, but many bodies, such 


tionship to each other. 
d enough so that, in many 


as molecules, steel beams, and planets, are rigi 
problems, we can ignore the fact that they warp, bend, or vibrate. As 
Fig. 3-1 shows, a rigid body moves in pure transtation if each particle of the 
body undergoes the same displacement as every other particle in any-given lime 


interval. 
terested in rotation. For the time being we 


In this chapter we are in 
again restrict ourselves to single particles and to rigid bodies, which means 


that we shall not consider such rotational motions as those of the solar 
system or of water in a spinning beaker. We shall also deal only with 
rotation about axes that remain fixed in the reference frame in which we 
observe the rotation. : ` 

Figure 11-1 shows the rotational motion of a rigid body about a fixed 
axis, in this case the z-axis of our reference frame. Let P represent a 


particle in the rigid body, arbitrarily selected and described by the position 
re rotation if every 


vector r. We then say that: A rigid body moves in pw 
1) moves in a circle, the centers of 


rotation (the z-axis in Fig. 11-1). 
the body to the axis, each 
given time interval as 
tation of a rigid body 


particle of the body (such as P in Fig. 11- 
which are on a straight line called the axis of 
If we draw a perpendicular from any point in 
such line will sweep th. ough the same angle in any 
another such line. Thus we can describe the pure ro 
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Fig. 11-1 A rigid body rotating about 
the z-axis. Each point in the body, 
such as P, describes a cirele about this 
axis. 


translationally we need, in the most g 


* 


t> 


make it up. (We must rule out, 


however, particles that are on the 


axis of rotation. Why?) 
The general motion of a rigid 


body is a combination of transla- . 


tion and. rotation however, rather 
than one of pure rotation. We 
can locate a rigid body that is mov- 
ing in pure translation by giving 


the three coordinates z, y, z of any - 


point in it (its center of mass, say) 
in a particular reference frame. 


For a body that rotates as it moves- 
eneral case, three more coordinates, 


such as angles, to specify the orientation of the body with respect to the 


reference frame. 


Figure 11-2 (see also Fig. 9-1) shows a special case of 
rigid body moticn combining translation and rotation. 


The figure is an 


extension of Fig. 3-1 in which the body now rotates as it moves transla- 
tionally. To locate this body we must not only locate point O.in the body 


in the zy reference frame but we must also say how the z'/y' reference | 
is oriented with respect to the zy frame. — 
describe the translational motion of any 


frame, which is fixed in the body, 
As we saw in Chapter 9 we can 


system of particles—whether rigid or not—whether rotating or not—by 


imagining that all of the mass M of the body is concentrated at the center — 


Fig. 11-2. A rigid body moving in combined translationa] and rotational motion as 


seen from reference frame z,y. Notice tha 


t the reference frame fixed on the body 


(z^, y^) changes its orientation with respect to z, y as the motion proceeds. Compare 


with Figs. 3-1 and 9-1. This figure 


; rois 1 represents a special case in that the translational 
motion occurs in two dimensions only (the zy plane) and the rotational motion occurs ' 


about an axis that maintains a fixed direction (the z/-axis). 


E 


- 


Chap. 11 


by considering the motion of any i 
one of the particles (such as P) that | 
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of mass and that F. the resultant of the external forces acting on the 
body, acts at this point. The acceleration of the center of mass is then 
given by Eq. 9-10 or Fixe = Ma. It is very helpful to be able to repre- 


- gent the translational motion of a rigid body by the motion of a single 


point—its center of mass; all that is left is to determine its rotational 
motion. We shall discuss such combined translational and rotational 
motions in the next chapter. This will be simpler to do after we have 


studied pure rotation about a fixed axis. 

We now return, therefore, to the pure rotation of a rigid body about & 
fixed axis (Fig. 11-1). First, we must describe the rotational motion. We . 
aties; we must define the variables of 


call this description rotational kinem: 
angular motion and relate them to each other, just as in particle kinematics 


les of translational motion and related them to each 


we defined the variab 
other, The next part of our program is to relate the rotational motion of 
This is rota- 


a body to the properties of the body and of its environment. 
In this chapter we study the kinematics of rotation. 


tional dynamics. 
+ chapter. 


We develop the dynamics of rotation in the nex 


31-2 Rotational Kinematics—the Variables 


In Fig. 11-1 let us pass à plane through P at right angles to the axis of 
rotation. This plane, which cuts through the rotating body, contains the 
circle in which particle P moves. Figure 11-3 shows this plane, as we look 
downward on it from above, along the z-axis in Fig. 11-1. 


We can tell exactly where the entire rotating body is in our reference 
(P) of the body in this 


frame if we know the location of any single particle 

Thus, for the kinematics of this problem, we need only consider 
a particle in à circle. 
the angular position of particle P with 
bitrarily choose the positive sense 


frame. 
the (two-dimensional) motion of 

he angle @ in Fig. 11-3 is 
respect to the reference position. We ar 


Jis 


Fig. 11-3 A cross sectional view 
of the rigid body of Fig. 11-1, 
showing point P and vector t of 
that figure. Point P, which is 
fixed in the rotating body, rotates 
counterclockwise about the origin 
in a circle of radius r. 
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of rotation in Fig. 11-3 to be counterclockwise, so that 4 increases for 
counterclockwise rotation and decreases for clockwise rotation. 

It is convenient to measure 6 in radians* rather than in degrees. By 
definition @ is given in radians by the relation 


0 = s/r, 


in which s is the arc length shown in Fig. 11-3. 

Let the body of Fig. 11-3 be rotating counterclockwise. At time ¢; the 
angular position of P is 9, and ata 
later time 4» its angular position is 0, 
This is shown in Fig. 11-4, which gives - 
the positions of P and of the posi- 
tion vector r at these times; the out- 
line of the body itself has been omitted 
in that figure for simplicity. The 
angular displacement of P will be 
0$ — 01 = A0 during the time inter- 
val t — t;.= At. The average angular 
speed à of particle P in this time inter- 
val is defined as 


T RENT 
6 = —— = — 
Fig. 11-4 The reference line r f2—t At 


(= OP), fixed in the body of Figs. t d B 
11-1 and 11-3, is displaced NE us The instantaneous angular speed w 


angle A89(— 0 — 8j) in time at defined as the limit approached by this 


(2t—1). . i ratio as At approaches zero: 
8 [] 
e - lim 26.29 — (4) 


rotation rotate through the same angle in the same time, so that the angu- 
lar speed w about this axis is the same for each particle in the body. Thus o 
is characteristic of the body as a whole. Angular speed has the dimensions’ 
of an inverse time (T~); its units are commonly taken to be radians/sec 


If the angular speed of P is not, constant, then the particle has an angular 
acceleration. Let v; and wz be the instantaneous angular speeds at the 
times t, and t, respectively: then the average angular acceleration a of the 


Particle P is defined as 
9-9) Aw 
tə — tı At 


S radian is a pure number, having no physical dimension since it is the ratio 


of two lengths, Since the circumference of a cirele of radius r is 2r, there are 
2v radians In a complete circle, that is, 0 = 2zr/r = 2r. Therefore 27 radians = 
60°, 7 radians = 180°, and 1 radian ~ 57.3*. j 
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The instantaneous angular acceleration is the limit of this ratio as At ap- 
proaches zero, or 


(11-2) 


Because w is the same for all particles in the rigid body, it follows from 
Eq. 11-2 that œ must be the same for each particle and thus a, like w, is a 
characteristie of the body 8s a whole. Angular acceleration has the 
dimensions of an inverse time squared (T^ 2); its units are commonly taken 
to be radians/sec? or rev/sec . ] 

The rotation of a particle (or à rigid body) about a fixed axis has a formal 
correspondence to the translational motion of a particle (or a rigid body) 
along a fixed direction. The kinematical variables are 6, w, and æ in the 
first case and z, v, and a in the second. These quantities correspond in 
pairs: 0 to z, c to 9, and atoa. Note that the angular quantities differ 
dimensionally from the corresponding linear quantities by a length factor. 
Note, too, that all six quantities may be treated as scalars in this special 
case. For example, a particle at any instant can be moving in one direc- 
tion or the other along its straight-line motion, corresponding to à positive 
r v; similarly a particle at any instant ean be rotating 


or à negative value fo 
corresponding to & positive 


in one direction or another about its fixed axis, 


or a negative value for o. pals 
When, in translational motion, we remove the restriction that the 


motion be along a straight line and consider the general case of motion 
in three dimensions along à curved path, the linear variables x, v, and a 
reveal themselves as the scalar components of the kinematic vectors r, V, 
and a. In Section 11-4, we shall see to what extent the rotational kine- 


matic variables reveal themselves as vectors when we remove the restriction 
of a fixed axis of rotation. 


11-3 Rotation with Constant Angular Acceleration 
rticle or a rigid body along & fixed direc- 
tion, such as the z-axis, We have seen (in Chapter 3) that the simplest type 
of motion is that in which the acceleration a is zero. The next simplest 
type corresponds to a,— & constant (other than zero); for this motion we 
derived the equations of Table 3-1, which connect the kinematic variables 
z, v, a, and ¢ in all ssible combinations. ? i 
For the Be E E of a particle or & rigid body around a fixed axis 
the simplest type of motion is that in which the angular acceleration a y 
zero (such as uniform circular motion). The next simplest type o 
motion, in which a — & constant (other than zero), corresponds exactly to 
linear motion with a = a constant (other than zero). As before, we can 
derive four equations linking the four kinematic variables 0, c, at, and s 
all possible combinations. The student can either derive these angu "à 
equations by the methods used to derive the linear equations (see aa 
2) or he may write them down at once by substituting corresponding 


For translational motion of a pa 
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angular quantities for the linear quantities in the linear equations. 

We list both sets of equations in Table 11-1, having chosen zo = 0 
and ĝo = 0 in these relations for simplicity. Here wọ is the angular speed 
at the time t= 0. The student should check these equations dimension- 
ally before verifying them. Both sets of equations hold not only for 
particles but also for rigid bodies. 


Table 11-1 
Motion WITH CONSTANT LINEAR OR ANGULAR ACCELERATION 


Translational Motion Rotational Motion 


. (Fixed Direction) (Fixed Axis) 
(3-12) v — vo +at 0 = oy + at (11-3) 
(8-14) m TIU M ato, (11-4) 
(8-15) . x = vot + dal? 6 = wot + dat? (11-5) 
(8-16) v = 2 + are. ^ o*- wy? + Qed (11-6) 


mus M E CUN ML PHA TU Ee a, er 


For the angular quantities, we arbitrarily select one of the two possible 
directions of rotation about the fixed axis as the direetion in which 6 is 
increasing. From Eq. 11-1 (w = d@/dt) we see that if 0 is increasing with 
time is positive. Similarly, from Eq. 11-2 (a = dw/dt), we see that if w 
is increasing with time «is positive. There are corresponding sign conven- 
tions for the linear quantities. 


> Example 1. A grindstone has a constant angular acceleration œ of 3.0 
radians/sec?. Starting from rest a line, such as OP in Fig. 11-5, is horizontal. 
Find (a) the angular displacement of the line OP (and hence of the grindstone) 
and (b) the angular speed of the grindstone 2.0 sec later. 
(a) œ and t are given; we wish to find 6. 

Hence, we use Eq. 11-5, 


0 = wot + iot". 


At t = 0, we have w = wo = 0 and a = 3.0 
radians/sec?.. Therefore, after 2.0 sec, 


8 = (0)(2.0 sec) + 3 (3.0 radians/sec?) 
(2.0 sec)? — 6.0 radians — 0.96 rev. 


(b) a and t are given; we wish to find w. 
Hence we use Eq. 11-3 3 


Fig. 11-5 Example 1. The line o = wo + ot, 
OP is attached to a grindstone ro- and 

tating as shown about an axis 
„through O that is fixed in the o = 0 + (3.0 radians/sec?) 

reference frame of the observer. Ex (2.0 sec) — 6.0 radians/sec. 
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Using Eq. 11-6 as a check, we have 
w? = wo? + 2a6, 
w? = 0 + (2)(8.0 radians/sec*) (6.0 radians) = 26 radians?/sec?, 
w = 6.0 radians/sec. 


Example 2. Derive the equation w = wo - ot for constant angular accelera- à 


tion. í 
(a) Starting from the definition of angular acceleration, 


dw 
c= ae 
we have 
a di = dw 
or 
fadt = fdw. 
But a is a constant, so that ? 
af dt = f de. 


"If at t = 0 we call the angular speed wo, then 


a frate fte 


al = w — Wo 


or 


and 
É " o = ceo t at. 

(b) We can also derive the result by making use of the fact that the average 
&cceleration equals the instar.taneous acceleration when the acceleration is eon- 
stant. The average acceleration is : 

A Qu Et 
AEN Dn 


For constant acceleration we have a = A. Letting (o = 0, we obtain 


29-9 
s t 
or 
w = o + at. 
The student should compare this derivation with that of the corresponding linear 
relation v = vo + at in Section 3-8. < 


11-4 Rotational Quantities as Vectors . 


The linear displacement, velocity, and acceleration are vectors. The 
corresponding angular quantities may be Vectors also, for in addition to a 
magnitude we must also specify a direction for them, namely the direction 
of the axis of rotation in space. Because we considered rotation only 
about a fixed axis, we were able to treat 6, w, and a as scalar quantities. If 
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Fig. 11-6 (a) A book rotated 01 (90° as shown about a ve: 
as shown about 2 north-south axis) has a differen 
through 0» and then 6i. This prop 
under addition: 01 + 0» # 02 + 01. (b) The middle 
angular displacements are smaller, being 45°, Although the final orientations still 
differ, they are much nearer each other. (c) The lower group repeats the experiment for 
20° displacements. We see here that 01 + 02 = 62+ 6). As 01, 02 0, the final posi- 
tions approach each other. Finite angles under addition tend to commute as the angles 


become very small. Infinitesimal angles do commute under addition, making it 
possible to treat them as vectors. 


rtical axis) and then 6» (90° 
t final orientation than if rotated first 
erty is called the noncommutivity of finite angles 


group is the same except that the 
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the direction of the axis changes, however, we can no longer avoid the 
question "are rotational quantities vectors?" We can find out only by 
seeing whether or not they obey the laws of vector addition. 

Let us discuss first the angular displacement 0. The magnitude of the 
angular displacement of a body is the angle through which the body turns. 
Angular displacements, however, are not vectors because they do not add 
like vectors. For example, give two successive rotations 6; and 65 to a 
book which initially lies flat on a table. Let rotation 60; be a 90? clockwise 
turn about a vertical axis through the center of the book as we view it from 
above. Let 0» be a 90° clockwise turn about a north-south axis through 
the center of the book as we view it looking north. In one case, apply 
operation 6; first and then 0». In the other case, apply operation 6» first 
and then 6;. The student should try this for himself. Now, if angular 
displacements are vector quantities, they must add like vectors. In par- 
ticular, they must obey the law of vector addition 6; + 05 = 0» + 6), 
which tells us that the order in which we add vectors does not affect their 
sum. This law fails for finite angular displacements (see exercise above 
and also Fig. 11-6a). Hence finite angular displacements are not vector 
quantities. SEN 

Suppose that instead of 90° rotations we had made 3? rotations. The 
result of 0; + 05 would still differ from the result of 6. + 6, but the differ- 
enee would be much smaller. In fact, as the two angular displacements 
are made smaller, the difference between the two sums disappears rapidly 
(Fig. 11-6b,c). If the angular displacements are made infinitesimal, the 
order of addition no longer affects the result. Hence infinitesimal angular 
displacements are vectors. 

Quantities defined in terms of infinitesimal angular displacements may 
themselves be vectors. For example, the angular velocity is o = d6/dt. 
Since d@ is a vector and dí a scalar, the quotient isa vector. Therefore the 
angular velocity is a vector. In Fig. 11—7a, for example, we represent the 


o 


(a) 


Fig. 11-7 Theangular velocity w of (a) a rotating rigid body and (b) a rotating particle, 
about a fixed axis. 
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angular velocity œ of the rotating rigid body by an arrow drawn along the 
axis of rotation; in Fig. 11-7b we represent the rotation of a particle (such 
as P in Fig. 11—7a) about a fixed axis in just the same way. The length of 
the arrow is made proportional to the magnitude of the angular velocity. 
The sense of the rotation determines the direction in which the arrow points 
along the axis. By convention, if the fingers of the right-hand curl around 
the axis in the direction of rotation of the body, the extended thumb points 
along the direction of the angular velocity veetor. For the rigid body of 
Fig. 11-1, therefore, the angular velocity vector will be in the posiiise 
a-direction. In Fig. 11-3, e will be perpendicular to the page pointing 
, up out of the page, corresponding to the counterclockwise rotation. The 
angular velocity of the turntable of a phonograph is a vector pointing 
‘` down. Notice that nothing moves in the direction of the angular velocity 
. vector. The vector represents the angular velocity of the rotational motion 
‘taking place in the plane perpendicular to it. : 
Angular acceleration is also a vector quantity. This follows from the 
definition a = dw/dt, in which do is a vector and dé » scalar. Later we 
“shall encounter other rotational quantities that are veciors, such as torque 
and angular momentum. y 


P Example 3. A disk spins on a horizontal shaft mounted in bearings, with an 
` angular speed c of 100 radians/see as in Fig. H1-8a. The entire disk and shaft 
assembly are placed on a turntable rotating about a vertical axis at we = 30.0 
‘radians/sec, counterclockwise as we view it from above. Describe the rotation 
of the disk as seen by an observer in the room. 


Fig. 11-8 (a) A spinning disc on a rotating turntable. (b) The angular velocities add 
like vectors. 


The disk is subject to two an 
its resultant motion by the vecti 
associated with the shaft rotati 


about an axis that is not fixed but, as seen by an observe: 
a horizontal plane at 30 radians/sec, 


2 Pa RRA CRI e Ee E XE [pU 
© = Vai + of = V/(10 radians/sec)! + (30.0 radians/sec) 
— 104 radians/sec. : ‘ 
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The direction of @ is not fixed in our observer's reference frame but rotates at the 
same angular rate as the turntable. The vector @ does not lie in the horizontal 
plane but points above it by an angle 6 (see Fig. 11-85), where 


@ = tan^! w/w, = tan™ (30.0 radians/sec)/(100 radians/sec) 
tan! 0,300 = 19.7? us 


We can describe the motion of the disk as a simple rotation about this new axis 
(whose direction in our observer's reference frame is changing with time as described 
above) at an angular rate of 104 radians/sec. How would the situation change if 
the direction of rotation of the disk, or of the turntable, were changed? 4 


11-5 Relation between Linear and Angular Kinematics for a Particle in 
Circular Motion—Scalar Form i 


In Sections 4-4 and 4-5 we discussed the linear velocity and acceleration 
of a particle moving in a circle. When a rigid body rotates about a fixed 
axis, every particle in the body moves in a circle, Hence we can describe 
the motion of such a particle either in linear variables or in angular vari- 
ables. The relation between the linear and angular variables enables us to 

pass back and forth from one description to another and is very useful. 

D Consider a particle at P in the rigid body, à distance r from the axis 
through O. This particle moves in a circle of radius r as the body rotates, 
as in Fig. 11-Qa. The reference position is Oz.. The particle moves 
through a distance s along the are when the body rotates through an angle 


8, such that M 
3 = or FEASA- 


where 9 is in radians. —— à 
Differenuating both sides of this equation with respect to the time, and 


Fig. 11-9 (a) A rigid body rotates ‘about a fixed axis through O perpendicular to the 
page. The point P sweeps out an are s which subtends an angle @. (b) The accelera- 
tion a of point P has components ar (tangential) where ar = ar and ar (radial) where 
ag = v*/r = o?r (w = angular speed). 
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noting that r is constant, we obtain 


de ode, 
as dt 5 
But ds/dt is the linear speed of the particle at P and dé/di is the angular 
speed «of the rotating body so that 
v = wr. (11-8) 


This is a relation between the magnitudes of the linear velocity and the 
angular velocity; the linear speed of a particle in circular motion is the 
product of the angular speed and the distance r of the particle from the 
axis of rotation. \ 

Differentiating Eq. 11-8 with respect to the time, we have 


d 
d a^ 
But dv/dt is the magnitude of the tangential component of acceleration of 


the particle (see Section 4-5) and dw/dt is the magnitude of the angular 
acceleration of the rotating body, so that 


ar = or. (11-9) 


Hence the magnitude of the tangential component of the linear acceleration 
` of a particle in circular motion is the product of the magnitude of the 
angular acceleration and the distance r of the particle from the axis of 
rotation. : 4 
We have seen that the radial component of acceleration is v?/r for a 
particle moving in a circle. This can be expressed in terms of angular 
speed by use of Eq. 11-8. We have 


to 


= or. (11-10) 


e deb eA of point P is shown in Fig. 11-9b. 

quations 11-7 through 11— i i 

point cits ER xi s 10 enable us to describe the motion of one 
or in linear variables. 
when we are already 
answer is that the an 
linear description wh 
considered. Different 


By the use of angular variables we 
a whole in a simple way. 


> E i i 
d ae ae Y = radius of the grindstone of Example 1 is 0.50 meter, calcu- 
m angential speed. of a particle.on the rim, (b) the tangential 
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acceleration of a particle on the rim, and (c) the centripetal acceleration of a par- 
ticle on the rim, at the end of 2.0 sec. 

We have a = 3.0 radians/sec?, w = 6.0 radians/sec after 2.0 sec, and r = 0.50 
meter. Then, 


(a) v = or 

= (6.0 radians/sec) (0.50 meter) 

= 3.0 meter/sec (linear speed); 
(b) ar = ar 


= (3.0 radians/sec?) (0.50 meter) 
= 1.5 meters/sec? (tangential acceleration); 


(c) ar = v?/r = wr 
= (6.0 radians/sec)?(0.50 meter) 
= 18 meters/sec? (centripetal acceleration). 


(d) Are the results the same for a particle halfway in from the rim, that is, at 
r = 0.25 meter? 

The angular variables are the same for this point as for a point on the rim. 
That is, once again 


| a = 3.0 radians/sec?, ^ « = 6.0 radians/sec. 
But now r = 0.25 meter, so that for this particle 
v = 1.5 meters/sec, ar = 0.75 meter/sec?, ar = 9.0 meters/sec?. «4 


11-6 Relation between Linear and Angular Kinematics for a Particle in 
Circular Motion—Vector Form 


The student should notice that the relations deduced in the previous section are 
relations between scalar quantities, both the linear and angular variables being 
expressed in scalar form. Let us now use vector methods, making an analysis 
essentially like that of Section 4-5 except that we now introduce the angular varia- 
bles. This will illustrate, for a familiar case, the more general approach and pre- 
pare the way for situations in which vector methods are essential. 

Figure 11-10a shows a particle P, rotating about a fixed axis through the origin, 
at times ¿and t + At. The particle moves in a circle of constant radius r; beyond 


Aug 
Au, u(t) 
u,(t) u(t + At) 
VA (t) ug(t + At) 40 
A0 
x 
l (a) ` (b) (c) 


Fig. 11-10 (a) The particle P rotates through an angle A0 in time At. The unit 
vectors, in polar coordinates, are shown at each point. (b) The change in u,; note that 
Au,, as A8 — 0, points in the direction of ug. (c) The change in ue; note that Aue, as 
A0 — 0, points in the direction of —ur. 
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this there are no restrictions on its motion and in general w and a may have values 
that vary as the particle moves. We ean express the restriction to a constant 
radius by 


r = uj, (11-11) 


in which u, is a unit vector in the direction of r. 
*Differentiating Eq. 11-11, remembering that r (but not r or u,, since their 
direetions change) is a constant, we have 


ar om (11-12) 


3 d dt 


Now dr/dt is v, the linear velocity of the particle. To evaluate du,/dt, consider 
Fig. 11-10, which shows the unit vector u, for two different positions of P, cor- 
responding to a rotation through a-(small) angle A0. Using the definition of angu- 
^ measure in radians we obtain the magnitude of the (vector) change Au, in ur 
rom 


Au, = (1) A60, 


in which the factor (1) reminds us that the two unit vectors in Fig. 11-10b have 
unit length. The above equation will be correct if A0 is small enough so that we 
ran neglect the difference between the chord and the are in the small triangle in 
Fig. 11-105. . The change in u, is a vector, Au,, whose magnitude is given by the 
above equation; its direction, again assuming that A0 is small enough, is given by 
the unit vector ug. This follows because, if Au, in Fig. 11-10b is translated to 
point P in Fig. 11-10a, we see that, as A — 0, it points in the direction of us. 
Thus we find 
Au, = u, AQ. 
Dividing by At and allowing At to approach zero, we have 


du, dð 
di = "vd = Ugw. (11-13) 


Substituting these results into Eq. 11-12 yields, then, 
y = uwr. (11-142) 
The scalar relationship that corresponds to this is 
; v= or : (11-140) 


and is one of the relationships, obtained before, connecting the linear speed v of a 

particle in cireular motion with its angular speed w. 

b To find the relation between linear and angular acceleration we differentiate 
q. 11-14a, remembering that r 1s à constant although us and w vary. We have 


du, 
di r. 


Now dv/dt = a, the linear acceleration of the particle and dw/dt = o, its angular 


acceleration. From Fig. 11-10e th i ivati ) 
obe p. ^ ie Et E e student, guided by the derivation of Eq. 


di !d rco (11-15) 


dug 
q cues (11-16) 


The 
Pow 


minus sign comes in because when we translate Aug in Fi i 
iik IE we. ue in Fig, 11-10c to point 
e see that. as A8 — 0, it points radially inward, in the direction opposite to ur. 
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Making these substitutions into Eq. 11-15 yields 
a = war — uw’. : 111-37) 


Thus, as we know from Section 4-5, a has a radial (or centripetal) component a» 
and a tangential component az. Their magnitudes, from Eq. 11-17, are 


ay = ar X ^ (11-18a) 


and (using Eq. 11-145) 3 
- GR = or vr. (11-185) 


This last is the familiar result derived in Section 4-4. In Supplementary Topie I 
we derive the relations between the linear and angular kinematic variables for a 
particle free to move in a plane but not restricted to circular motion, Equations 
11-14a and 11-17 will prove to be special cases of the more general relationships 
derived there. 

Equations 11-14a and 11-17 are relations between the linear kinematic variables 
in vector form and the angular kinematic variables in scalar form. | We should be . 
able to derive relationships in which each set of variables is expressed in vector 
form, Letusdosonow. This will be 
especially useful in cases where the axis 
of rotation is not fixed, : z 

Figure 11-11 shows the vectors 1, v, | E 
ar, ar, œ, and a for the rotating par- 
ticle of Fig. 11-75. The angular quan- 
tities are on the axis of rotation, 
pointing in the direction given by the 
right-hand rule of page 25. We de- 
clare—and shall prove—that the reia- 


tionships we seek are y 
y=@xXr . (1-19) 
and : 
a=artar, (11-200) á A 
in which 
d X : Fig. 11-11 The directions of the’ vec~ 
arca Xr and ar=®Xy tors r, v, ar, a 2, Q and a for a particle 


(11-20b) rotating in a circle about the z-axis, 


In Section 2-4 (which the student 
should now reread) we defined the veetor 
product of two vectors. If e = a X b, then the magnitude of c is ab-sin $, where 
¢ is the angle between a and b. In applying this part of the definition to Eqs. 
11-19 and 11-20 we note (see Fig. 11-11) that œ and r, œ and v, and æ and r are 
each mutually perpendicular; thus thé angle @ for each of these three pairs of 
vectors is 90°, In Eq. 11-19 we have, for magnitudes 


v = wr sin 90° = wr, 
which is exactly Eq. 11-14b. In Eqs. 11-205 we have, for magnitudes 
ar = wv = w(wr) = wr 


and 
ar = ar. 


These relations agree with Eqs. 11-18) and a exactly. P 
It remains to be seen whether directions are correctly given by Eqs. 11-19 and 
11-20b. For the vector product e = a X b, Fig. 2-12 shows that the direction of 
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c is found by sweeping a into b through the (smaller) angle between them with the 
fingers of the right hand; the extended right thumb then points in the direction of 
c. The student can readily check that, in Fig. 11-11, the directions of the vectors 
v, ar and ap are indeed correctly given by Eqs. 11-19 and 11-20b. 


QUESTIONS 


/ 


1, In Section 11-1 it was stated that, in general, six variables are required to locate a 
rigid body with respect to a particular reference frame. How many variables are 
required to locate the body of Fig. 11-2 with respect to the z-y frame shown in that 
figure? If this number is not six, account for the difference. 


2. An irregular body is free to rotate about its center of mass which is placed at the 
origin of a reference frame. How would you specify its orientation? 
3. Could the angular quantities 6, w, and « be expressed in terms of degrees instead of 
: radians in the kinematical equations? 


4. Explain why the radian measure of angle is equally satisfactory for all systems of 
units. Is the same true for degrees? 


5. What is the angular speed of the second hand of a watch? Of the minute hand? 
Could you conveniently express the motion of these hands in terms of linear variables? 


6. How could you express simply the relationship between the angular velocities of a 
pair of gears which are coupled? 


7. A wheel is rotating about an axis through its center perpendicular to the plane of 
the wheel. Consider a point on the rim. When the wheel rotates with constant angular 
velocity, does the point have a radial acceleration? A tangential acceleration? When 
the wheel rotates with constant angular acceleration, does the point have a radial accelera- 
tion? A tangential acceleration? Do the magnitudes of these accelerations change? 


8. Suppose you were asked to determine the equivalent distance traveled by a phono- 
graph needle in playing, say, a 12-in., 334 rpm record. What information do you need? 
Discuss from the points of view of reference frames (a) fixed in the room, and (b) fixed 
on the rotating record. 


9. (a) Describe the vector that would represent the angular velocity of the earth 
rotating about. its axis. (b) Describe the vector that would represent the angular 
velocity of the earth rotating about the sun. 


10. It is convenient to picture rotational vectors as lying along the axis of rotation. 
Is there any reason why they could not be pictured as merely parallel to the axis, but 
located anywhere? Recall that we are free to slide a displacement vector along its own 
direction or translate it sideways without changing its value. 


11. In a centrifuge particles will tend to separate from the fluid in which they are 
suspended if their density (mass/volume) differs from that of the fluid. Discuss the 
dynamical principles upon which the operation of a centrifuge depends. View the 
Situation from both an inertizl (laboratory) frame and a noninertial (rotating) frame. 


12.* A marksman stands at the center of a merry-go-round firing at a target fixed to a 
post on its outer perimeter, How, if at all, must the man take into account the (con- 
stant) angular velocity of the merry-go-round if he is to hit the target? What if the 
positions of marksman and target were reversed? 

13.* A man on a merry-go-round rotating at constant angular velocity w releases a 
cake of ice that he had been holding fixed to the merry-go-round at a radial distance 
ro from the center. Describe the motion of the ice in the reference frame of (a) a 


ground observer and (b) the man on the m icti 
nu eu D E erry-go-round. Neglect frictional forces 


* See Supplementary Topic I, 
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14.* A man on a rotating merry-go-round kicks a cake of ice outward along a radial 
line. What is its subsequent motion as seen by an observer (a) on the merry-go-round, 
and (b) on the ground? Assume that frictional forces may be neglected. 


PROBLEMS 


1. A phonograph record on a turntable rotates at 33 rev/min. What is the linear 
speed of a point on the record at the needle at (a) the beginning and (b) the end of the 
recording? The distances of the needle from the turntable axis are 5$ and 27 in., 
respectively, at these two positions. 

2. A solar day is the time interval between two successive appearances of the sun ` 
overhead at a given longitude, that is, the time for one complete rotation of the earth 
relative to the sun. A sidereal day is the time for one complete rotation of the earth 
relative to the fixed stars, that is, the-time interval between two successive overhead 
observations of a fixed direction in the heavens called the vernal equinox. (a) Show 
that there is exactly one less (mean) solar day in a year than there are (mean) sidereal 
days in a year. (b) If the (mean) solar day is exactly 24 hr, how long is a (mean) 
sidereal day? 

3. One method of measuring the speed of light makes use of a rotating toothed 
wheel. A beam of light passes through a slot at the outside edge of the wheel, as in 
Fig. 11-12, travels to a distant mirror, and returns to the wheel just in time to pass 
through the next slot in the wheel. One such toothed wheel has.a radius of 5.0 cm and 
500 teeth at its edge. Measurements taken when the mirror was 500 meters from the 
wheel indicated a speed of light of 3.0 X 105 km/sec. (a) What was the (constant) 
angular speed of the wheel? (b) What was the linear speed of a point on its edge? 


Mirror 


Fig. 11-12 


4. The angular speed of an automobile engine is increased from 1200 rpm to 3000 rpm 
in 12 see. (a) What is its angular acceleration, assuming it to be uniform? (b) How 
many revolutions does the engine make during this time? 

5. A phonograph turntable rotating at 78 rev/min slows down and stops in 30 sec 
after the motor is. turned off. (a) Find its (uniform) angular acceleration. (b) How 
many revolutions did it make in this time? 

6. A wheel has a constant angular acceleration of 3.0 radians/sec?. In a 4.0-sec 
interval it turns through an angle of 120 radians, Assuming the wheel started from 
rest, how long had it been in motion at the start of this 4.0-sec interval? 


* See Supplementary Topic I. 
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1 i i is i ing down because of friction in its 
7. A heavy flywheel rotating on its axis is slowing beca J 
bearings. ae the end of the first minute its angular velocity is 0.90 of its angular 
velocity wo at the start. Assuming constant frictional forces, find its angular velocity 
at the end of the second minute. - 3 
8. The angle turned through by the flywheel of a generator during a time interval £ is 
given by 


6 = at + bi* — ct, 


where a, b, and c are constants. What is the expression for its angular acceleration? 
9. A body moves in the z-y plane such that z = R cos wtand y = Rsin wt. Here x 
and y are the coordinates of the body, t is the time, and R and w are constants. (a) 
Eliminate t between these equations to find the equation of the curve in which the body 
moves. What is this curve? What is the meaning of the constant w? (b) Differ- 
entiate the equations for z and y with respect to the time to find the z and y components 
of the velocity of the body, vz and vy. Combine v, and vy to find the magnitude and 
direction of v. Describe the motion of the body. (c) Differentiate vs and vy with 
respect to the time to obtain the magnitude and direction of the resultant acceleration. 
10. A wheel rotates with an angular acceleration a given by 


a = 4al? — 3bi?, 


Where £ is the time and a and b are constants. If the wheel has an initial angular speed 


wo, Write the equations for (a) the angular speed and (b) the angle turned through as 
functions of time. 


11. The earth’s orbit about the sun, although elliptical, is almost a circle. (a) Calcu- 


late the angular velocity of the earth (regarded as a particle) about the sun and its 


average linear speed in its orbit. (b) What is the centripetal acceleration of the earth 
with respect to the sun? 


12. (a) What is the angular speed about the polar axis of a point on the earth’s 
surface at a latitude of 45° N? What is the linear speed? (6) How do these compare 
with the similar values for a point at the equator? 


13. What is the ratio of the centripetal acceleration, associated with the earth’s rota- 
tion, of a point on the equator, to the centripetal acceleration of the earth itself, associ- 
ated with its motion around the sun? Assume a circular orbit. 


14, What is the centripetal acceleration of a point on the rim of a 12-in. record 
rotating at 334 rev/min? ; 


15. An automobile traveling 60 miles /hr has wheels of 30-in. diameter. (a) What is 
the angular speed of the Wheels about the axle? 


uniformly in 30 turns, what is the angular acceleration? 
advance during this braking period? 


16. (a) If án airplane Propeller of radius 5.0 ft rotates at 2000 rpm and the airplane is 
propelled At a ground speed of 100 miles /hr, what is the speed of a point on the tip of the 
propeller? (b) What kind of path does this point traverse? 


17. What is the angular speed of a car rounding a circular turn of radius 360 ft at 
30 miles /hr? 


18. A rigid body, Starting at rest, rotates about a fixed axis with constant angular 
acceleration a. Consider a particle a distance r from the axis. (a) Express the radial 
acceleration and the tangential acceleration of this partiele in t 
t and the time. (b) If the res 
' an angle of 60? with the tangen 
through to that instant? 


19. Derive Eq. 11-20 by differentiation of By. 11-19. * 
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20.* An insect of mass 8.0 X 107? gm walks out with a constant speed of 1.6 cm /sec 
along a radial line marked on a phonograph turntable rotating at a constant angular 
velocity of 334 rev/min.: (a) Find the velocity and acceleration of the insect as seen 
by the ground observer when the insect is 12 cm from the axis of rotation. (b) What 
must the minimum coefficient of friction be to allow the insect to get all the way to the 
edge of the turntable (radius = 16 em) without slipping?. (c) In what way are the 
results of (a) and (b) changed if the turntable is given an angular acceleration that 
increases its angular velocity? 

21.* A virus particle in solution in a centrifuge is, at a particular moment, at a dis- 
tance of 6.5 cm from the axis of rotation and moving radially outward at a relatively 
constant speed. The centrifuge is rotating at 55,000 rev/min.  Diseuss the motion 
quantitatively, giving the magnitude of all forces and accelerations as viewed from a 
reference frame (a) rotating with the centrifuge tube and (b) fixed in the laboratory. 


* See Supplementary Topic I. 


Rotational Dynamics | 


CHAPTER 12 


12-1 introduction 


In Chapter 11 we considered the kinematics of rotation. In this chap- 
ter, following the pattern of our study of translational motion, we study 
the causes of rotation, a subject called rotational dynamics. Rotating 
Systems are made up of particles and we have already learned how to apply 
the laws of classical mechanies to the motion of particles. For this reason 
rotational dynamies should contain no features that are fundamentally 
new. In the same way rotational kinematies contained no basic new 
features, the rotational parameters 0, w, and o being related to correspond- 
ing translational parameters +, v, and a for the particles that make up the 
rotating system. As in Chapter 11, however, it is very useful to recast the 
concepts of translational motion into a new form, especially chosen for its 
convenience in describing rotating systems. 

We restricted our kinematical Studies in Chapter 11 to a single but 
important special case, the rotation of a rigid body about an axis that is 
fixed in the reference frame in which we make our measurements. In 
studying rotational dynamies we start from à more fundamental point of 
view; that of a single particle viewed from an inertial reference frame. 
Later we shall generalize to systems of many particles, including the special 
case of a rigid body rotating about a fixed axis, In Chapter 13 we shall 


discuss the rotation of rigid bodies about axes that are not fixed in an 
inertial reference frame. - 


12-2 Torque Acting on a Particle 


In translational motion we associate a force with the linear acceleration 
of a body. In rotational motion, what quantity shall we associate with 
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the angular acceleration of à body? It cannot be simply force because, as 
experiment with à heavy revolving door teaches us, à given force (vector) 
can produce various angular accelerations of the door depending on where 
the force is applied and how it is directed; a force applied to the hinge line 
cannot produce any angular acceleration, whereas a force of given magni- 
tude applied at right angles to the door at its outer edge produces a maxi- 
mum acceleration. 

We shall call the rotational analogue of force torque and shall now define 
it for the special case of a single particle observed from an inertial reference 
frame. Later we shall extend the torque concept to systems of particles 
(including rigid bodies) and shall show that torque is intimately associated 
with angular acceleration. i 

If a force F acts on a single particle at a point P whose position with 
respect to the origin O of the inertial reference frame is given by the dis- 
placenient vector r (Fig. 12-1), the torque acting on the particle with 
respect to the origin O is defined as i 


T-rxF. ‘= (012-1) 
Torque is a vector quantity. Its magnitude is given by 
7 = tF sin 6, (12-2a) 


where 9 is the angle between r and F; its direction is normal to the plane 
formed by r and F. The sense is given by the right-hand rule for the 
vector product of two vectors, namely, one swings r into F through the 
smaller angle between them with the curled fingers of the right hand; the 
direction of the extended thumb then gives the direction of T. 


Torque has the same dimensions as force times distance, or in terms of 


our assumed fundamental dimensions, M, L, T, it has the dimensions 
T d Ao 


Fig. 12-1 A force F is applied 
to a particle P, displaced r rel- 
ative to the origin. The force 
vector makes an angle 0 with 
the radius vector r. The torque 
+ about O is shown. Its direc- 
tion is perpendicular to the 
plane formed by r and F with 
the sense given by the right-hand 
rule. 
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ML'T-?. These are the same as the dimensions of work. ` However, 
torque and work are very different physical quantities. Torque is a 
vector and work is a scalar, for example. The unit of torque may be the 
nt-meter or lb-ft, among other possibilities. 

Notice (Eq. 12-1) that the torque produced by a force depends not only 
on the magnitude and on the direction of the force but also on the point of : 
application of the force relative to the origin, that is, on the vector r. In 
particular, when particle P is at the origin, so that the line of action of F l 
passes through the origin, r is zero and the torque r about the origin is zero. 2n 

We can also write the magnitude of + (Eq. 12-2a) either as j 


j 7 = (rsin 0) F = Fry, (12-2b) 
or as < 


r= (F sin 0) = rF., l (12-2) 


in which, as Fig. 12-2a shows, r, (— r sin 6) is the component of r at right 
angles to the line of action of F, and F + (= F sin 6) is the component of F 


» 


Fig. 12-2. The plane shown is that defined by rand Fin Fi 
of Tis given by Fr, (Eq. 12-25) or by rR (Eq. E y 
direction of +, (e) Reversing r reverses the direction of 
leaves the direction of r unchanged, s 
endieularly out of the figure, the symbol 
ndicularly into th t 


(a) The magnitude 
(b) Reversing F reverses the 
the di T. (d) Reversing F and r 
. The directions of + are represented by © (per- 


representing the tip of an arrow) and by 
e figure, the symbol representing the tail of an arrow). B 


es 
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at right angles to r. Torque is often called the moment of force and r, in 
Eq. 12-206 is called the moment arm. Equation 12-2c shows that only the 
component of F perpendicular to r contributes to the torque. In par- 
ticular, when @ equals 0 or 180°, there is no perpendicular component 
(F, = F sin @ = 0); then the line of action of the force passes through the 
origin and the moment arm r, about the origin is also zero. In this case 
both Eq. 12-2b and Eq. 12-2c show that the torque 7 is zero. 

If, as in Fig. 12-2b, we reverse the direction of F, the magnitude of + 
remains unchanged but the direction of T is reversed. Similarly, if, as in 
Fig. 12-2c, we reverse r, thereby changing the point of application of F, the 
magnitude of + remains unchanged but the direction of 7 is again reversed. 

If, ayin Fig. 12-2d, we reverse both r and F, then both the magnitude 
and the direction of + remain unchanged. These results follow formally 
from the facts that: (1) sin 6 = sin (180° — 6), so that Eq. 12-2a for the 
magnitude of is unaffected; (2) reversing the direction of one vector in a 

' vector product (either r or F) reverses the direction of the product; and 
(3) reversing the directions of both vectors in a vector product (both r 
and F) leaves the direction of the product unchanged. The student should 
verify the directions of + shown in Fig. 12-2, using the right-hand rule. 


12-3 Angular Momentum of a Particle 


We have found linear momentum to be useful in dealing with the transla- 
tional motion of single particles or of systems of particles (including rigid 
bodies). For example, linear momentum is conserved in collisions. For 
a single particle the linear momentum is p = mv (Eq. 9-11); for a system 
of particles it is P = AM v« (Eq. 9-15) in-which M is the total system mass 
and Vem is the velocity of the center of mass. In rotational motion, what is 
the analog of linear momentum? We call it angular momentum and we 
define it. below for the special case of a single particle. Later we shall 
broaden the definition to include systems of particles and shall show that 
angular momentum, as we define it, is as useful a concept in rotational 
motion as linear momentum is in translational motion. - 

Consider a particle of mass m and linear momentum p at a position r 
relative to the origin O of an inertial reference frame (Fig. 12-3). We 
define the angular momentum 1 of the particle with respect to the origin O 


to be 


l=rxp. (12-3) 
Angular momentum is a vector. Its magnitude is given by 
l = rpsin 6, (12-4a) 


where @ is the angle between r and p; its direction is normal to the plane 
formed by rand p. The sense is given by the right-hand rule, namely, one 
swings r into p, through the smaller angle between them, with the curled 
fingers of the right hand; the extended right thumb then points in the direc- 


tion of 1. : 
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Fig. 12-3 A particle of mass m 
is at point P displaced r rela- 
tive to the origin, and has linear 


momentum p. The vector p 
makes an angle 0 with the radius 
vector r. The angular momen- 


tum I of the particle with respect 
to origin O is shown. Its direc- 
tion is perpendicular to the plane 
formed by r and p with the sense 
given by the right-hand rule. 


We can also write the magnitude of 1 either as 


l = (rsin6) p = pr, (12-45) 
or as 


l = r(psin 0) = rp,, (12—4c) 


in which T, (= rsin 0) is the component of r at right angles to the line of 
action of p and p, (= psin @) is the component of p at right angles to r. 
Angular momentum is often called moment of (linear) momentum and r, in 
_ Eq. 12-40 is often called the moment arm. Equation 12-4c shows that only, 
the component of p perpendicular to r contributes to the angular momen- 
tum. When the angle 6 between r and p is 0 or 180°, there is no per- 
pendicular component (p, = p sin 0 = 0); then the line of action cf pP 
passes through the origin and r 1 is also zero. In this case both Eqs. 124b 
and 12-4c show that the angular momentum [ is zero. 
We now derive an important. relation between torque and angular 
momentum. We have seen that F — d(mv)/dt — dp/dt for a particle. 


Let us take the vector product of r with both sides of this equation, 
obtaining 


dp 
xF- E 
r P di 


But r x F is the torque, or moment of a force, about 0.- We can then 


write 
E dp 
T=rxX a (12-5) 
Next we differentiate Eq. 12-3 and obtain 
d d 


di^ at XP. 
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Now the derivative of a vector product is taken in the same way as the 
derivative of an ordinary product, except that we must not change the 
order of the terms. We have 

di dr x pup d dp 

AIR PES Goa 

di ake WE dt 
But dr is the vector displacement of the particle in the time dt so that dr/dt 
is the instantaneous velocity v of the particle. Also, p equals mv, so that 
the equation can be rewritten as t 


dl dp 
FREMDE d 


Now v X mv = 0, because the vector product of two parallel vectors is 
zero. Therefore, í 


dl dp 
AOT (12-6) 
Inspection of Eqs. 12-5 and 12-6 shows that 
7 — dl/di, (12-7) 


which states that the time rate of change of the angular momentum of a 
particle is equal to the torque acting on it. This result is the rotational 
analog of Eq. 9-12, which stated that the time rate of change of the linear 
momentum of a particle is equal to the force acting on it, that is, that 
F = dp/dt. 
Equation 12-7, like all vector equa- 
tions, is equivalent to three scalar 71 I 
equations, namely 


7, = (di/di), Ty  (di/di)y, 
ta = (dl/di),. (12-8) 


Hence, the z-component of the applied. 
torque is given by the z-component of 
the change with time of the angular 
momentum. Similar results hold for 
the y- and z-directions. 


, P Example 1. A particle of mass m is 
released from rest at point a in Fig. 12-4, 


\ 
falling parallel to the (vertical) y-axis. F(= mg), p(= mv) 


(a) Find the torque acting on m at any y 

time ¢, with respect to origin O. (b) Find Hg. 12-4 A particle of. mass m 
the angular momentum. of m at any time drops vertically from point a. The 
t, with respect to this same origin: (c) torque and the angular momentum 
Show that the relation T — dl/dt (Eq. about O are directed perpendicu- 
12-7) yields a correct result when applied larly into the figure, as shown by the 
to this familiar problem. symbol (9 at O. M 


p^ 
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(a) The torque is given by Eq. 12-1 ort = r X F, its magnitude being given by 
T = TF sin 8. 
In this example r sin 0 = b and F = mg so that 
T = mgb = a constant, 


Note that the torque is simply the product, of the force (mg) times the moment 
arm (b). The right-hand rule shows that T is directed perpendicularly into the 
figure, 

(b) The angular momentum is given by Eq. 12-3 or | = r X p, its magnitude 
being given by Te ths 

. l= rp sin 6. 
In this example r sin 0 = b and p = mv = m(gt) so that 
l = mgbt. 

The right-hand rule shows that I is directed perpendicularly into the figure, which 
means that I and T are parallel vectors. The vector I changes with time in magni- 
tude only, its direction always remaining the same in this case. 


(c) Since dl, the change in 1, and r are parallel we ean replace the vector rela- 
tion T = dl/dt by the scalar relation 


7 = dl/dt. 
Using the expressions for 7 and I from (a) and (b) above we have 


d 
7 mgb = à (mgbt) = mgb, 


. which is an identity. Thus the relation T = dl/dt yields correct results in this 
simple case. Indeed, if we cancel the constant b out of the first two terms above 
and if we substitute for gt the equivalent quantity v, we have à 


d 
mg = g. 


Since mg = F and mv = p, this is the familiar result P = dp/di. Thus, as we 
indicated earlier, relations such as T — dl/dt, though often vastly useful, are not 
new basic postulates of classical mechanics but are rather the reformulation of the 
Newtonian laws for rotational motion, 


Note that the values of 7 and 1 depends on our choice of origin, that is, on b. 
In particular, if b = 0, then 7 = 0 and 1 = 0. * 


12-4 Systems of Particles 


Bo far we have talked only about single particles. Let us now consider 
System of many particles. To caleulate the total angular momentum L 
of a system of particles about à given point, we must add vectorially the 
angular momenta of all the individual particles of the system about this 
same point. For a system containing n particles we have, then, 

isn 
LIEREN pnr 
* . i 
iu which the (vector) sum is taken over all particles in the system. 


iJ 


Sec. 12-4 SYSTEMS OF PARTICLES 267 


As time goes on, the total angular momentum L of the system about a 
fixed reference point (which we choose, as in our basic definition of 1 in 
Eq. 12-3, to be the origin of an inertial reference frame) may change. 
This change, dL/dt, can arise from two sources: (1) torques exerted on the 
particles of the system by internal forces between the particles and (2) 
torques exerted on the particles of the system by external forces. 

If Newton’s third law holds in'its so-called strong form, that is, if the 
forces between any two particles not only are equal and opposite but are 
also directed along the line joining the two particles, then the total internal 
torque is zero because the torque resulting from each internat action- 
reaction force pair is zero. 

Hence the first source contributes nothing. For our reference point, 
therefore, only the second source remains, and we can write 


Text = dL/dt, (12-9) 


where Tex; stands for the sum of all the external torques acting on the sys- 
tem, In words, the time rate of change of the total angular momentum of a 
system of particles about the origin of an inertial reference frame is equal to 
the sum of the external torques acting on the system. Later, for convenience, 
in situations in which no confusion is likely to arise, we shall drop the sub- 
script on Text 

Equation 12-9 is the generalization of Eq. 12-7 to many particles. 
When we have only one particle, there are no internal forces or torques. 
This relation (Eq. 12-9) holds whether the particles that make up the 
system are in motion relative to each other or whether they have fixed 
spatial relationships, as in a rigid body. 

Equation 12-9 is the rotational analog of Eq. 9-17 


Fux, = dP/dt (9-17) 


which tells us that for a system of particles (rigid body or not) the resultant 
external force acting on the system equals the time rate of change of the 
linear momentum of the system. 

As we have derived it, Eq. 12-9 holds when r and L are measured with 
respect to the origin of an inertial reference frame. We may well ask 
whether it still holds if we measure these two vectors with respect to an 
arbitrary point (a particular particle, say) in the moving system. In 
general, such a point would move in a complicated way as the body or 
system of particles translated, tumbled, and changed its configuration and 
Eq. 12-9 would not apply to such a reference point. However, if the 
reference point is chosen to be the center of mass of the system, even 
though this point is not fixed in our reference frame, then Eq. 12-9 does 
hold.* "This is another remarkable property of the center of mass. Thus 
we can separate the general motion of a system of particles into the trans- 


* Sée Problem 8 of this chapter and Robert A. Becker, Introduction to Theoretical 


Mechanics, McGraw-Hill Book Co., 1954, Bection 8-4. h 
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lational motion of its center of mass (Eq. 9-17) and rotational motion 
about its center of mass (Eq. 12-9). 


12-5 Kinetic Energy of Rotation and Rotational Inertia 


We shall now confine our attention to an important ‘special case of a 
system of particles, a rigid body. In a rigid body the particles in the 
system always maintain the same positions with respect to one another. 
In studying the rotation of a rigid body we shall consider first the special 
case, often encountered, in which the axis of rotation is fixed* in an 
inertial reference frame. Later we shall investigate more general systems 
and motions. 

Let us now imagine a rigid body rotating with angular speed w about an 
axis that is fixed in a particular inertial fratne, as in Fig. 11-1. Each par- 
ticle in such a rotating body has a certain amount of kinetic energy. A 
particle of mass m at a distance r from the axis of rotation moves in a circle 
of radius r with an angular speed w about this axis and has a linear speed 
v=wr. Its kinetic energy therefore is im»? = }mr’w*. The total 
kinetic energy of the body is the sum of the kinetic energies of its particles. 

If the body is rigid, as we assume in this section, w is the same for all 
particles. The radius r may be different for different particles. Hence 
the total kinetic energy K of the rotating body can be written as 


K = (mr? + mors? + - - )e? = 4 myr;*)o”. 
The term È mjr;' is the sum of the products of the masses of the particles by 


the squares of their respective distances from the axis of rotation. If we 
denote this quantity by J, then 


I =È mr? (12-10) 


is called the rotational inertia, or moment of inertia, of the body with respect 
to the particular axis of rotation. Note that the rotational inertia of a body 
depends on the particular axis about which it is rotating as well as on the shape 
of the body and the manner in which its mass is distributed. Rotational 
inertia has the dimensions ML and is usually expressed in kg-m? or 
slug-ft?, 
In terms of rotational inertia we can now write the kinetic energy of the 
rotating rigid body as 
K = ilo. : (12-11) 


This is analogous to the expression for the kinetic energy of translation of a 


HR : : 
Aire e m we can separate the general motion of a system of particles 
E eas of its center of mass and rotational motion about its center of 
ial nol fot eke si ite of this chapter apply also to rotations about an axis 
es ot ie de Du ial reference frame, provided (1) the axis passes through the 
EAE K bno SE e moving axis always has the same direction in space, that is, 
aie eie > ny to the axis at any other instant. Although we shall 
aT BEN s" in what follows we shall always mean to include this special 
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Fig. 12-5. An experiment to 
show that Ja < Jp < Ie. The 
three lead bodies have the 
same mass M but the mass 
is distributed differently about 
the axis of rotation. 


body, K = $Mv*. We haye already seen that the angular speed w is 
analogous to the linear speed v. Now we see that the rotational inertia 7 is 
analogous to the mass, or the translational inertia M. Although the mass 
of a body does not depend on its location, the rotational inertia of a body 
does depend on the axis about which it is rotating. . 

We should understand that the rotational kinetie energy given by Eq. 
12-11 is simply the sum of the ordinary translational kinetic energy of all 
the parts of the body and not a new kind of energy. Rotational kinetic 
energy is simply a convenient way of expressing the kinetic energy for a 
rotating rigid body. * $ ; i 

Equations 12-10 and 12-11 show that the rotational energy of a body, 
for a given angular speed c, depends not only on the mass of the body but 
also on the way that mass is distributed around the axis of rotation. "The 
experiment shown in Fig. 12-5 makes this convincing. The figure shows 
three identical aluminum shafts, to each of which is attached a body of 
mass M, made of lead. In (a) the mass is very close to the shaft so that 
the quantities r; in Eq. 12-10 for the particles that make up the body are 
relatively small; in (b) the particles are, on the average, farther from the 
shaft and in (c), in which the body is a flywheel, they are still farther, cor- 
responding to still larger values of 7. M 

Now let us twist each handle until each shaft, starting from rest, is 
spinning at the same measured angular speed o. We know from experience ` 
that we shall need to do relatively little work on shaft (a), somewhat more 
work on shaft (b), and still more on shaft (c). In fact, if we were not 
certain which body was attached to which shaft we could label the shafts 
with confidence using this technique. Since the work done on each shaft 
is equal to the kinetic energy 2] imparted to each shaft, the experimental 
result, that Ka < Ky < Ke when each shaft has the same angular speed w, 
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leads to the conclusion that Ig < Ij < I. This is just what we expect 
from the defining equation for J (Eq. 12-10). We shall see in Section 12-6 
that just as the mass M, which we may call the translational inertia, is a 
measure of the resistance a body offers to a change in its translational 

` motion, so J, the rotational inertia, is a measure of the resistance a body 
offers to a change in its rotational motion about a given axis. 


> Example2. Consider a body consisting of two spherical masses of 5.0 kg each 
connected by a light rigid rod 1.0 meter long (Fig. 12-6). Treat the spheres as 
point particles and neglect the mass of the rod. Determine the rotational inertia 
(or moment of inertia) of the body (a) about an axis normal to it through its cen- 
ter at C, and (b) about an axis normal to it through one sphere. 


, 


5 kg C 5 ke Fig. 12-6 Example 2. Calcuiat- 
A : B ing the rotational inertia of a 
r dumbell. 
He 1 meter — à 


(a) If the axis is normal to the page through C, we have 
Ic = Za? = mara? mni 
= (5.0 kg)(0.50 meter)? + (5.0 kg)(0.50 meter)? = 2.5 kg-m?. 
(b) If the axis is normal to the page through A or B, we have 
Ia = mars? + miry? = (5.0 kg)(0 meter)? + (5.0 kg)(1.0 meter)? = 5.0 kg-m?, 
Tp = mar? F mirs? = (5.0 kg)(1.0 meter)? + (5.0 kg)(0 meter)? = 5.0 kg-m?. 


‘Hence the rotational inertia of this rigid dumbbell model is twice as great about an 
axis through an end as it is about an axis through the center. ET 


.For a body that is not composed of discrete point masses but is instead a 
continuous distribution of matter, the summation in J = E miri? becomes 
an integration. We imagine the body to be subdivided into infinitesimal 
elements, each of mass dm. We let r be the distance from such an element 
to the axis of rotation. Then the rotational inertia is obtained from 


I = fr*dm, (12-12) 
ed the integral is taken over the whole body. The procedure by which 
: escas 2 i: a discrete distribution is replaced by the integral f for 

continuous distribution is the same I iscussec ) 
MuR ou as that discussed for the center of 
For bodies of irregular shape the integrals may be hard to evaluate. 


For bodies of simple geometrical shape the integrals are relatively easy 


when an axis of symmetry is chosen i i 
: as the 
Let us illustrate the M uico 


ids uty ON procedure for an annular cylinder (or ring) about the 
; ig. 12-7). The most convenient mass element is an 


| infinitesimally thin cylindrical shell of radius 7, thickness dr, and length L. 
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If the density of the material, that is, the 
mass per unit volume, is called p, then 


dm = pdV, 


where dV is the volume of the cylindri- 
cal shell of mass dm. We have ` 


dV = (2xr dr)L, 
so that 
dm = 2rLpr dr. 


Then the rotational inertia about the 
cylinder axis is , 


i= 3 ram = 2rL Ae " dr. 


Here Ri is the radius of the inner eylindri- Fig. 12-7 Calculating the ro- 
cal wall and R» is the radius of the outer tational inertia of an annular 
cylindrical wall. cylinder. 
If this body did not have a uniform 
constant density, we would have to know how p depends on r before we 
could carry out the integration. Let us assume for simplicity that the 
density is uniform. "Then , 
Re 4 4 2 2 
I= ante | r3 dr = InLp BED lu! BPD ATA 
m 4 2 
The mass M of the annular cylinder is the product of its density p by 
its volume 7(R2? — R,?)L, or 


M = pr(Ro” — Ri)L. 


The rotational inertia of the annular cylinder (or ring) of mass M, inner 

radius R; and outer radius R», is therefore 
= 4M(R? + Re) 
about the cylinder axis. ; 

If the inner radius is zero, A; equals zero, and we have a solid cylinder 
(or disk). Then A 
-iMR) j t 
about the cylinder axis, where R is the radius of the solid cylinder of 
mass M. 

A hoop can be thought of as a very thin-walled hollow cylinder. In that 
case S 
R,£ R: = R, 
and 

I-MR 


is the moment of a hoop of mass JM and radius R about the cylinder axis. 


ARRA 


g 
E 
5 
A 
i 


` 
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This result for the thin hoop is obvious since every mass point in the 
hoop is the same distance R from the central axis. For the solid cylinder 
(or disk) having the same mass as the hoop, the rotational inertia (or 
moment of inertia) would naturally be less than that of the hoop, because 
most of the cylinder (or disk) is less than a distance R from the axis. 

The rotational inertias about certain axes of some common solids (of uni- 
form density) are listed in Table 12-1. Each of these results can be. 
derived by integration in a manner similar to that of our illustration. . The 
total mass of the body is denoted by M in each equation. 

There is a simple and very useful relation between the rotational inertia 7 
of a body about any axis and its rotational inertia 7,, with respect to a 
parallel axis through the center of mass. If M is the total mass of the body 
and h the distance between the two axes, the relation is - 


vg I = Lem + MM. (12-13) 

The proof of this relation (parallel-axis theorem) follows, Let C be the center of 
mass of the arbitrarily shaped body whose cross sectiomis shown in Fig. 12-8. The. 
center of mass has coordinates tem and Yem- We choose the z-y plane to include C, 
so that zem equals zero. Consider an axis through C at right angles to the plane of 
the paper and another axis parallel to it through P at (om + a) and (Yer +b). 
The distance between the axes is h = V a+b? then the square of the distance 
of a particle from the axis through C is z;? + y,?, where z; and y; measure the 
coordinates of a mass element m; relative to the axis through C. The square of 
its distance from an axis through P is (z; — a)? + (y; — b)*. Hence the rotational 
inertia about an axis through P is X 


I-Zm((z — a)? + (y — b) 
= D m(x? +y?) — 2a D mix; — 2b Z myi + (@ + b?) Z mi. 


-— 


Fig. 12-8 Derivation of the parallel-axis theorem. Knowing the rotational inertia 
about an axis through C, we can find its value about a parallel axis through P. 
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Ftom the definition of center of mass, 
D mëi = DP myi = 0, 


o that the two middle terms are zero. The first term is simply the rotational 
inertia about an axis through the center of mass Zem and the last term is Mh? 
. Hence it follows that 1 = Tem + Mh. 


: With the aid of this formula several of the results of Table 12-1 can be 
deduced from previous results. For example, (f) follows from (e), and (7) 
follows from (i) with the aid of Eq. 12-13. The formula will prove to be 
especially useful in problems that combine rotational and translational 
motion, 


12-6 Rotational Dynamics of a Rigid Body 


In this section we continue to study the special case of a rigid body con- 
fined to rotate about an axis that is fixed* in an inertial reference frame. 
First we shall review the concept of 
torque as applied to such a rigid 
body; then we shall show how the 
torque is related to the angular 
acceleration of the body about this 
axis. 

Suppose that we apply a torque T 
to one of the particles in a rigid body. 
Since all the particles of a truly rigid 
body maintain a fixed spatial rela- 
tionship to all the other particles 
that make up the body, the torque 
may be said to act on the rigid body 


Fig. 12-9 A force Facts on the par- 358 whole. In general, the vector T 
ticle P in a rigid body, exerting a will not lie along the axis around 
torque += rx F on the body, with which the body is free to rotate. We 
bct wo un ne O at os are not concerned in this section with 
moment im) is also ao ak is the actual ipeo prec io the 
the torque +, which is à vector emerg- body but only with the components 


ing perpendicularly from the page. of these torques that lie along the 
k axis.] Only these components can 

: cause the body to rotate about this 
axis. Torque components perpendicular to the axis tend to turn the axis 
from its fixed position. We have specifically assumed, however, that the 
axis maintains a fixed direction. The body may, for example, be attached 
to a shaft that is held in a fixed position by bearings at each end; if an 


* See the footnote on page 268. 
_ ft As for any other vector, we ean speak of the vector component of-a torque in any 
given direction, such as a given axis. For torque—and for other angular quantities— 


"io hien &pealt of the component around a-given direction or axis. The meaning is 
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applied torque has a component at right angles to the shaft, tending to 
turn it, the bearings will automatically apply an equal and opposite 
counter-torque to the shaft, canceling the effect of this component. 

In Fig. 12-9 (compare Fig. 11-3). we show a section through a rigid 
body that is free to rotate about the z-axis of an inertial reference frame. 
A force F, taken for convenience to be in (or parallel to) the x-y plane of 
the section, acts on a particle at point P in the body, the position of P with 
respect to the rotational axis (the z-axis) being defined by the vector r. 
'The torque acting on the particle at P may be said to act on the rigid body 
as à whole and is given by Eq. 12-1, or : 


T=rxF. 


Because we have chosen r and F to lie in a plane parallel to the x-y plane, 
the torque r will point along the z-axis. The right-hand rule shows that 
it points perpendicularly out of the plane of Fig. 12-9. If r and F did not 
lie in the plane of the figure, + would not be parallel to the z-axis and we 
would concern ourselves here only with the component of t along this axis. 
The magnitude of T is given by Eq. 12-2 or 


T = rF sin 0 
which, as we have seen, can also be written as 7 = rF, or v = Fry. 


> Example3. A wagon wheel is free to rotate about a horizontal axis through O. 
A force of 10 Ib is applied to a spoke at the point P, 1.0 ft from the center. OP 
makes an angle of 30° with the hori- ; : 
zontal (z-axis) and the force is in the 
plane of the wheel making an angle of 
45? with the horizontal (z-axis). What 
is the torque on the wheel? 

The angle between the displacement 
vector r from O to P and the applied 
force F (Fig. 12-10) is 0, where 


8 = 45° — 30° = 15°. 
Then the magnitude of the torque is 
T = rF sin 0 


= (1.0 ft) (10 Ib) (sin 15°) = 2.6 Ib-ft. 


It is clear that we can obtain this 
same result from 7 = rF, or r = Fr, 
as well (see Eqs. 12-2). The torque 
(T = r X F) is a vector pointing out 2 
© along the axis through O having a magnitude 2.6 Ib-ft. 4 


We now investigate the relationship between the torque applied to the 
rigid body of Fig. 12-9 and the angular acceleration of this body. Let us 
observe the rigid body for an infinitesimal time dt, during whieh it will 


Fig. 12-10 Example 3. 
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rotate through an infinitesimal angle d@. We have seen earlier that we can 
describe the rotation of a rigid body about a fixed axis by examining the 
motion of any single point fixed in the body, such as P in Fig. 12-9. For 
convenience, then, we ignore the body itself in Fig. 12-11 and focus our 
attention on the representative point P and on the vector r which locates 
point P with respect to the axis of rotation. 

During the time dt, the point P will move an infinitesimal distance ds 
along a circular path of radius r as 
the body rotates through an infini- 
tesimal angle dé, where 


ds = r dé. 


The work dW' done by this force 
during this small rotation is 


dW = F-ds = F cos $ ds 
= (F cos ¢)(r dé), 


where F cos ¢ is the component. of F 
in the direction of ds. 


Fig. 12-11 In time dt point P in the The term (F cos ¢)r, however, is 
rigid body of Fig. 12-9 moves a dis- the magnitude of the instantaneous 
tance ds along the are of a circle of torque exerted by F on the rigid 


radius r. The rigid body (not shown) 
and the vector r that locates point P 
in it each rotate through an angle dé 
during this interval. dW 2 ; d6 (12-14) 


body about the axis perpendicular to 
the page through O, so that 


AK This differential expression for the 
work done in rotation (about a fixed axis) is equivalent to the expression 
dW = F'dx for the work done in translation (along a straight line). 

To obtain the rate at which work is done in rotational motion (about a 
fixed axis), we divide both sides of Eq. 12-14 by the infinitesimal time 
interval dt during which the body is displaced through d0, obtaining 


aW _. do 
div gt 
| or Pee rai, 


giving the instantaneous power P. This last expression is the rotational 
analog of P = Fy for translational motion (along a straight line). 

If now a number of forces F;, Fo, etc., are applied to the body in the 
-plane normal to its axis of rotation, the work done by these forces on the 
body in a small rotation d6 will be 


dW = Fy cos gym d9 + Fo cos dor dó T6, 
HS(itm+:: :) dð = r do, 
where r, d6 equals dsı, the displacement of the point at which I ; is applied, 
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and $4, is the angle between F; and ds;, ete., and where 7 is now the magni- 
tude of the component of the resultant torque along the axis through O. 
In computing this sum each torque is considered positive or negative 
according to the sense in which it alone would tend to rotate the body 
about its axis. We can arbitrarily call the torque associated with a force 
positive if the effect of the force, acting alone, is to produce a counter- 
clockwise rotation; then the torque is negative if the effect is to produce a 
clockwise rotation. 

There is no internal motion of particles within a truly rigid body. The 
particles always maintain a fixed position relative to one another and move 
only with the body asa whole. Hence there can be no dissipation of energy 
within a truly rigid body. We can therefore equate the rate at which work 
is being done on the body to the rate at which its kinetic energy is increas- 
ing. The rate at which work is being done on the rigid body is 

dw dé 


pec pe pa fed ec pM j 12- 
di Tu" (12-15) 


'The rate at which the kinetie energy of the rigid body is increasing is 


d TT 
E ($1o*). ; 


a À 
But J is constant because the body is rigid and the axis is fixed. Hence 


d ura AGUNT de 
A En E ges -= Io — = Twa. 12-16 
E (le?) = 415 0) To = Ion (12-16) 
Equating the right-hand members of Eqs. 12-15 and 12-16, we obtain 
tw = Taw, 
or 
lon (12-17) 


Equation 12-17 refers to the rotational motion of a rigid body about a 
fixed axis. The torque r, the angular velocity œ, and the angular accelera- 
tion æ are all constrained to point along this axis, in one direction or 
the other. The equivalent translational case is that in which the force F 
acting on a body, its velocity v, and its acceleration a all point along a 
given straight line, in one direction or the other. 

"The above six quantities are vectors, but when they are directed along a 
fixed line, they can have only two directions. By taking one of these 
directions as + and the other as —, we can treat these vectors algebra- 
ically and deal with their magnitudes only. Thus, in deriving Eq. 12-17 
(r = Io), we have simply transformed Newton's second law (F — Ma), 
written in scalar form suitable to describe rectilinear motion, into rota- 
tional terms. This suggests that just as we associate a force with the 
linear acceleration of a body, so we may associate a torque with the angular 
acceleration of a body about a given axis. The rotational inertia J is a 


278 ov ROTATIONAL’ DYNAMICS I Chap. 12 


measure of the resistance a body offers to having its rotational motion 
changed by a given torque just as the translational inertia, or mass, M is a 
measure of the resistance a body offers to having its translational motion 
changed by a given force. 

In Table 12-2 we compare the translational motion of a rigid body along 
a straight line with the rotational motion of a rigid body about a fixed axis. 


Table 12-2 
Rectilinear Motion Rotation about a Fixed Axis 
Displacement z Angular displacement 6 
dz dé 
Velocity v= — Angular velocity = — 
at j 1 d dt 
$ d 
Acceleration a= F Angular acceleration a= “ 
Mass 7 M Rotational inertia I 
Force . F = Ma Torque T — la 
Work: W = fF dx | Work W = frdo 
Kinetic energy iM. Kinetic energy ile? 
Power "POP ss Fp Power P= to 
Linear momentum „Mv Angular momentum Io 


i The rotation of a rigid body about a fixed axis (to which 7 = Ja applies) 
is not the most general kind of rotary motion in that the body may not be 
rigid and the axis may not be fixed in an inertial reference frame. In this 
general case Eq. 12-9, or Tet = dL/dt, applies. As we have already 
pointed out, this is equivalent to Newton's second law for the general 
translational motion of a system of particles, namely, Eq. 9-17, or 
Fa = dPy/qi. E 

In the rest of this chapter we confine ourselves to the rotations of rigid 


bodies about fixed axes. In Chapter 13 we shall consider some more 
general kinds of rotary motion. j 


» Example 4. A uniform disk of radius R and mass Jf is mounted on an axle 
supported in fixed frictionless bearings, as in Fig. 12-12. A light cord is wrapped 
around the rim of the wheel and a steady downward pull T is exerted on the cord. 
Find the angular acceleration of the wheel and the tangential acceleration of a 
point on the rim. ( 


The torque about the central axis is r = TR i inerti 
: \ = TR, and th , > 
disk about its central axis is J = iMR?, From Een 


T= la 
we have 


" TR = (AMR? 
os ? (AMR a, 


2T 


a=. 


aS 
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If the mass of the disk is taken to be 
JÍ = 0.20 slug, its radius R = 0.50 ft, 
and the force T = 1.0 Ib, then - 


2 (2) (1.0 Ib) 
(0.20 slug) (0.50 ft) 
' = 90 radians/sec?. 


The tangential acceleration of a point on 
the rim is given 
a = Ra = (20 radians/sec?) (0.50 ft) 

= 10 ft/sec”. 


Example 5. Suppose that we hang 
a body of mass m from the cord in the 
previous problem. Find the angular 
acceleration of the disk and the tang- 

` ential acceleration of a point on the rim 
in this case. 

Now, let T be the tension in the cord. 
Since the suspended body will accelerate 
downward, the magnitude of the down- 
ward pull of gravity on it, mg, must 
exceed the magnitude of the upward pull 
of the cord on it, T. The acceleration à sig C Enple i jour Cien 
a of the suspended body is the same cmd force T does Hite 
as the tangential acceleration of a point of the disk. Example 5. Here T is 
on the rim of the disk. From Newton’s supplied by the falling mass m. 
second law ; 


a 


mg = Ts ma. í 
The resultant torque on the disk is TR and its rotational inertia is 3 MR", so that 
from s 3 : 
r= la 


we obtain ; - : 
jeg ` TR = 4MR?a. 


Using the relation a = Ra, we can write this last equation as - 
'2T = Ma. 


Solving the first and last equations simultaneously leads to 


and 


If now we let the disk have a mass M — 0.20 slug and a radius R = 0.50 ft as 
eu th : ; 
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before, and we let the suspended body weigh 1.0 Ib, we obtain 


a= zit Bae peep) = 7.6 ft/sec?, 
AM 4-2m (0.20 slug) + (2) Gl slug) 


2 
Dpto pee? = 15 radians/sec?. 


Notice that the accelerations are less for a suspended 1.0-Ib body than they were 
for a steady 1.0-Ib pull on the string (Example 4). This corresponds to the fact 
that the tension in the string supplying the torque is now less than 1.0 Ib, namely 

|. Mmg _ (0.20 slug) (1.0 Ib) 0.76 Ib 
M.£2m (0.20 + 2.0/32) slg ` 
The tension in the string must be less than the weight of the suspended body if the 
body is to accelerate downward. 


Example6. Assuming that the disk of Example 5 starts from rest, com pute the 

work done by the applied torque on the disk in 2.1 sec. Compute also the increase 
_in rotational kinetic energy of the disk. 

Since the applied torque is constant, the resulting angular acceleration is con- 
stant. The total angular displacement in constant angular acceleration is obtained 
from Eq. 11-5, 

8 = wot + 3at?, 
in which 
wo = 0, a = 15 radians/sec?, t = 2.1 sec, 
so that 
2b 0 = 0 + (3) (15 radians/sec?) (2.1 sec)? — 34 radians. 


For constant torque the work done in a finite angular displacement is 


W =7(62 —.63), 
in which 
t = TR = (0.76 1b) (0.50 ft) = 0.38 lb-ft, 
and 
0» — 01 = 0 = 34 radians. 
Therefore 


W = (0.38 Ib-ft) (34 radians) = 13 ft-lb, 


This work must result in an increase in rotational kinetic energy of the disk. 
Starting from rest the disk acquires an angular speed w. 

The rotational energy is 1 Jw? = $GMR?)o?, 
To obtain w we use Eq. 11-3, 


w = Wo + at, 


in which 
wo = 0, t = 2.1 sec, @ = 15 radians/sec?, 
so that 
: w = 0 + (15 radians/sec?) (2.1 sec) = 32 radians/sec. 
Then } 


tlw? = ({) (0.20 slug) (0.50 ft)2(32 radians/sec)? = 13 ft-lb, 


as before. Hence the increase in kinetic energy of the disk ‘is equal to the work 
done by the resultant force on the disk, as it must be. 
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Example 7. Show that the conservation of mechanical energy holds for the 
system of Example 5. 

The resultant force acting on the system is the force of gravity on the suspended 
body. ‘This is a conservative force. Viewing the system as a whole, we see that 
the suspended body loses potential energy U as it descends, 


U — mgy, 


where y is the vertical distance through which the block descends. At the same 
time the suspended body gains kinetic energy of translation and the disk gains 
kinetic energy of rotation. The total gain in kinetic energy is 


im? + 3Io?, 
where v is the linear speed of the suspended mass. We must show then that 
mgy = $nw? + 1o. 


For the linear motion starting from rest we have v? = 2ay. From Example 5, 
we obtained a = 2 mg/(M + 2m). Hence 


mgu? 1 9:0 15,2 M 2m "T 
L-—- =)= uec Ress We y -9 2 
"n ym ym i (M +2m)v 


We also know that w = v/R and I = $MR?*. Substituting these relations into 
the right-hand side of the conservation equation, we obtain E 


ame? + $Io? = mw? + $($M R?) (v?/R?) = (M + 2m)v?, 


The mechanical energy is therefore conserved. 


Example 8. Derive the relation L = Zw, shown in Table 12-2, for the angular- 
momentum of a rigid body confined to rotate about a fixed axis. 

Starting from the scalar relation r = Jæ and the definition of a (= dw/dt), we 
may write 


7 = Ia = I(dw/dt) = d(I)/dt, 


in which the last step is justified by the fact that 7 is a constant for a given rigid 
body and a specified (fixed) axis of rotation. 

Next we use the vector relation Text = dL/dt (Eq. 12-9) and write the corre- 
sponding relation for the scalar components, r and ats of Text and dL along the fixed 
axis of rotation, obtaining 

7 = dL /dt. 


Simply by comparing the two equations above we obtain the relation sought. 


namely 
L = Io. (12-18) 


Like Eq. 12-17 (r = Ja), this is a scalar relation holding for the rotation of a rigid , 
body about a fixed axis. Z is the component along that axis of the vector angular 
momentum L of the rigid body and 7 must refer to that same axis. 

Equation 12-18 is the rotational analog of the expression P — Mv for the linear 
momentum of a rigid body of mass M in pure translational motion with linear 
speed v. It gives the angular momentum about a fixed axis of a rigid body having 
rotational inertia J and angular speed w about that same axis. 4 
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12-7 The Combined Translational and Rotational Motion of a Rigid Body 


Up until now we have considered only bodies rotating about some fixed 
axis. If a body is rolling, however, it is rotating about an axis and also 
moving translationally. Therefore it would seem that the motion of 
rolling bodies must be treated as a combination of translational and rota- 
tional motion. It is also possible, however, 
to treat a rolling body as though its motion 
is one of pure rotation. We wish to illus- 
trate the equivalence of the two approaches. 

Consider, for example, a cylinder rolling 
along a level surface, as in Fig. 12-13. At 
any instant the bottom of the cylinder is at 
rest on the surface, since it does not slide. 
The axis normal to the diagram through the 
point of contact P is called the instantaneous 
axis of rotation. At that instant the linear 
velocity of every particle of the cylinder is 

R directed at right angles to the line joining the 
may at any instant be ; Y é : 
thought of as rotating abou: particle and P and its magnitude is propor- 
a perpendicular axis through tional to this distance. This is the same as 
its point of contact P. -~ saying that the cylinder is rotating aboüt a 
fixed axis through P with a certain angular 
Speed w, at that instant. Hence, at a given 
instant the motion of the body is equivalent to a pure rotation. The total 
kinetic energy can, therefore, be written as 


: K = 41 py, (12-19) 
where Tp is the rotational inertia about the axis through P. 
Let us now use the parallel axis theorem, which tells us that 
Tp = Tem + MR?, 


where Zem is the rotational inertia of the cylinder of mass M and radius R 


about a parallel axis through the center of mass. Equation 12-19 now 
becomes 


Fig. 12-13 A roling body 


K = Lao? + 4MR?w?, (12-20) 
The quantity Rw is the speed with which the center of mass of the cylinder 


is moving with respect to the fixed point P. Let Rw = Equation 
12-20 then becomes € = Yom. Equ 


K = Mae! Mtem. (12-21) 


peed of P with respect to the center of mass. Hence, the 

the center of mass about P as seen by someone at P is 
ular Speed of a particle at P about C as seen by someone 
g with the cylinder). This is equivalent to saying that 
in the cylinder turns through the same angle in a given 
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time whether it is observed from a refere.«. frame fixed with respect to 
thc surface on which the cylinder is rolling or «zom = ..ame moving transla- 
tionai!y with respect to this fixed frame. We cen. therefore interpret 
Eo. 12-21, which was derived on the basis of a pure rotational motion, in 
another way; that is, the first term, Jom”, is the kinetic energy the 
cylinder would have if it were merely rotating about an axis through its 
center of mass, without translatiónal motion; 
and the second term, }Mvem’, is the kinetic 
energy the cylinder would have if it were 
moving translationally with the speed of its 
center of mass, without rotating. Notice 
that-there is now no reference at all to the. . - 
instantaneous axis of rotation. In fact, 
Eq. 12-21 applies to any body that is moving 
and rotating about an axis perpendicular to 
its motion whether or not it is rolling on a Emm i 
surface. i 
The combined effects of translation of the 


center of mass and rotation about an axis Fig. 12-14 Since Q and C 


have the same angular veloc- 


through the center of mass are equivalent to a ey MC P, He Q, 
pure rolation with the same angular speed büng twice as far from P, 
about an axis through the point of contact of a moves with twice the linear 
rolling body. velocity of C. 


To illustrate this result simply, let us con- 
sider the instantaneous speed of various 
points on the rolling cylinder. If the speed of the center of mass (as 
seen by an observer fixed "with respect to the surface) is Vem, the instan- 
taneous angular speed about an axis through P is e = Vem/ R. A point Q 
at the top of the cylinder will therefore have a speed w2 R = 2vem at that 
instant. The point of contact P is instantaneously at rest. Hence, from 
the point of view of pure rotation about P, the situation is as shown in 
Fig.12-14. . i : 

Now let us regard the rolling as a combination of translation of the 
center of mass and rotation about the cylinder axis through C. If we con- 
‘sider translation only, all points on the cylinder have the same speed vom & 
the center of mass. This is shown in Fig. 12-152. If we consider the 
rotation only, the center is at rest, whereas the point Q at the top has a 
speed +wR in the z-direction and the point P at the bottom of the cylinder 
has a speed —oR in the — z-direction. This is shown in Fig. 12-15b. Now 
let us combine these two results. Recalling that w = Vem/R, we obtain 


Uem 


for the point Q V= Ym + oR = Vem +R R = Wem, 


for the point C V = Vem + 0 = Vem, 


Vem 
for the point P U = tem — oH = Yen — p Ë = 0. 
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Fig. 12-15- (a) For pure translation, all points move with the same velocity. (b) For 
pure rotation about C, opposite points move with opposite velocities. (c) Combined 
rotation and translation is obtained by adding together corresponding vectors in (a) 


- and (b) . 


— This result, shown in Fig. 12-15c is exactly the same as that obtained from 


the purely rotational point of view, Fig. 12-14. 


|» Example 9. Consider a solid cylinder of mass M and radius R rolling down an 


^ inclined plane without slipping. Find the speed of its center of mass when the 


cylinder reaches the bottom. 
The situation is illustrated in Fig. 12-16. We can use the conservation of 
energy to solve this problem. The cylihder is initially at rest. In rolling down 


the incline the cylinder loses potential energy of an amount Mgh, where h is the 


height of the incline. It gains kinetic energy equal to 
Cao? + 1M? 


where v is the linear speed of the center of mass and c is the angular speed about the 


center of mass at the bottom. 


We have then the relation 


Mgh = 3m + 3Mv?, 
in which 


Toe 2 MR? an ep s 


Hence. 


4 


2 - 
-. 0 Mg Gar) G) *iMw = (pans, 
ea 4gh or v= V sgh. 


The speed of the center of mass would have been v = /2gh if the cylinder had 


slid down a frictionless incline. The speed of the rolling cylinder is, therefore, less 
than the speed of the sliding cy] 


) inder, because for the rolling cylinder, part of the 
lost potential energy has been transformed into rotational kinetic energy, leaving 
less available for the translational part of the kinetic energy. Although the rolling 
cylinder arrives later at the bottom of the incline than an identical sliding cylinder 
started at the same time down a frictionless, but otherwise identical, incline, both 
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Fig. 12-16 Example 9. A 
cylinder rolling down an 
incline. 


arrive at the bottom with the same amount of energy; the rolling cylinder happens 
to be rotating as it moves, whereas the sliding one does not rotate as it moves. 

Notice that static friction is needed.to cause the cylinder to rotate. Remember- 
ing that friction is a dissipative force, how can you justify using the conservation 
of mechanical energy in this problem? 


Example 10. The previous result was derived by use of energy methods. 
Solve the same problem using only dynamical methods. 

The force diagram is shown in Fig. 12-17. Mg is the weight af the cylinder 
acting vertically down through the center of mass,* N is the normal force exerted 
by the incline on the cylinder, and f is the force of static friction acting along 
incline at the point of contact. 


Fig. 12-17 Example 10. Dy- 
namie solution of the mo- 
tion of a cylinder rolling down 


The translational motion of a body is obtained by assuming that all the external 
forces act at its center of mass. Using Newton’s second law, we obtain 


N — Mgcos0 — 0 for motion normal to the incline, 


and : 
Mgsin8 — f = Ma for motion along the incline. : 


“+ Tn drawing the vector diagram for this problem we tacitly assume that the total 
weight of the body can be thought of as acting at the center of mass. We saw in Section 
9-2 that this is justified for analyzing the translational motion. However, later in the 
problem we use this result in analyzing the rotational motion as well. We shall justify 
this procedure in Section 14-3, where it is shown that the weight of a body can be con- 
sidered to act at its center of mass for both translational and rotational motion. 
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The rotational motion about the center of mass follows from 
Tao. 


Neither N nor Mg can cause rotation about C because their lines of action pass 
- through C, and they have zero moment arms. The force of friction has a moment 
arm R about C, so that 
f R = hma. 
But 
Im =MR? and a= 


mia 


so that ' - 
; f=Iema/R = Ma/2. 


Substituting this into the second translational equation, we find 
a = $g sin 6. 


That is, the acceleration of the center of mass for the rolling cylinder ($9 sin 0) is 
less than the acceleration of the center of mass for the cylinder sliding down the 
incline (g sin 6). 

This result holds at any instant, regardless of the position of the cylinder along 
the incline. The center of mass moves with constant linear acceleration. To 
obtain the speed of the center of mass, starting from rest, we use the relation 


v? — 2as, 
so that 


v? = 2($g sin 6)s = $g A s = $gh 
E : 
or 


v= V 49h. 


` This result is the same as that obtained before by the energy method. The 
energy method is certainly simpler and more direct. However, if we are interested 
in knowing what the forces are, such as N and f, we must use a dynamical method. 
This method determines the minimum force of static friction needed for rolling: 


. f = Ma/2 = (M/2)(8g sin 0) = Mg sin 6. 


What would happen if the force of static friction between the surfaces were less 
than this value? 


Example 11. A sphere and a cylinder, having the same mass and radius, start 
from rest and roll down the same incline. Which body gets to the bottom first? 
For a sphere Jom equals $M R?. | Using the dynamical method we obtain 


Mg sin 0 — f — Ma, translation of em, 


JR = Tema = (&MR?)(a/R), rotation about em, 


or 


f=§Ma and a= $g sin ð, sphere. 


^ 
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For the cylinder (Example 10) 
^ a=4gsin6, cylinder. 


Hence the acceleration of the centér of mass of the sphere is at all times greater 
than the acceleration of the center of mass of the cylinder. Since both bodies 
start from rest at the same instant, the sphere will reach the bottom first. 

Which body has the greater rotational energy at the bottom? Which body has 
the greater translational energy at the bottom? 

The student should note carefully that neither the mass nor the radius of the 
rolling object enters the previous results. How then would we expect the behavior 
of cylinders of different mass and radii to compare? How would we expect the 
behavior of spheres of different mass and radii to compare? How would the 
behavior of a cylinder and sphere having different masses and radii compare? <q 


QUESTIONS ; 


1. What are the dimensions of angular momentum? Can you find any significance 
in the fact that they are the same as those of energy multiplied by time? 

2. Is the vector product of two vectors necessarily an axial vector?* 

3. Can the mass of a body be considered as concentrated at its center of mass for 
purposes of computing its rotational inertia? 

4. About what axis would a uniform cube have its minimum rotational inertia? 

5. If two circular disks of the same weight and thickness are made from metals 
having different densities, which disk, if either, will have the larger rotational inertia. 
about its central axis? | 

6. The rotational inertia of a body of rather complicated shape is to be determined. 
The shape makes a mathematical caleulation from f r° dm exceedingly difficult. Sug- 
gest ways in which the rotational inertia could be measured experimentally. 

7. Five solids are shown in cross section (Fig. 12-18). The cross sections have equal 
heights and maximum widths. The axes of rotation are perpendicular to the sections 
through the points shown. The solids have equal masses. Which one has the largest 
rotational inertia about a perpendicular axis through the center of mass? Which the 
smallest? ; : i 


*See Supplementary Topic Il. 


Fig. 12-18 
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8. In Fig. 12-19a a meter stick, half of which is wood—the other half steel—is 
pivoted at the wooden end at O and a force is applied to the steel end at a. In Fig. 
12-19b the stick is pivoted at the steel end at O' and the same force is applied at the 
wooden end at a’. Does one get the same angular acceleration in each case? Explain, 


Fig. 12-19 


9. A person can distinguish between a raw egg and a hard-boiled one by spinning 
each one on the table. Explain how. 

10. Do the expressions for a and T in Example 5 give reasonable results for the 
special cases in which g = 0, M = 0, M > »,m = 0, and m œ? 

11. The tota] momentum of a system of particles does not depend on the motions of 
the particles relative to the center of mass of the system. Can a similar statement be 
made about the total kinetie energy of a system of particles? 

12. A cylindrical drum, pushed along by a board from an initial position shown in 
Fig. 12-20, rolls forward on the ground a distance 1/2, equal to half the length of the 
board. There is no slipping at any contact. Where is the board then? How far has 
the man walked? 


Fig. 12-20 i 


13. A solid wooden sphere rolls down two different inclined planes of the same height i 
but different inclines. Will it reach the bottom with the same speed in each case? | 
Will it take longer to roll down one incline than the other? If so, which one and why? 


14. Two heavy disks are connected by a short rod of much smaller radius. ` The \ 
system is placed on a narrow inclined plane so that the disks hang over the sides and j 
the system rolls down on the rod without slipping (Fig. 12-21). Near the bottom of 
the incline the disks touch the horizontal table top and the system takes off with | 
greatly increased translational speed. Explain carefully. 

15. When a logger cuts down a tree he makes a cut on the side facing the direction in 
which he wants it to fall. Explain why. Would it be safe to SERIE decor behind the 
tree on the opposite side of the fall? — : E 


Z 
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Fig. 12-21 Fig. 12-22 


16. A Yo-yo is resting on a horigontal table and is free to roll (Fig. 12-22). If the 
string is pulled by & horizontal foree yoh ag Fi, which way will the Yo-yo roll? What 
happens when the force Fs is applied (ife Hine of action passes through the point of 
contact of the Yo-yo and table)? If the string is pulled vertically with the force Fs, 
what happens? 

17. State Newton’s three laws of motion in words suitable for rotating bodies. 


PROBLEMS 


1. (a) Given that r = ic + jy + kz and F = iF; + jF, 4- kF, find the torque 
T-rXF. (b) Show that ifr and F lie in a given plane then r has no component in 
that plane. 

2. If we are given r, p, and 6, we can calculate the angular momentum of a particle 
from Eq. 12-4a. Sometimes, however, we are given the components (z,y,z) of r and 
(pz,Py,Pz) of p instead. (a) Show that the components of 1 along the z-, y-, and z-axes 
are then given by : 


lz = yps — &py, 
ly = aps — Ups, 


ly = Epy — YPz 


(b) Show that if the particle moves only in the z-y plane, the resultant angular momen- 
tum vector has only a 2-component. 

3. (a) In Example 1, express F and r in terms of unit vectors and compute v. Do the 
same in Example 3. (b) In Example 1, express p and r in terms of unit vectors and 
compute I. r 

4. Show that the angular momentum about any point of a single particle moving 
with constant velocity remains constant throughout the motion. 

5. Two particles, each of mass m and speed v, travel in opposite directions along 
parallel lines separated by a distance d. Show that the vector angular momentum of 

' this system of particles is the same about any point taken as origin. 

6. In Fig. 12-23, show the line of action and the moment arm of each force about the 
origin O. Imagine these forces to be acting on a rigid body pivoted at O, all vectors 
Shown being in the plane of the figure, and find the magnitude and the direction of the 
resultant torque on the body. 
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Fig. 12-23 


7. Starting from Newton’s third law, prove that the resultant internal torque on a 
system of particles is zero. 

8. Relation between the Resultant External Torque and the Angular Momentum of a 
System of Particles about the Center of Mass of the System. Let rom be the position vector 
of the center of mass C of a system of particles with respect to the origin O of an inertial 
reference frame, and let r;’ be the position vector of the ith particle, of mass m;, with 
tespect to the center of mass C. Hence rj = rom + ri’ (see Fig. 12-24), Now define 
the total angular momentum of the system of particles relative to the center of mass 


C to be L’ = D r;' X pi, where p/ = m; dri /dt. 


i 


y 
» 

mi 

ri 

C 
ři 
Yem 
[7] x 

Fig. 12-24 


(a) Show that p, = mj; dri/dt — mi dren/di = pi — mivem. (b) Show next that 
4'/à = yw X dp;'/dt. (c) Combine the results of (a) and (b) and, using the 


definition of center of mass and Newton's third law, show that «4 = dL’/di, where 
T'extlis the sum of all the external torques acting on the system about its center of mass. 
9. (a) Show that the sum of the rotational inertias of à plane laminar body about any 
two perpendicular axes in the plane of the body is equal to the rotational inertia of the 
body about an axis through their point of intersection perpendicular to the plane. (b) 
Apply this to a circular disk to find its rotational inertia about a diameter as axis. 
i 10. (a) Prove that the rotational inertia of a thin rod of length / about an axis through 
its center perpendicular to its length is 7 = MU. (See Table 12-1.) (b) Use the 
parallel-axis theorem to show that J = 3MP when the axis of rotation.is through one 
end perpendicular to the length of the rod. 


n. Show that the rotational inertia of a rectangular plate of sides a and b about an 
Axis perpendicular to the plate through its center is TrM (a? + b?). 

12. (a) Show that a solid cylinder of mass 
hoop of mass M and radius 
distance from a given axis a 


M and radius R is equivalent to a thin 


R/V 2, for rotation about a central axis. (b) The radial 
t which the mass of a body could be concentrated without 
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altering the rotational inertia of the body about that axis is called the radius of gyration. 
Let k represent radius of gyration and show that 


k= I/M. i 


This gives the radius of the “equivalent hoop” in the general case. 

13. The oxygen molecule'has a total mass of 5.30 X 1072 kg and a rotational inertia 
of 1.94 X 10755 kg-m? about an axis through the center perpendicular to the line joining 
atoms. Suppose that such a molecule in a gas has a mean speed of 500 meters/sec and 
that its rotational kinetic energy is two-thirds of its translational kinetic energy. Find 
its average angular velocity. 

14. A hoop of radius 10 ft weighs 320 Ib. Tt rolis along a horizontal floor so that its 
center of mass has a speed of 0.50 ft/sec. How much work has to be done to stop it? 

15. Assume the earth to be a sphere of uniform density. (a) What is its rotational 
kinetic energy? ‘Take the radius of the earth to be 6.4 X 10? km and the mass of the 
earth to be 6.0 X 10** kg. (b) Suppose this energy could be harnessed for man's use. 
For how long could the earth supply 1 kw of power to each of the 3.5 X 10? persons on 
earth? y 

16. A thin rod of length l and mass.» is suspended freely at its end. It is pulled 
aside and swung about a horizontal axis, passing through its lowest position with an 
angular speed o. How high does its center of mass rise above its lowest position? 
Neglect friction and air resistance. 

17. An automobile engine develops 100 hp when rotating at a speed of 1800 rev /min. 
What torque does it deliver? 

18. A wheel of mass M and radius of gyration k (see Problem 12) spins on a fixed 
horizontabaxle passing through its hub. The hub rubs the axle, of radius a, at only one 
point, the coefficient of friction being x. The wheel is given an initial angular velocity 
wo. Assume uniform deceleration and find the elapsed time and the number of revolu- 
tions before the wheel comes to a stop. 

19. A uniform steel rod of length 1.20 meters and mass 6.40 kg has attached to each 

end a small ball of mass 1.06 kg. The rod is constrained to rotate in a horizontal plane 
about a vertical axi$ through its midpoint. At a certain instant it is observed to be 
making 39.0 rev/sec. Because of axle friction it comes to rest 32.0 sec later. Com- 
pute, assuming a constant frictional torque, (a) the angular acceleration, (b) the retard- 
ing torque exerted by axle friction, (c) the total work done by the axle friction, and 
(d) the number of revolutions executed during the 32.0 sec. (e) Suppose, however, that 
the frictional torque is known not to be constant. Which, if any, of the quantities 
(a), (b), (c), or (d) can still be computed without requiring any additional information? 
If such exists, give its value. : 
' 20. In an Atwood's machine (Fig. 5-9) one block has:a mass of 500 gm:and the other 
a mass of 460 gm. The pulley, which is mounted in horizontal frictionless bearings, 
has a radius of 5.0 em. When released from rest the heavier block is observed to fall 
75 cm in 5.0 sec. What is the rotational inertia of the pulley? 


21. A 6.0-Ib block is put on a plane inclined 30° to the horizontal and is attached by a 
cord parallel to the plane over a pulley at the top to a hanging block weighing 18 lb. 
The pulley weighs 2.0 lb and has a radius of 0.33 ft. The coefficient of kinetic friction 
between block and plane is 0.10. Find the acceleration of the hanging block and the 
tension in the cord on each side of the pulley. Assume the pulley to be a uniform disk. 

22. Take the center of mass of a car to be 2.5 ft above the road and its width between 
wheels to be 4.5 ft. (a) If the car races around an unbanked curve having a radius of 
100 ft without skidding, what is the largest speed possible without its overturning? 
(b) What minimum value would the coefficient of friction need to be at this speed? ` 

j ^ 
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28. A box 6 ft high by 4 ft wide by 3 ft deep containing a refrigerator sits in the back 
of a truck vertically, The weight of the refrigerator plus that of the box is 300 lb, and 
this is presumed to be uniformly distributed throughout the volume of the box. The 
box is tipped over by an acceleration of the truck. What was the minimum value that 
this acceleration must have had? 

24. Show that a cylinder will slip on an inclined plane of inclination angle 6 if the 
coefficient of static friction between plane and cylinder is less than 4 tan 0. 

25. A sphere rolls up an inclined plane of inclination angle 30°. At the bottom of the 
incline the center of mass of the sphere has a translational speed of 16 ft/sec. (a) How 
far does the sphere travel up the plane? (b) How long does it take to return to the 

* bottom? t 

26. A body of radius E and mass m is rolling horizontally witlgsat slipping with speed 
v. Tt then rolls up a hill to a maximum height h. If h = 3v?/4g, (a) what is the body's 
rotational inertia? (b) What might the body be? 

27. A small sphere rolls without slipping on the inside of a large hemisphere whose 
axis of symmetry is vertical. It starts at the top from rest. (a) What is its kinetic 
energy at the bottom? What fraction is rotational? What translational? (b) What 

‘normal force does the small sphere exert on the hemisphere at the bottom? Take the 
radius of the small sphere to be r, that of the hemisphere to be R, and let m be the mass 
of the sphere. 

28. A homogeneous sphere starts from rest at the upper end of the track shown in Fig. 
12-25 and rolls without slipping until it rolls off the right-hand end. If H = 204 ft and 
h = 64 ft and the track is horizontal at the right-hand end, determine the distance to 
the right of point A at which the ball strikes the horizontal base line. 


Fig. 12-25 Fig. 12-26 


29. A small solid marble of mass m and radius r rolls wi ippi 
arble without slipping along the loop- 
UR, track shown in Fig. 12-26. If it starts from rest at a height of 6R above the 
ottom (R = radius of the circular part of the track), what is the force (horizontal and 
vertical vom ponents) acting on it at the point Q? 
30. A Yo-yo of mass M has a shaft of radius r about whi bing i i 
i | ich a string is wound. A child 
i the Yoryo unwind as he holds the loose end of the string in a fixed position. The 
0-yo accelerates down, reaches the bottom, and climbs back up, the string winding 
est the shaft in the opposite sense. Find the tension in the string during the 
Lees I ascent, assuming r to be small enough to consider the string being 
ee "" Let I represent the rotational inertia of the Yo-yo about its 
, 31. A uniform disk, of m s M and radi i ide i 
ae 1 sk, as and radius R, lies on one side initial at rest on a 
tictionless horizontal surface, . A constant force F is then applied tink ARS at its 


į 


p 
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perimeter by means of a string wrapped around its <ige. Describe the subsequent 
(rotationsl and translational) motion of the disk. 

32. A «y!inder of length 1.0ft and radius 1.0in. weighs 3.01b. Two cords are wrapped 
around the cylinder, one near each end, and the cord ends are attached to hooks on the 
ceiling. The cyUnder is held horizontally with the two cords exactly vertical 'and is 
then released (fig. 12-27). Find the tension in the cords as they unwind, and deter- 
mine the linear acceleration of the cylinder as it falis. 


j Me. 13-7 oo Pg. 13-28 


38. A string is wrapped around a cylinder of mass M, radius E. The string is pulled 
vertically upward to prevent the center of mass from falling as the cylinder unwinds the 
string. (a) What is the tension in the string? (b) How much work has been done on 
the cylinder once it has reached an angular speed w? (c) What is the length of string 
unwound in this time? 

34. A solid cylinder of weight 50 Ib and radius 3 in. has a light thin tape wound around 
it. The tape passes over a light, smooth fixed pulley to a 10-Ib body (Fig. 12-28). 
Find the tension in the tape and the linear acceleration of the cylinder up the incline, 
assuming no slipping. 

35. A bowling ball is thrown down the alley in such a way that it slides with a speed 
vo initially without rolling. Prove that it, will roll without any sliding when its speed 
falls to $vo. The transition from pure sliding to pure rolling is gradual, so that both 
sliding and rolling take place during this interval. (Hint: Sliding ceases when the for- 
ward speed of the lowest point of the sphere is zero.) 

36. A billiard ball is struck by a cue asin Fig. 12-29. The line of action of the applied 
impulse is horizontal and passes through the center of the ball. The initial velocity vo of 


-the ball, its radius R, its mass M, and the coefficient of friction u between the ball and 
-the table are all known. How far will the ball move before it ceases to slip on the table? 

37. A 10-ft-long ladder rests against a wall and makes an angle of 60° with the hori- 
‘zontal floor. Tf it starts to slip, where is the instantaneous axis of rotation? 
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38. A tall chimney cracks near its base and falls over. 
tangential linear acceleration of the top of the chimney as a function of the angle 6 
made by the chimney with the vertical. (b) Can the resultant linear acceleration 
exceed g? (c) The chimney cracks up during the fall. Explain how this can happen, 

39. A meter stick is held vertically with one end on the floor and is then allowed to 


fall. Find the speed of the other end when it hits the floor, assuming that the end on the 
floor does not slip. 


(a) Express the radial and 


ee 


Rotational Dynamics Il 
and the Conservation of 
Angular Momentum 


CHAPTER 13 


13-1 Introduction 


In Chapter 12 we discussed the dynamics of the rotational motion of a 
rigid body about an axis that was fixed in an inertial reference frame. We 
saw that the scalar relation r = Ia (Eq. 12-17), in which only torque com- 
ponents along the axis of rotation were considered, were sufficient to solve 
dynamical problems in this special case. j 

In this chapter we shall first consider the rotation of a rigid body about 
an axis that is not fixed in an inertial reference frame. To solve dynamical 
problems in this more general case we shall use the general (vector) relation 
for rotational motion, namely, 


T = dL/dt (12-9) 


in which we have dropped the subscript on Text for convenience. 

Later we shall consider once more the rotation of particles and rigid 
bodies about fixed axes. This time, however, we specifically examine the 
action of torques which have components at right angles to the axis. Our 
point of departure here will not be Eq. 12-17 (r = Ia) but again the more 
general Eq. 12-9 (r = dL/dt). 

Finally we shall consider systems on which no external torques act and 
shall introduce the important principle of conservation of angular momentum. 

295 
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Fig. 13-1 (a) A precessing top, showing the angular momentum L, the weight mg and 
the vector r which locates the center of mass. (b) The cone swept out by the precessing 
axis of the top. The angular velocity of precession is shown pointing vertically upward, 


13-2 The Top 


Figure 13-1a shows a top spinning about its axis of symmetry, the point 
of the top being fixed at the origin O of an inertial reference frame. We 
know from experience that the axis of such a rapidly spinning top will move 
around the vertical axis, sweeping out a cone. This motion is called pre- 
cession. Let us see if we can predict this motion from the principles of 
classical mechanics and, in particular, if we can calculate wp, the angular 
speed of the precessional motion. 

At the instant shown in Fig. 13-1a the top has an angular velocity w 
about its own axis. It also has an angular momentum L about this same 
axis,* the axis making an angle 0 with the vertical. 

Two forces act on the top, an upward force on the pivot at O and the 
pull of gravity, or weight, which acts downward at the center of mass. 
The upward force passes through O and thus can exert no torque about that 
point because its moment arm is zero. The weight mg, however, exerts a 
torque about O-given by 


T=rXF =r X mg, 


where r locates the center of mass with respect to the pivot. This equation 


: * The vector w always points along the (fixed) axis of rotation of a spinning body but, 
in general, the vector L does not (see Section 13-3). For bodies with symmetry about 
the rotational axis, however, both e and L point along this axis, assuming that the axis 
is fixed. We can assume that wand L are coaxial for the spinning top of Fig. 13-1a if 


w > wp, that is, if the precession rate is relatively slow so that the axis, although not 
fixed, changes direetion only slowly. 
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requires that T be perpendicular to the plane formed by r and mg; applica- 
tion of the right-hand rule shows that its direction is as shown in Fig. 
13-1a. Note that r, as well as L and r, rotates about the axis at angular 
speed w, as the top precesses. 

When a torque acts on a rigid body it changes the angular momentum of 
that body according to the fundamental relation (Eq. 12-9) 


+ = dL/dt. (Eq. 12-9) 


Being & vector, L can change in magnitude, in direction, or in both. 
Equation 12-9 shows that the change in L (that is, dL) must point in the 
direction of t. Figure 13-1a shows us that v is at right angles to L; thus 
the change in L brought about by the action of the torque must also be at 
right angles to L. 

To examine the matter quantitatively let us observe the top for a time 
At. During this interval a change in L of 


AL = T 4t 


is predicted by Eq. 12-9 (if At is small enough). This change AL, which, 
like T, is at right angles to L, is displayed in Fig. 13-10 where we see the 
cone swept out by the precessing axis of the top; the top itself is omitted 
here for clarity. 

The angular momentum of the top at the end of the time interval At is 
the vector sum of L and AL. Since AL is perpendicular to L and is 
assumed to be very small in magnitude compared to it, the new angular 
momentum vector has the same magnitude as the old one but a different 
direction. Hence the head of the angular momentum vector swings around 
in a horizontal circle as time goes on (Fig. 13-156). Since this vector always 
lies along the axis of rotation of the top, we have accounted qualitatively 
for the precession of the top. 

The angular speed of precession wp follows from Fig. 13-15 in which 


wp = Ad/At. 
But, since AL < L, 
|o— A$ SAL/L sin 6 = 7 At/L sin 6 
or 
wp = Ad/At = 7/L sin 0. (13-1) 
Since (Fig. 13-12) _ > 
; T = rmg sin (180° — 0) = rmg sin 0 
we have finally 
wp = mgr/L. (13-2a) 
Notice that the preeessional angular velocity is independent of 0 and-varies 
inversely as the magnitude of the angular momentum. If the angular 
momentum is large, the precessional angular velocity will be small. 


We can express Eq. 13-2a in vector form. We start by rewriting Eq. 13-1 as 
à 7 = pL sin 6. 
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Now o, is a vector pointing vertically upward in Fig. 13-10, and 0 in that figure is 
the angle between œp and L. We recognize the right side of the above equation as 
the magnitude of the vector product @» X L and we see that this equation gives 
the magnitude of T in the vector relation 


T-70,XL. (13-2b) 


This is the general vector expression relating the precessional angular velocity to T 
and to L; the student should show that Eq. 13-2a may be derived readily from it. 
Application of right-hand rule to Fig. 13-15 shows that the order of factors on the 
right side of Eq. 13-2b is correct, that is, @p X I. gives the correct direction as well 
as the correct magnitude for T. 


> Example l- A student holds a rim-loaded bicycle wheel, rotating at a rela- 
tively high angular speed w, with its shaft horizontal as in Fig. 13-2a. His 
physies instructor now asks him to turn the shaft rapidly (for a time At) so that 
the shaft points at a small angle A0 above the horizontal as in Fig. 13-2b. He also 
asks the student to keep the shaft in a vertical plane at all times. What torques 
must the student exert on the shaft if he is to follow these instructions? 

The student will be well aware from the strain in his wrists that he must exert a 
torque on the shaft simply to hold it in a horizontal position. This torque, which 
is needed to counteract the turning effect of the force of gravity that acts at the 
center of mass, is directed along a horizontal axis and emerges perpendicularly out 
of the plane of Fig. 13-2. The student must supply this torque whether or not 
the wheel is rotating. 

If now the student turns the shaft of the spinning wheel upward, he will find 
that the wheel will swerve around to his right, perhaps rather violently, so that 
he will have failed to keep the shaft in a vertical plane. Tf he is to keep the shaft 
in this plane while he is tilting it upward, he must exert a torque on, the shaft 
(about an almost vertical axis) tending to turn it to his left to counteract this 
effect. Let us see why this is so. 

In tilting the shaft one changes its angular momentum L, in time At, by an 
amount AL, as Fig. 13-2b shows. During this interval, then, the student must 
exert an average torque on the wheel given from Eq. 12-9 as 


T = AL/At; 


Fig. 13-2 A student holds a heavy, rim-loaded, rapi inni icy 
: -] pidly spinning bicycle wheel by the 
shaft and tilts the shaft upward from the horizontal through a small mas x 


1 


Sec. 13-3 ANGULAR MOMENTUM AND ANGULAR VELOCITY 299 
the magnitude of T is given by 
7T = AL/At = L sin A0/At. 


This average torque T has the same direction as AL, that is, it is approximately 
vertically upwards if the angle A@,in Fig. 13-25 is not too large We can see that 
such a torque would tend to turn the shaft to the left if the wheel was not rotating. 
This torque must be supplied by the student as he is tilting the shaft of the spinning 
wheel upward; if he fails to do so, the shaft will not.remain in a vertical plane. 

The student should experiment with such a spinning wheel, working out the 
relationships between the vectors L,.AL, and T. If one is not available he can 
experiment with a toy gyroscope, although this fails to give the kinesthetic appre- 
ciation of T = dL/dt that is provided by a rim-loaded, rapidly spinning wheel. 

There is an analogy between the experiment of Fig. 13-2 and another experiment 
in which the student is asked to swing a heavy weight (attached to a stout cord) 
around in a horizontal circle at constant speed. In this latter experiment the 
student, during a time At, must change the direction of the linear momentum P 
of the weight, leaving its magnitude unchanged. To do so, he must supply a 
force that points at right angles to P (in the direction of AP), that is, radially 
inward. In the experiment of Fig. 13-2 the student must, during a time At, 
change the direction of the angular momentum L of the wheel, leaving its magnitude 
unchanged. To do so he must supply a torque that points at right angles to L 
(in the direction of AL), that is, vertically upward.* 


13-3 Angular Momentum and Angular Velocity 


In this section it is our purpose to examine the relationship between the 
angular momentum and the angular velocity for particles and rigid bodies 
rotating about an axis fixed in an inertial reference frame. 

First we consider a single particle of mass m moving with speed v in a 
circle about the z-axis of an inertial reference frame as in Fig. 13-3. Its 
angular velocity e lies on the z-axis and points upward. Its angular 
momentum 1 with respect to the origin O of the reference frame is given by 
Eq. 12-3, or 


l=rxp, 


where r and p (= my) are shown in the figure. The vector l is perpendicu- 
lar to the plane formed by r and p, which means that 1 is not parallel to c. 
Note that 1 has a (vector) component l, which is parallel to o, but it has 
another (vector) component 1, which is at right angles to œ. Note, too, 
that if we choose our origin to lie in the plane of the circulating particle, 
then 1 zs parallel to w; often, however, we do not find it convenient to make 
this choice. ; 

The perhaps unexpected result that I and o are not parallel in this simple 
case may cause the student some concern. However, this result is quite in 
accord with the general relationship + = dl/dt for a torque acting on a 
single particle. The vector l is changing with time as the particle motion 


* This analogy is explored by A. E. Benfield, American Journal of Physics, September 
1958. See also Problem 3. 
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x (a) z (5) 


Fig. 13-3 (a) A particle of mass m rotating with speed v in a circle of radius a about the 
z-axis of an inertial reference frame. The angular momentum about O, 1 (= r X p), i$ 
shown; for convenience, this vector is also shown translated to the center of the circle. 
(b) The same configuration, showing | and its components and also the centripetal force 
F and the torque * about O. 


proceeds, the change being entirely in direction and not in magnitude, just 
as it was for the precessing top in the preceding section. Since the right 
side of the preceding relationship (= dl/di) has a nonzero value, the left 
side (= T) must also have a nonzero value; that is, a torque must act on 
the particle with respect to origin O. -> 

There is indeed such a torque. For if the particle moves in a circle, & 
centripetal force F must act on-it,as in Fig. 13-3b. We may imagine that 
F is provided by the tension in a light cord that ties the rotating particle to 
the z-axis. The torque about O is provided by F and is given by Eq. 12-1. 


T=rxF. 
The torque r is tangent to the circle (perpendicular to the plane formed by 


r and F) and in the direction shown in Fig. 13-3b, as the student may 
verify from the right-hand rule. 


P Example2. Show that the moving partiele of Fig. 13-3 satisfies the relation 
T = dl/dt quantitatively. 3 
The proof is along the same lines as that of Section 13-2 for the spinning top 
because, from a vector point of view, the two problems are identical. In each 
case we have the precession of an angular momentum vector (L for the top and 1 
_ for the particle of Fig. 13-3) about a vertical axis, at a rate which wé called wp 
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for the top and which we call w for the particle. In each case we have a torque 
which is always at right angles to the plane formed by L (or 1) and €, (or œ). 

Thus, since the two problems are formally identical, it suffices to inquire whether 
the rotating particle of Fig. 13-3 obeys the vector equation for precession (T — 
€, X L; Eq. 13-20). This equation was derived for the precessing top directly 
from—and is directly equivalent to—the relation T = dL/dt (Eq. 12-9). We 
cau write the relation T = @, X L in terms of magnitudes as 


7T = wl sin (90° — 6) = wl cos 6, (18-3) 
in which we have substituted w for wp and | for L and have noted in Fig. 13-3a 
that the angle between w and / is 90° — 0. For r and J, again using the notation 
of Fig. 13-3a, we can write 

T = Fr sin (90? + 0) = [mw*(r sin 6))(r) (cos 0) 
and 
l = rp sin 90° = r(mv) = (r)(m)[w(r sin 6)], 
in which r sin @ is the radius a of the circle in which the particle moves, (90° + 0) 


is the angle between r and F, and 90° is the angle between r and p. Substituting 
these two expressions into Eq. 13-3 yields 


mw*r? sin 0 cos 0 = w(mwr? sin 8) cos 6, 
which is an identity. In terms of magnitudes we have proved our point. The 


student should refer to Fig. 13-3 and make certain that the direction of T is that 
of dl/dt (Eq. 12—7), or alternatively of @ x 1 (Eq. 13-26). 4' 


Let us now investigate the relationship between l, and o for the particle 
of Fig. 13-3. From Example 2 we have 


l = mr’w sin 6. 
From Fig. 13-3b we see that 
l, = lsin 0 = mor? sin? 0. 


Now r sin 0 = a, the radius of the circle in which the particle moves. This 


leads to 
OL = maw, (13-4) 


in which ma? is the rotational inertia 7 of the particle with respect to the 
z-axis. Thus 
1, = Io, (13-5) 


which is to be compared with Eq. 12-18 (L — I«) for the rotation of a rigid 
body about a fixed axis. Note that the vector relation 1 = J is not cor- 
rect in this case because l and o do not point in the same direction. How- 
ever, l, and o do, so that we could write Eq. 13-5 in vector form asl, = I. 

Now let us add another particle of mass m to the system of Fig. 13-3. 
In particular, let us add this particle in the same orbit, moving with the 
same speed, but always at a diametrically opposite point, on the other side 
of the axis of rotation. The angular momentum lz with respect to O for 
this second particle will have the same magnitude as that of 1; for the first 
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z (a) (b) 


Fig. 13-4 (a) Two particles of mass m rotating as in Fig. 13-3 but maintaining dia- 
metrically opposite positions. (b) A cross section through the two particles, showing 
that the total angular momentum L (= 1; + lz) for the two-particle system points 
along the axis of rotation, in the same direction as o. 


particle and it will make the same angle (90° — 8) with the z-axis, but it 
will have a different orientation around that axis. As Fig. 13-4a shows, 
1, will lie in a plane formed by œ and by 1; but will be on the opposite side of 
the z-axis from lj. The vectors l; and 1; include an angle of 180? — 20. 

"The total angular momentum L of the system of two particles is the 
vector sum of the angular momenta of the separate particles, that is, 
L =l; +l. The resultant vector L, as Fig. 13-4b shows, points along 
the z-axis (in the direction of e) and is constant in magnitude. Note that 
this statement is true no matter where the origin O is located along the 
axis of rotation. 

The fact that L = a constant (in both magnitude and direction), for this 
two-particle system, means that dL/dt = 0, which in turn (Eq. 12-9) 
means that + = 0 for this system. The student should convince himself 
(Fig. 13-35 will be helpful) that this is the case, the torques for the two 
particles about O being equal in magnitude but oppositely directed so that 
the torque acting on-the two-particle system is zero. 

The fact that o and L point in the same direction in this problem but did 
not for the case of a single particle can be traced to the fact that, in the 
two-particle system, the particles have the same mass and are in diamet- 
rieally opposite positions at the same distance from the rotation axis. 

We can now extend our system to a rigid body, made up of many par- 


Sec. 13-3 ANGULAR MOMENTUM AND ANGULAR VELOCITY 303 


ticles. If the body is symmetric about the axis of rotation, by which we 
mean that for every mass element in the body there must be an identical 
mass element diametrically opposite the first element and at the same 
distance from the axis of rotation, then the body can-be regarded as made 
up of sets of particle pairs of the kind we have been discussing. Since 
L and o are parallel for all such pairs, they are also parallel for rigid bodies 
that possess this kind of symmetry. Note that, in Table 12-1, all the 
systems except f and j meet this criterion. 

For such symmetrical rigid bodies L and o are parallel and we can write 
Eq. 12-18 (L = Iw) in vector form as 


L = Io. (13-6) 


The student must not forget, however, that, if L stands for the total 
angular momentum, then Eq. 13-6 applies only to bodies that have sym- 
metry* about the (fixed) rotational axis. If L stands for the vector com- 
ponent of angular momentum along the rotational axis (that is, for L,), 
then Eq. 13-6 is equivalent to Eq. 12-8 and holds for any rigid body, sym- 
metrical or not, that is rotating about a fixed axis. 


> Example 3. Solve the problem of Example 5, Chapter 12, by direct applica- 
tion of Eq. 12-9 (r = dL/dt). 

The system of Fig. 12-12, consisting of the wheel Af and the mass m is acted on 
by two external-forces, the downward pull of gravity mg acting on mass m and 
the upward force exerted by the bearings of the shaft of the cylinder, which we 
take as our origin. The tension in the cord is an internal force and does not act 
from the outside on the system (wheel + weight). Only the first of these external 
forces exerts a torque about the origin and its magnitude is (mg) R. 

The angular momentum of the system about the origin at any instant is 


L = Iw + (mv)R, 


in which Jw is the angular momentum of the (symmetrical) disk and (mv)R is 
the angular momentum (= linear momentum. X moment arm) of the falling mass 
about the origin. Both these contributions to L point in the same direction, 
namely, perpendicularly out of the plane of Fig. 12-12. 

Applying T. = dL/dt (in scalar form) yields 


(mg)R — z (Iw + mvR) 


= I(dw/dt) + mR(dv/dt) 
= Io + mRa. 


* We have oversimplified the symmetry requirement. Every rigid body, no matter 
how irregular its shape, has three perpendicular axes through its center of mass, about 
each of which L and w have the same direction, being related by L = Jw, These axes 
are called the principal azes. The axis of a figure of revolution is always a principal 
axis, as are axes at right angles to it through the center of mass. In general, however, 
L and w point in different directions for axes that are not principal axes. See Arnold 
Sommerfeld, Mechanics, Chapter IV, Academic Press, New York, (1964 paperback 
edition). 
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Since a = aR and I = $MR*, this reduces to 


mgR = (&MR?)(a/R) + mRa 
or t 
nami, 
AA M 4- 2m 


Example 4. A simple example of an unsymmetrical rotating rigid body is a 
dumbbell-type rod whose bar makes an angle 6 with the fixed axis of rotation 
passing through its center of mass. The rod rotates at a constant angular velocity 
w about this axis, the vector œ thus pointing along this axis, as shown in Fig. 
18-5. Experience tells us that such a system is “un- 
balanced" or “lop-sided,” and if it were not securely 
fastened to the vertical shaft near C it would break 
away from the shaft at high angular velocities. It 
would tend to move until the angle @ becomes 90°, in 
which limiting position the system would then be 
symmetrical about the shaft. 

(a) Show qualitatively that in the unsymmetrical 
case shown in Fig. 13-5 L and @ are not parallel. 

Each particle of mass m has an angular momentum 
with respect to C given by r X p for that particle. 
At the instant shown the upper particle is moving into 
the page at right angles to it, and the lower particle is 
moving out of the page at right angles to it. The 
momentum vectors of the two masses are therefore 
equal but epposite, and so are their position vectors 
with respect to C. Hence, by application of the right- 
hand rule in r X p, we find that Lis the same for each 

particle and that their sum, the total angular momentum vector L of the dumbbell, 
is as shown in the figure, at right angles to the bar in the plane of the page. Hence 
L and o are not parallel at this instant. It is clear that as the dumbbell itself 
rotates, the angular momentum vector, while constant in magnitude, rotates 
around the fixed axis of rotation. 

i (b) The fact that L and œ do not point in the same direction is perfectly con- 
sistent with the fundamental relation + = dL/di. We have seen twice before 
(see Section 13-2 and Example 1) that an angular momentum vector of constant 
magnitude that rotates around a fixed axis must have associated with it a torque 
T that is at right angles to the plane formed by Land@. At the instant shown in 
Fig. 13-5 this plane is the plane of the figure. Is there such a torque in this prob- 
lem and if so, where does it come from? 

There is indeed such a torque and it arises from the unbalanced sideways forces 
exerted by the bearings on the shaft and transmitted by the shaft to the dumbbell 
bar. At the instant shown in the figure the upper end of the dumbbell would 
tend to move outward to the right. The shaft would be pulled to the right against 
the upper bearing, which in turn exerts a force F on the shaft that points to the 
left. Similarly, the lower end of the dumbbell tends to move outwards to the 
left. The shaft would be pulled to the left against the lower bearing, which in 
turn exerts a force —F on the shaft that points to'the right. The torque T about 
C as a result of these forces points perpendicularly out of the page, at right angles 
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to the plane formed by L and o, and in the right direction to account for the rotary 
motion of L (the student should check this). 

The forces F and —F lie in the plane of Fig. 13-5 at the instant shown. As 
the dumbbell rotates, these forces, and therefore the torque T, rotate with it, so 
that T always remains at right angles to the plane formed by œ and L (compare 
with Fig. 13-1). The rotating forces F and —F cause a “wobble” in the upper 
and lower bearings. The bearings and their supports must be made strong enough 
to provide these forces. For a symmetrical rotating body there is no bearing 
wobble and the shaft rotates smoothly. 

Beariug wobble and internal strains can cause serious practical problems when 
objects, such as turbine rotors, are made to rotate at high speeds. Although 
designed to be symmetrical, such rotors, because of small errors of blade placement, 
ete., may be slightly unsymmetrical. They may be restored to symmetry by the 
addition or removal of metal at appropriate places; this is done by spinning the 
wheel in a special device such that bearing wobble can be measured quantitatively 
and the appropriate corrective measure computed and indicated automatically. 
We are all familiar with lead weights placed at strategic points on automobile 
tire rims to reduce wobble at high speeds due to unbalance. < 


13-4 Conservation of Angular Momentum 


In Chapter 12, we found that the time rate of change of the total angular 
momentum of a system of particles about a point fixed in an inertial refer- 
ence frame (or about the center of mass) is equal to the sum of the external 
torques acting on the system, that is, 


Text = dL/dt. (12-9) 


Suppose now that r.,, = 0; then dL/di = 0 so that L = a constant. 

When the resultant external torque acting on a syslem 1s zero, the total vector 
angular momentum. of the system remains constant. This is the principle of 
the conservation of angular momentum. 

For a system of n particles, the total angular momentum L about some 
point is 

L=ht+h+-:-:: +h. 
Wherrthe resultant external torque on the system is zero, we have 
L = a constant = Lo, (13-7) 


where Lo is the constant total angular momentum vector. The angular 
momenta of the individual particles may change, but their vector sum Lo 
remains constant in the absence of a net external torque. 

Angular momentum is a vector quantity so that Eq. 13-7 is equivalent 
to three scalar equations, one for each coordinate direction through the 
reference point. The conservation of angular momentum therefore sup- 
plies us with three conditions on the motion of a system to which it applies. 

For a system consisting of a rigid body rotating about an axis (the 
z-axis, say) that is fixed in an inertial reference frame, we have 


L, = Io, (13-6) 
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Fig. 13-6 A diver leaves 
the diving board with arms 
and legs outstretched and 
with some initial angular 
velocity. Since no torques 
are exerted on him about 
his center of mass, L (= Iw) 
is constant while he is in 
the air. When he pulls 
his arms and legs in, since 
I decreases, w increases. 
When he again extends his 
limbs, his angular velocity 
drops back to its initial 
value. Notice the para- 
bolic motion of his center 
of mass, common to all 
two-dimensional motion 
under the influence of 
gravity. 


where L, is the component of the angular momentum along the rotation 
axis and I is the rotational inertia for this same axis. Tt is possible for the 
rotational inertia 7 of a rotating body to change by rearrangement of its 
parts. If no net external torque acts, then L, must remain constant and, 
if 7 does change, there must be a compensating change in e. The principle 
of conservation of angular momentum in this case is expressed as 


Iw = Iowo = a constant. (13-8) 


Equation 13-8 holds not only for rotation about a fixed axis but also about 
an axis through the center of mass of the system that moves so that it 
always remains parallel to itself (see p. 268). 

Acrobats, divers, ballet dancers, ice skaters, and others often use this 
principle. Because J depends on the square of the distance of the parts 
of the body from the axis of rotation, a large variation is possible by extend- 
ing or pulling in the limbs. Consider the diver in Fig. 13-6. Let us 
assume that as he leaves the diving board he has a certain angular speed 
wo about a horizontal axis through the center of mass, such that he would 
rotate through half a turn before he strikes water. If he wishes to make a 
one and one-half turn somersault instead, in the same time, he must triple 
his angular speed. Now there are no external forces acting on him except 
gravity, and gravity exerts no torque about his center of mass. His 
angular momentum therefore remains constant, and Iowo = Jw. Since 
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w = 3wo, the diver must change his rotational inertia about the horizontal 
axis through the center of mass from the initial value 7, to a value 7, such 
that I equals 47o. This he does by pulling in his arms and legs toward the 
center of his body. The greater his initial angular speed and the more he 
can reduce his rotational inertia, the greater the number of revolutions he 
can niake in a given time. 

We should notice that the rotational kinetic energy of the diver is not 
constant. In fact, in our example, since 


Io = Iwo 
and 
I « Is, 
it follows that 
Mo? > Moy, 


and the diver's rotational kinetic energy increases. This increase in energy 
is supplied by the diver, who does work when he pulls the parts of his body 
together. 

In a similar way the ice skater ‘and ballet dancer can increase or decrease 
the angular speed of a spin about a vertical axis. A cat manages to land on 
its feet after a fall by using the same principles, the tail serving as a useful, 
but unessential, extra appendage. 


P Example 5. A small object of mass m is attached to a light string which 
passes through a hollow tube. The tube is held by one hand and the string by 
the other. The object is set into rotation ( 
in.a circle of radius rı with a speed vı. 

` The string is then pulled down, shortening 
the radius of the path to re (Fig. 13-7). 
Find the new linear speed v; and the new 
angular speed c» of the object in terms of 
the initial values vı and w; and the two  - 
radii. 

The downward pull on the string is: 
transmitted as a radial force on the object. 
Such a force exerts a zero torque on the 
object about the center of rotation. Since 
no torque acts on the object about its 
axis of rotation, its angular momentum in 
that direction is constant. Hence 


initial angular momentum 
— final angular momentum, 


miri = TWors, 


and | Fig. 13-7 Example 5. A mass at 
Ti the end of a cord moves in a circle 
V» — 01 m of radius rı with angular speed w1. 


f h The cord passes down through a 
Sinte r; > rə the object speeds up on tube. F supplies the centripetal 
being pulled in. | force. 
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In terms of angular speed, since v; equals wir; and vz equals were, 


mr yo, = mro*we 


Ti - 
992—71-—] wp 
T2, 


so that there is an even greater increase in angular speed over the initial value 
(see Problem 23). What effect does the force of gravity (the object’s weight) 
have on this analysis? 


and 


Example 6. A student sits on a stool that is free to rotate about a vertical axis. 
He holds his arms extended horizontally with an 8.0-Ib weight in each hand. The 
instructor sets him rotating with an angular speed of 0.50 rev/sec. Assume that 
frietion is negligible and exerts no torque about the vertical axis of rotation. 
Assume that the rotational inertia of the student remains constant at 4.0 slug-ft? 
as he pulls his hands to his sides and that the change in rotational inertia is due 
only to pulling the weights in. Take the original distance of the weights from the 
axis of rotation to be 3.0 ft and their final distance 0.50 ft. Find the final angular 
speed of the student. 

The only external force is gravity acting through the center of mass, and that 
exerts no torque about the axis of rotation. Hence the angular momentum is 
conserved about this axis and 


initial angular momentum = final angular momentum, 


Iowo = Io. 
We have 
I= Titsaeat ate Fresku 
8.0 
Io = 4.0 + 2 Ge) (3.0)? = 8.5 slug-ft?, 
Eso ga EATUR ais eats 
= 4. 32 3) ^* slug-ft?, 
wo = 0.50 rev/sec = r radians/sec. 
Therefore 
Io S.B MS h 
9 7 wo = ait radians/sec = 2.17 radians/sec & 1.0 Tev/sec, 


The final angular speed is approximately doubled. 

If we had allowed for the decrease in J caused by. the arms being pulled in, the 
final angular speed would have been much greater. 

What change would friction make? Is kinetic energy conserved as the student 
sen in his arms and then puts them out again, assuming there is no friction? 

xplain. ^ 


Example 7. .A classroom demonstration that illustrates the vector nature of 
the law of eonservation of angular momentum is worth considering. 

A student stands on a platform that can rotate only about a vertical axis. In 
his hand he holds the axle of a rim-loaded bicycle wheel with its axis vertical. 
b. wheel is spinning about this vertical axis with an angular speed wo, but the 
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Fig. 13-8 Example 7. (a) The initial angular momentum of the system is shown. 
In (b), the wheel has been tilted an angle @. Since no external torque in the vertical 
direction has been exerted on the system, the angular momentum in that direction must 
be conserved. The deficit, (1 — cos 0) Iowo, is made up by rotation of the student and 
platform. In (c), the wheel has been tilted 180°. The deficit is now 2Iowo, which is 
now, as before, made up by the student and platform. 


— 


student and platform are at rest. The student tries to change the direction of 
rotation of the wheel. What happens? 

Let us choose as the system the student plus platform plus wheel. The initial 
total angular momentum of this system is Zoo, arising from the spinning wheel, 
Io being the rotational inertia of the wheel about its axis and œo pointing verticaliy 
upward. Figure 13-8a shows the initial condition. 

The student next turns the axis of the wheel through an angle 0 from the vertical 
(to do this he must supply a torque; see Example 1. This torque, however, is 
internal to the system as we have defined it). Since there is no external component 
of torque on the system about the vertical axis, the vertical component of angular 
momentum of the system must be conserved. |The wheel, however, is now spinning 
about an axis making an angle 0 with the vertical so that it contributes a vertical 
component of angular momentum of only Jw cos @ to the system. Hence the 
student and platform must supply the additional angular momentum about the 
vertical axes, and they begin to rotate about a vertical axis. This extra vertical 
angular momentum Ipwp when added to Iowo cos 0 must equal the initial vertical 
angular momentum of the system Jowo. That is, 


Ipwp = Iqwo(1 — cos 0). 


This is shown in Fig. 13-8). J, is the rotational inertia of student and platform 
with respect to the vertical axis, and wp is their angular speed about this axis. 

If the student turns the wheel through an angle @ = 180°, the student and plat- 
form acquire a vertical angular momentum of 2755». The total vertical angular 
momentum of the system is still being conserved at the initial value oo, as shown 
in Fig. 13-8c. om 

Consider now the angular momentum of the wheel alone. As the student turns 
the axis of the wheel through an angle @ he exerts a torqueon it which lasts for the 
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time At that it takes to reorient the shaft The vertical component of the reaction 
to this "torque-impulse" acts on the student and accounts for the vertical angular 
momentum acquired by him and the platform. 

The wheel, held with its shaft fixed at an angle 6 with the vertical axis, precesses 
about this axis just like the top of Fig. 13-1. As for the top, a horizontal torque, 
which always remains at right angles to the plane defined by the vertical axis and 
the axis of the wheel, must be provided, in this case by the student. 

The precise analysis of the motion of this system depends only on the application 
of the equation T = dL/dt and the vector nature of the quantities involved. It 
will be left as an exercise for the interested student to work out. 4 


13-5 Some Other Aspects of the Conservation of Angular Momentum 


The conservatjon of angular momentum principle holds in atomic and nuclear 
physics as wethds in celestial and macroscopic regions. Since Newtonian mechanics 
does not hold in the atomic and nuclear domain, this conservation law must be 
more fundamental than Newtonian principles. In our derivation of this principle 
we must have made more rigid assumptions than we needed to. This is true even 
in the framework of classical mechanics. The student should note the key role 
played by. Newton’s third law in our deduction of this conservation principle. 
This law was used to Justify the assumption that the sum of the internal torques 
was zero. It was necessary to assert not only that the action and reaction forces 
were equal and opposite (the “weak” form of the third law) but also that these 
forces were directed along the line joining the two particles (the “strong” form of 
the-third law). The strong form is known to be violated in some electromagnetic 
interactions. However, the assumption that the sum of the internal torques in a 
System of particles is zero can be proven on the basis of a much less stringent 
requirement than that the third law should hold.* 


In atomie and nuclear physies we find that the "elementary particles” such as 
electrons, protons, mesons, and neutrons have angular momentum associated with 
an intrinsic spinning motion, as well as with orbital motion about some external 
point. When we use the law of conservation of total angular momentum we must 
include this spin angular momentum in the total. A fundamental aspect of 


These ideas will be developed in later chapters, 

j If we were to regard the sun, planets, and satellites as particles having no 
intrinsic spinning motion, the angular momentum of the solar system would turn 
pr not to be constant. But these bodies do have intrinsic rotations; in fact, tidal 
orces convert some of the intrinsic spinning angular momentum into orbital 
angular momentum of the planets and satellites. When we use the law of con- 
servation of the angular momentum, we must include this spin angular momentum 


in the total. The conservation of an i 
t 3 gular momentum pla: 
evaluation of theories of the origin of the solar Sy: (onn rcli 


See E. Gerjuoy, American Journal of Physics, Vol. 17, 477 (1949). 
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stars, and other problems in astronomy.* Some astronomical applications will be 
considered in Chapter 16. 
he basis for this rather simple way of analyzing the total angular momentum 
of’ atomic or astronomical systems is a theorem (see Problem 10) that the total 
angular momentum L of any systém with respect to the origin of an inertial refer- 
ence frame may be computed by adding the angular momentum with respect to 
sits center of mass (spin angular momentum) to the angular momentum arising 
from the motion of the center of mass with. respect to the origin (orbital angular 
momentum). f 
The conservation laws of total energy and of linear momentum and angular 
momentum are fundamental to physies, being valid in all modern physical theories. 
We shall have occasion to use them many times in later chapters. 


13-6 Rotational Dynamics—A Review 


The subject of the rotary motions of particles and rigid bodies is reason- 
ably complicated, so much so in fact that a completely general treatment is 
beyond our scope here. It seems advisable to collect in one place all equa- 
tions dealing with rotational dynamics and to comment on the conditions 
under which they can be used. We do this in Table 13-1. 
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Table 13-1 
Summary OF Equations FOR Rorary MOTION 
Eq. No. Equation Remarks 


I. Defining Equations 


121 T-rXF Torque on a particle about a point O, due to a 
resultant force F 
Text = UT; = U(r; X F;) Resultant external torque on a system of parti- 
cles about a point O 
123 l=rXp Angular momentum of a particle about a 
point O 
L = Zl; = Z(ri X p) Resultant angular momentum of a system of 
particles about a point O < 


II. General Relations 


12-7 T= dl/dt The law of motion for a single particle acted 
on by a torque. It is the rotational analog of 
F = dp/dt (Eq. 9-12). Equation 12-7 holds 
only if T. and 1 are measured with respect to 
any point O fixed in an inertial reference 
frame 

12-9 Text = dL/di The law of motion for a system of particles 
acted on by a resultant external torque Text- 
It is the rotational analog of F = dP/dt (Eq. 
9-7). Equation 12-9 holds only if Text and L 
are measured with respeet to (a) any point O 
fixed in an inertial reference frame or (b) the 
center of mass of the system 


III. Special Case of a Rigid Body Rotating about an Axis Fixed in an 
Inertial Reference Frame (see footnote, p. 268) 


1217 7 = Ia æ is constrained to lie along the axis; J must 
also refer to this axis and 7 must be the sealar 
component of Texts directed along this same 
axis. It is the rotational analog of F = Ma 
for rectilinear motion 

12:18 L= Iw € is constrained to lie along the axis; J must 
also refer to this axis and L must be the scalar 
component along this axis of the total angular 
momentum. If the rotation axis has special 
symmetry (that is, if it is a principal axis; see 
footnote, p. 303), then L and @ are both axially 
directed. It is the rotational analog of P = 
Mv for rectilinear metion 
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QUESTIONS 


1. (a) In Example 1, why would merely turning the shaft up send the wheel to the 

[student's right? (b) If the student is anchored to the floor of a large spaceship that is 

drifting in & region free from gravity, in what way, if any, would this affect his per- 
formance of the experiment? 

2. If the top of Fig. 13-1 were not spinning, it would tip over. If its spin angular 
momentum is large compared to the change caused by the applied torque, the top 
precesses. What happens in between when the top spins slowly? 

3. A famous physicist (R. W. Wood), who was fond of practical jokes, mounted a 
rapidly spinning flywheel in a suitcase which he gave to a porter with instructions to 
follow him. What happens when the porter is led quickly around a corner? Explain 
in terms of r = dL/dt. 

4. A single-engine airplane must be “trimmed” to fly level. (Trimming consists of 
raising one aileron and lowering the opposite one.) Why is this necessary? Is this 
necessary on a bi-engine plane under normal circumstances? 

“ 5. The propeller of an aircraft rotates clockwise as seen from the rear. When the 
pilot pulls upward out of a steep dive, he finds it necessary to apply left rudder at the 
bottom of the dive if he is to maintain his heading. Explain. 

6. Describe, in terms of 7 = dL/dt, the rotational dynamics of the wheels on a fast 
train geing around a curve. n 

7. You are walking along a narrow railroad track and you start to lose your balance. 
If you start falling to the right, which way do you turn your body to regain balance? 
Explain. 

8. In order to get a billiard ball to roll without sliding from the start the cue must hit 
the ball not at the center (that is, a height above the table equal to the ball’s radius R) 
but exactly at a height 2 R above the center. Explain. ; 

9. A cylinder rotates with angular speed œ about an axis through one end, as in Fig. 
13-9. Choose an appropriate origin and show qualitatively the vectors L and e. Are 
these vectors parallel? Do symmetry considera- 
tions enter here? 

10. Explain, in terms of angular momentum and 
rotational inertia, exactly how one “pumps up” a 


swing. aar | bee 

11. Consider the motion of a football tumbling ME N 
through the air. Is the angular momentum with [ ) 
respect to the center of mass of the football con- MN "A 
served in flight? Does the magnitude or the St 
direction of the angular velocity change with Bearing Fixed axis 
respect either to axes fixed in space or in the body? 

Fig. 13-9 


12. In Chapter 1 the melting of the polar icecaps 
was cited as a possible cause of the variation in the 
earth's time of rotation. Explain. 

13. Many great rivers flow toward the equator. What effect does the sediment they 
carry to the sea have on the rotation of the earth? 


* See, for example, Frontiers of Astronomy, by Fred Hoyle, Harper and Brothers, 1955. 

t See Arnold Sommerfeld, Mechanics, Volume I of Lectures on Theoretical Physics, 
Academic Press, New York (1964 paperback edition), pp. 158-161, for a supplement on 
the mechanics of billiards. 
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14. A man turns on a rotating table with an angular speed e. He is holding two 
equal masses at arm's length. Without moving his arms, he drops the two masses. 
What change, if any, is there in his angular speed ? 

Is the angular momentum conserved? Explain. 


15. In Example 5, if the string is released 
suddenly back to where the object can travel in a 
circle of radius rj, will the object return to its 
original speed? What happens if one repeatedly 
pulls down on and suddenly releases the string? 
Explain the behavior in terms of work-energy and 
torque-angular momentum considerations. 


16. A circular turntable rotates at constant 
angular velocity about a vertical axis. "There is 
no friction and no driving torque. A circular 
pan rests on the turntable and rotates with it; 

Fig. 13-10 see Fig. 13-10. The bottom of the pan is 
covered with a layer of ice of uniform thickness, 
which is, of course, also rotating with the pan. 

The ice melts but none of the water escapes from the pan. Is the angular velocity now 
greater than, the same as, or less than the original velocity? Give reasons for your 
answer. 


PROBLEMS 


1. A top is spinning 30 rev/sec about an axis making an angle of 30° with the vertical. 
Its mass is 0.50 kg and its rotational inertia is 5.0 X 10-*kg-m. The center of mass is 
4.0 cm from the pivot point. If the spin is clockwise as seen from above, what is the 
magnitude and direction of the angular velocity of precession? 


2. With center and spokes of negligible mass, a certain bicycle wheel has a thin rim of 
radius 1.14 ft and weight 8.36 Ib; it can turn on its axle with negligibie friction. A man 
holds the wheel above his head with the axis vertical while he stands on a turntable free 
to rotate without friction; the wheel rotates clockwise, as seen from above, with an 
angular speed 57.7 radians/sec, and the turntable is initially at rest: The rotational 
inertia of wheel-plus-man-plus-turntable about the common axis of rotation is 1.54 slug 
ft? (a) The man’s hand suddenly stops the rotation of the wheel (relative to the turn- 
table). Determine the resulting angular velocity (magnitude and direction) of the 
turntable. (b) The experiment is repeated with noticeable friction introduced into 
the axle of the wheel, which, starting from the same initial angular speed 57.7 radians/ 
sec, gradually comes to rest (relative to the turntable) while the man holds the wheel as 
described above. (The turntable is still free to rotate without friction.) Describe 
what happens to the system, giving as much quantitative information as the data 
permit. 

3. Start from Eq. 11-205, ag = o X v, fora particle in circular motion and show 
that the force required for uniform circular motion is F = o X p. Compare this to 
Eq. 13-2b, + = oy X L, and explain how the precessing spinning top can be regarded 
as a rotational analog to uniform circular motion. 

4. (a) Assume that the electron moves in a circular orbit about the proton in a 
‘hydrogen atom. If the centripetal force on the electron is supplied .by an electrical 
force e°/4reor?, where e is the magnitude of the charge of an electron and of a proton, 
r is the orbit radius, and «o is a constant, show that the radius of the orbit is 


et 


rm 


Axes? 


where m is the mass of the electron and v is its speed. 
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(b) Assume now that the angular momentum of the electron about the nucleus can 
only have values that are integral multiples n of A/2z, where h is a constant called 
Planck's constant. Show that the only electronic orbits possible are those with a radius 


(c) Combine these results to eliminate v and show that the only orbits consistent with 
both requirements have radii 


n*egh? 
E 1" 
mme 


Hence the allowed radii are proportional to the square of the integers n = 1, 2, 3, ete. 
When n = 1, r is smallest and has the value 0.528 X 10-!? meter. 

5. Show that L — Jw for the two-particle system of Fig. 13-4. 

6. In 1913, Niels Bohr postulated that any mechanical rotating system with rota- 
tional inertia 7 can have an angular momentum whose values can take on only integral 
multiples of a particular number à = 1.054 X 10~*4 joule-sec.. (This number is 1/2x 
times Planck's constant h.) In other words, 


L.— Iw = nh, 


where n is any positive integer or zero. We say that L is quantized, since it is no longer 
allowed to have any value whatsoever. (a) Show that this postulate restricts the 
kinetic energy the rotating system can have to a set of discrete values, that is, that the 
energy is quantized. (b) Consider the so-called rigid rotator, consisting of a mass m 
constrained to rotate in a circle of radius R. With what angular.speeds could the mass 
rotate if the postulate were correct? What values of kinetic energy may it assume? 
(c) Draw an energy-level diagram of some sort indicating how the spacing between 
the energy levels varies as n increases. It might look something like Fig. 13-11. 
Certain low-energy diatomie molecules behave like a rigid rotator. j 


Fig. 13-11 Fig. 13-12 


7. Figure 13-12 shows a symmetrical rigid body rotating about & fixed axis. The 
origin of coordinates is fixed for convenience at the center of mass. Prove, by summing 


' over the contributions made to the angular momentum by all of the mass elements 


m; into which the body is divided, that L = Jw, where L is the total angular momentum. 


= 
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8. A cylinder rolls down an inclined plane of angle 0. Show, by direct application of 
Eq. 12-9 (r = dL/di), that the acceleration of its center of mass is $g sin 0. Compare 
this method with that used in Example 10 of Chapter 12. 

'9. A thin rectangular sheet, of length a and width b, rotates about one of its diagonals 
with constant angular speed w, the axis being fixed in an inertial reference frame. Find 
the direction and the magnitude of the angular momentum L with respect to an origin 
at the center of mass: 

10. Relation between the Total Angular Momentum of a System of Particles and the 
Orbital and Spin Angular Momenta. The total angular momentum of a system of 
particles relative to the origin O of an inertial reference frame is given by L = Zr; X pi, 
where r; and p; are measured with respect to 0. 

(a) Use the relations r; = rom + ri and p; = M;Vem + pi’ of Problem 8, Chapter 
12, to express L in terms of the positions r;’ and momenta př relative to the center of 
mass C, (b) Use the definition of center of mass.and the definition of angular momen- 
tum L’ with respect to the center of mass (Problem 8, Chapter 12) to obtain 
L = L’ +rem X Mvom. (c) Show how this result can be interpreted as regarding the 
total angular momentum to be the sum of spin angular momentum (angular momen- 
tum relative to the center of mass) and orbital angular momentum (angular momen- 
tum of the motion of the center of mass C with respect to O if all the system's mass 
were concentrated at C). 

11. The moon revolves about the earth so we always see the same face of the moon. 
(a) How are the spin and orbital parts of the angular momentum of the moon with 
respect to the earth related? (b) By how much would its spin angular momentum have 
to change if we were to be able to see all the moon’s surface during the course of a month? 


12. Using data in the appendix, find (a) the angular momentum of the earth's spin 
about its own axis, (b) the angular momentum of the earth's orbital motion about the 
sun. 


13. In a playground there is a small merry-go-round of radius 4.0 ft and mass 12.0 
slugs. The radius of gyration (see Problem 12, Chapter 12) is 3.0 ft. A child of mass 
3.0 slugs runs at a speed of 10 ft/sec tangent to the rim of the merry-go-round when it is 
at rest and then jumps on. Neglect friction and find the angular velocity of the merry- 
go-round and child. 5 


14. The time integral of a torque is called the angular impulse. Starting from 
v = dL/dt, show that the resultant angular impulse equals the change in angular 
momentum. This is the rotational analog of the linear impulse-momentum theorem. 


15. A meter stick lies on a frictionless horizontal table. It has a mass M and is free 
to move in any way on the table. A hockey puck m, moving as shown in Fig. 13-13, 
with speed v collides elastically with the stick. (a) What quantities are conserved in 
the collision? (b) What must be the mass m of the puck so that it remains at rest 
immediately after the collision? 


4 


Center 


ne; 


Fig. 13-13 Fig. 13-14 
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16. A stick has a mass 0.30 slug and a length 4.0ft: It is initially at rest on a friction- 
less horizontal plane and is struck perpendicularly by an impulsive force of impulse 3.0 
Ib-sec at a distance 1 = 1.5 ft from the center. Determine the subsequent motion. 

17. A billiard ball, initially at rest, is given a sharp impulse by a cue. The cue is held 
horizontally a distance h above the centerline as in Fig. 13-14. The ball leaves the cue 
with a speed vo and, because of its “forward english," eventually acquires a final speed 
of $9. Show that : 

h = $R, 


where R is the radius of the ball. 


18. In the preceding problem, imagine F to be applied below the centerline. Show 
that it is impossible, with this.“‘reverse english,” to reduce the forward speed to zero 
unless h = R.. Show similarly that it is impossible to give the ball a backward velocity 
unless F has a downward (vertical) component. 

19. A wheel is rotating with an angular speed of 500 rev/min on a shaft whose rota- 
tional inertia is negligible. A second identical wheel, initially at rest, is suddenly 
coupled to the same shaft. What is the angular speed of the resultant combination of 
the shaft and the two wheels? 

20. Two cylinders having radii Rı and E» and rotational inertia J; and I», respec- 
tively, are supported by fixed axes perpendicular to the plane of Fig. 13-15. The large 
cylinder is initially rotating with angular velocity wo. The small cylinder is moved to 
the right until it touches the large cylinder and is caused to rotate by the frictional force 
between the two. Eventually, slipping ceases, and the two cylinders rotate at constant 
rates in opposite directions. Find the final angular velocity wz of the small cylinder in 
terms of Ii, I», Ri, Rz and wo. Is total angular momentum conserved in this case? 


h 
h NN wo 


Fig. 13-15 


21. The axis of the cylinder in Fig. 13-16 is fixed. The cylinder is initially at rest. 
The block of mass M is initially moving to the right without friction with speed vi. It 
passes over the cylinder to the dotted position. When it first makes contact with the 
cylinder, it slips on the cylinder; but the friction is large enough so that slipping ceases 


u—> 


Fig. 13-16 


before M loses contact with the cylinder. The cylinder has a radius R and a rotational 
inertia 7. Find the final speed v» in terms of vı, M, J, and R. This can be done most 
easily by using the relation between impulse and change in momentum. 
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22. A man stands on a frictionless rotating platform which is rotating with a speed of 
1.0 rev /sec; his arms are outstretched and he holds a weight in each hand. With his 
hands in this position the total rotational inertia of the man, the weights and the plat- 
form is 6.0kg-m?. If by drawing in the weights the man decreases the rotational inertia 
to 2.0 kg-m?, (a) what is the resulting angular speed of the platform? (b) By how 
much is the kinetic energy increased? 

23. In Example 5 compare the kinetic energies of the object in two different orbits. 
Use the work-energy theorem to explain the difference quantitatively. 

24. A cockroach, mass m, runs counterclockwise around the rim of a lazy-susan (a 
circular dish mounted on a vertical axle) of radius 2 and rotational inertia I with fric- 
tionless bearings. The cockroach’s speed (relative to the earth) is v, whereas the lazy- 
susan turns clockwise with angular speed wo. The cockroach finds a bread crumb on 
the rim and of course, stops. What is the angular speed of the lazy-susan after the 
cockroach stops? Is energy conserved? ' 

25. A particle is projected horizontally along the interior of a smooth hemispherical 
bowl of radius r which is kept at rest (Fig. 13-17). We wish to find the initial speed vo 
required for the particle to just reach the top of the bowl. Find vo as a function of 
£o, the initial angular position of the particle. (Hint: Use conservation principles.) 


Fig. 13-17 Fig. 13-18 


26. A uniform flat disk of mass M and radius R rotates about a horizontal axis 
through its center with angular speed wo. (a) What is its kinetic energy? Its angular 
momentum? (b) A chip of mass m breaks off the edge of the disk at an instant such 
that the chip rises vertically. above the point at whichjt broke off (Fig. 13-18). How 
high above the point does it rise before starting to fall? (c) What is the final angular 
speed of the broken disk? The final angular momentum and energy? 


27. Two skaters, each of mass 50 kg, approach each other along parallel paths 
separated by 3.0 meters. They have equal and opposite velocities of 10 meters/sec. 
The first skater carries a long light pole, 3.0 meters long, and the second skater grabs the 
end of it as he passes. (Assumie frictionless ice.) (a) Describe quantitatively the 
motion of the skaters after they are connected by the pole. (b) By pulling on the pole 
the skaters reduce their distance apart to 1.0 meter. What is their motion then? 
(c) Compare the kinetic energy of the system in parts (a) and (b). Where does the 
change come from? : i 

28. On a large horizontal frictionless circular track, radius R, lie two small masses m 
and M, free to slide on the track. Between the two masses is squeezed a spring which 
however, is not fastened to m and M. The two masses are held together by a Su 


>» N : 
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(a) 1f the string breaks, the compressed spring (assumed massless) shoots off the two 
masses in opposite directions; the spring itself is left behind. The balls collide when 
they again meet on the track (Fig. 13-19). Where does this collision take place? 
(You might find it convenient to express the answer in terms of the angle m or M 
travels through.) (b) If the potential energy initially stored in the spring was Uo, what 
is the time it takes after the string breaks for dhe collision to take place? (e) Assuming 
the collision to be perfectly elastic and head-on, where will the balls again collide after 
the first. collision? 


Fig. 13-19 


Equilibrium of Rigid Bodies 


CHAPTER 14 


14-1 Rigid Bodies $ 


The towers supporting a suspension bridge must be strong enough so 
that they do not collapse under the weight of the bridge and its traffic load; 
the landing gear of an aircraft must not collapse if the pilot makes a poor 
landing; the tines of a fork must not bend when we cut a tough steak. In ` 
all such problems the engineer is concerned that these presumed rigid 
structures do indeed remain rigid under the forces, and the associated 
torques, that act on them. 

In such problems the engineer must ask two questions. (1) What forces 
and torques act on the presumed rigid body? (2) Considering its design 
and the materials used, will the body remain rigid under the action of these 
forces and torques? In this chapter we are concerned only with the first 
of these questions; the engineering student will deal at length with the 
second question in later courses. 


14-2 The Equilibrium of a Rigid Body 


We note that the presumed rigid bodies of the preceding section (that is, 
the bridge towers, the landing gear, and the fork) are in mechanical equi- 
librium. A rigid body is in mechanical equilibrium if, as viewed from an 

_ inertial reference frame, (1) the linear acceleration acm Of its center of mass 
is zero and (2) its angular acceleration æ about any axis fixed in this refer- 
ence frame is zero. 

This definition does not require the body to be at rest with respect to the 
observer but only to be unaccelerated. Its center of mass, for example, 
may be moving with constant velocity vem and the body may be rotating ` 
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about a fixed axis with constant angular velocity e. If the body is actually 
at rest (so that von = 0 and e = 0), we often speak of static equilibrium. 
However, as we shall see, the restrictions imposed on the forces and torques 
are the same whether or not the equilibrium is static. Furthermore, we 
can transform any case of (nonstatic) equilibrium to one of static equi- 
librium by choosing an appropriate new reference frame. 

The translational motion of a rigid body of mass M is governed by 
Eq. 9-10, or 

Fo = M Bem, 


in which F,,; is the vector sum of all the external forces acting on the body. 
Because a.m must be zero for equilibrium, the first condition of equilibrium 
(static or otherwise) is: The vector sum of all the external forces acting on a 
body in equilibrium must be zero. 

We can write condition (1) as 


F=Fi+Fi:+-:: =0, (14-1) 


in which we have dropped the subscript on F,,, for convenience. This 
vector equation leads to three scalar equations. 


a sw i pe e, 
Py = Py Fund: =0, (14-2) 
z= Fist Fo to + =0, M 


which state that the sum of the components of the forces along each of any 
three mutually perpendicular directions is zero. 

The second requirement for equilibrium is that a = 0 for any axis. 
Since the angular acceleration of a rigid body is associated with torque— 
recall that 7 = Ia for a fixed axis—we can state this second condition of 
equilibrium (static or otherwise) as: The vector sum of all the external torques 
acting on a body in equilibrium must be zero. 

We can write condition (2) as 


T= 1 ttrt +: =0. (14-3) 
This vector equation leads to three scalar equations 
Bri A Doreen, 

Ty = tiy + Tay t+ 550 = 0, (14-4) 
T; = Tu d T3 + 50 t =O, 


which state that, at equilibrium, the sum of the components of the torques 
acting on a body, along each of any three mutually perpendicular direc- 
tions, is zero. 

The resultant torque T in Eq. 14-3, which must be zero for mechanical 
equilibrium, is defined with respect to a particular origin O. The quan- 
tities 7z, 7y, and 7, in Eq. 14-4 are the scalar components of T and refer to 


322 EQUILIBRIUM OF RIGID BODIES Chap. 14 


any set of three mutually perpendicular axes whose origin is at O, no 
. matter how these axes are oriented in space. This follows because, if a 
vector is zero, its scalar components must be zero no matter how we orient 
the axes of the reference frame. The student may wonder whether the 
choice of an origin is essential. The answer—as we shall show below—is 
that it is not, because (for a body in translational equilibrium), if r = 0 
for any single origin O it is also zero for any other origin in the reference 
frame. The substance of this paragraph then is that condition 2 is satis- 
fied for a body in translational equilibrium if we can show either that 
(a) + = 0 with respect to any one point (Eq. 14-3) or that (b) the torque 


components along any three mutually perpendicular axes are zero (Eq. 


14-4). 
Let us now assume that we have a rigid body in translational equilibrium, so 
that F =F, Fo: =0 (Eq. 14-1). ` We now wish to show that the torque 


about any point (such as P in Fig. 14-1) will be zero if the torque about one par- 
tieular point (such as O in Fig. 14-1) is zero. The figure shows three of the 
n forces, Fi, F; - - - F,, applied at various points on a rigid body and pointing in 
various directions. The points of application with respect to O are identified by 


displacement vectors, of which rı isan example. The arbitrary point P is identi- . 


fiediby displacement vector rp; the vector rı — rp locates the point of application 
of F; with respect to point P. 
We can write for the resultant torque about O (see Eq. 12-1) 


>- To=rıX Fi +r: XF +- ckRnxF, 
and for the torque about P, 


- Te= (rı — rp) X Fi t+ (ro — rp) XF+. + (tn — rp) X Fy. 
- We can expand the latter equation as 


Te=[rXFitrXxXFet--- +r, X F,] 
: i ; -ire X (Fit+ Fo+ +--+ +F,)]. 


Now if, as we have assumed, the first condition of equilibrium is satisfied, then 
Fit+Fo+-:--+ +5, =0 and the second term above in the square brackets 


Fig. 14—1 Three of the n forces, 
Fi, Fo, Fs... F, that act on 
a rigid body, not shown. In 
the text we show that if r = 0 
for point O it also vanishes for 
any point such as P, assuming 
that the body is in translational 
equilibrium, 
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vanishes, The first term in the square brackets is simply To (see above) so that, 
under these conditions 

TP = To. 
Thus, for a body in translational equilibrium, if To = 0 then Tp = 0, where P is an 
arbitrary point. : 


Hence we have six independent conditions on our forces for a body to be 
in equilibrium. These conditions are the six algebraic relations of Eqs. 
14-2 and 14-4. These six conditions are a condition on each of the six 
degrees of freedom of a rigid body, three translational and three rotational. 

Often we deal with problems in which all the forces lie in a plane. Then 
we have only three conditions on our forces: The sum of their components 
must be zero for each of any two perpendicular directions in the plane, and . 
the sum of their torques about any one axis perpendicular to the plane 
must be zero. These conditions correspond to the three degrees of freedom 
for motion in a plane, two of translation and one of rotation. 

We shall limit ourselves henceforth mostly to planar problems in order to 
simplify the calculations. This does not impose any fundamental restric- 
tion on the general principles. Also, as a matter of convenience, we shall 
consider only the case of static equilibrium, in which bodies are actually at 
rest. 


* 
14-3 .Center of Gravity 


One of the forees encountered in rigid-body motions is the force of 
gravity. Actually, for an extended body, this is not just one force but 
the resultant of a great many forces. Each particle in the body is acted 
on by a gravitational force. If the body of mass M is imagined to be 
divided into a large number of particles, say n, the gravitational force 
exerted by the earth on the ith particle of mass m; is mig. This force is 
directed down toward the earth. If the acceleration due to gravity g is 
the same everywhere in a region, we say that a uniform gravitational field 
exists there; that is, g has the same magnitude and direction every where in 
that region. For a rigid body in a uniform gravitational field, g must be 
the same for each particle in the body and the weight forces on the particles 
must be parallel to one another. If we assume that the earth's gravita- 
tional field is uniform, we can show that all the individual weight forces 
acting on a body can be replaced by a single force Mg acting down at the 
center of mass of the body. This is equivalent to showing that the indi- 
vidual weight forces, acting downward, can be counteracted in their 
accelerating effects by a single force F (= — Mg) acting upward, provided 
this force F is applied at the center of mass of the body. 

Figure 14-2 shows two typical particles or mass elements m and m», 
selected from the n such elements into which the rigid body has been 
divided. An upward force F (— — Mg) is applied at a certain point O. 
It remains to show that the body is in mechanical equilibrium 7f (and only 
if) point O is the center of mass. Condition 1 for equilibrium (Eq. 14-1) 
has already been satisfied by our choice of the magnitude and direction of 
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Fig. 14-2 An irregular body is di- 
vided into n mass elements of which 
two typical elements mı and m» are 
shown. In the text we prove that 
the body can be held in translational 
and rotational equilibrium by a 
single force F (= —Mg) directed 
upward and applied at the center of 
mass of the body. 


F. That is, ; 
F + mig + mg + >>> + mag = 0, 
or 
F= —(mi+m2.+--+- +m,)g = —Mg, 


which corresponds to our assumption. 

It remains to prove that T = 0 for any single point in the body, such as 
0. This is the second condition for equilibrium. By choosing O as our 
origin we insure that the torque of F about this point is zero, because the 
moment arm of F is zero for this point. The torque about O due to the 
gravitational pull on the mass elements is 


T =r; XmgtreX mgt -> +r xX me 
which (because mi, m», etc., are Scalars) we can write as 

T= mr Xg +mr:Xg+ ``- + man Xg. 
Since g is the same in each term, we can factor it out, obtaining 


T = (miri + more + + - - + mara) XB 


- (È mai) x 


in which the sum is taken over all the mass elements that make up the 
body. : 

Now if point O is the center of mass of the body, the sum above is zero. 
This follows from the definition of the center of mass (see Eq. 9-5b and the 
discussion following it). We conclude then that 7f (and only if) point O is 


the center of mass, then T — 0 and the second condition for mechanical 
E is satisfied. ; 3 
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Thus the gravitational forces acting on the individual mass elements 
that make up a rigid body are equivalent in their translational and rota- 
tional effects to a single force equal to Mg, the total weight of the body, 
acting at the center of mass. We can obtain the same result if the body 
is continuous and divided into an infinite number of particles. The 
student should be able to do this by the methods of integral calculus (see 
Section 9-1). The point of application of tte equivalent resultant gravi- 
tational force is often called the center of gravity. 


The coincidence of the center of gravity and the center of mass. came about 
because of the assumption that the earth’s gravitational field was uniform. Actu- 
ally this assumption is not strictly true, for the magnitude of g changes with dis- 
tance from the center of the earth and furthermore the direction of g is radially in. 
toward the center of the earth from any 
point (Chapter 16). To see the effect 
this has, let us consider a uniform stick 
many miles long inclined to the vertical 
in the earth's gravitational field, as in 
Fig. 14-3. The center of gravity of a 
body is the point at which the equivalent 
resultant gravitational force on it acts. 
This point must be the same as the point 
at which a single oppositely directed force 
is applied for the body to be kept in 
equilibrium. If the field were uniform, 
a single upward force of magnitude Mg 
at the center of mass would keep the 
stick in translational and rotational equi- 


librium. But the field is not uniform, Fig. 14-3 The center of mass C and 
and the value of g at my is.less than the center of gravity P in reality do not 
value of g at ma. The point at which coincide, since the earth's gravita- 
a single force must be applied to keep tional feld is not uniform. 


the body in equilibrium is therefore at 

a point P some distance below the center 

ofmass. Furthermore, if the orientation ; SM 

of the body is changed, the position of the point P, required for application of an 
equilibrium force, changes. Hence center of gravity really has little usefulness in 
such a case. Not only does it not coincide with the center of mass, but its position 
changes with respect to the body as the body is moved. 


Because almost all problems in mechanics involve objects having dimen- 
sions small compared to the distances over which g changes appreciably, 
we can assume that g is uniform over the body. The center‘of mass and 
the center of gravity can then be taken as the same point. In fact, we can 
use this coincidence to determine experimentally’ the center of mass in 
irregularly shaped objects. For example, let us locate the center of mass 
of a thin plate of irregular shape, as in Fig. 14-4. We suspend the body! 
by a cord from some point A on its edge. When the body is at rest, the 
center of gravity must lie directly under the point of support somewhere 
on the line Aa, for only then can the torque resulting from the cord and the 
weight add to zero. We next suspend the body from another point B on its 
edge. Again, the center of gravity must lie somewhere on Bb. The only 
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Fig. 14-4 Since the center of mass O always hangs directly below the point of suspen- 
sion, hanging a plate from two different points determines Q. 


point common to the lines Aa and Bb is O, the point of intersection, so that ^ 
this point must be the center of gravity. If now we suspend the body from 
any other point on its edge, as C, the vertical line Cc will pass through 0. 
Since we have assumed a uniform field, the center of gravity coincides 
with the center of mass, which is therefore located at O. 


14—4 Examples of Equilibrium 


In applying the conditions for equilibrium (zero resultant force and zero 
resultant torque about any axis), we can clarify and simplify the procedure 
in many ways. 

First, we draw an imaginary boundary around the system under con- 
sideration. This assures that we see clearly just what body or system of 
bodies it is to which we are applying the laws of equilibrium. This process * 
is called isolating the system. 

Second, we draw „vectors representing the magnitude, direction, and 
point of application of all external forces. An external force is one that acts 
from outside the boundary which was drawn earlier. . Examples of external 
forces often encountered are gravitational forces and forces transmitted 
by strings, wires, rods, and beams which cross the boundary. A question 
sometimes arises about the direction of a force. In this case make an 
imaginary cut through the member transmitting the force at the point 
where it crosses the boundary. If the ends of this cut tend to pull apart, 
the force acts outward. If you are in doubt, choose the direction arbi- 
trg ‘ly. A negative value for a force in the solution means that the force 
mom the direction opposite to that assumed. Note that only external 

-forces acting on the system need be considered ; all internal forces cancel 
one. another in pairs. 

Third, we choose a convenient reference frame along whose axes we 
resolve the external forces before applying the first condition of equi- 
librium (Eq. 14-2). The object here is to simplify the calculations. The 


j preferable reference frame is usually obvious. 
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Fourth, we choose a convenient reference frame along whose axes we 
resolve the external torques before applying the second condition of equi- 
librium (Eq. 14-4). The object again is to simplify calculations and we 
may use different reference frames in applying the two conditions for static 
equilibrium if this proves to be convenient.’ Suppose that an axis passes 
through the point at which two forces concur and is at right angles to the 
plane formed by these forces; these forces will automatically have no 
torque component along (or about) this axis. The torque components 
resulting from all external forces must be zero about any axis for equi- 
librium. Internal torques will cancel in pairs and need not be considered. 


> Example 1. (a) A uniform steel meter bar rests on two scales at its ends (Fig. 
14-5). The bar weighs 4.0 lb. Find the readings on the scales. 

Our system is the bar. The forces acting on the bar are W, the gravitational 
force acting down at the center of gravity, and F, and Fz, the forces exerted upward 
on the bar at its ends by the scales. "These are shown in Fig. 14-5a. By Newton's 
third law, the force exerted by a scale on the bar is equal and opposite to that 
exerted by the bar on the scale. "Therefore, to obtain the readings on the scales, 
we must determine the magnitudes of F; and F». 

For translational equilibrium (Eq. 14-1) the condition is 


Fic F.+ W=0. 


All forces act vertically, so that if we choose the y-axis to be vertical, no other axes 
need be considered. Then we get the scalar equation 


F, + F: — 4.0 lb =0. 


For rotational equilibrium, the component of the resultant torque on the bar 
must be zero about any axis. We have seen that it is enough to show that the 
torque components are zero for any set of three mutually perpendicular axes. 
These components are certainly zero for any two perpendicular axes that lie in the 
plane of Fig. 14-5a (Why?). It remains td require that the resultant torque is 
zero about any one axis at right angles to the plane of the figure. Let us choose an 
axis through the center of gravity. Then, taking clockwise rotation as positive and 
counterclockwise rotation as negative, the condition for rotational equilibrium 


Fig. 14-5 (a) Example la. A uniform steel bar rests on two spring scales. (b) Ex- 
ample 1b, A weight is suspended a quarter of the way from one end. 
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(Eq. 14-4) is 
n) - 5 (emo - ^ 


Ff, —F,=0. 


or 


Combining the two equations, we obtain 
F, +F, = 2F, = 2F, = 4.0 lb, 
Fi = Fi = 2.0 Ib. 


Each scale reads 2.0 Ib, as we might have expected. 
If we had chosen an axis through one end of the bar, we would have obtained the 


same result. For example, taking torques about an axis through the right end, we 
obtain 


F() — Ww G) +F,(0) = 0, 
or 
ma 
ma 


Combining this with F, + P, = 4.0 lb, we obtain F, = 2.0 Ib, as before. 


(b) Suppose that a 6.0-Ib block is placed at the 25-em mark on the meter bar. 
What do the scales read now? 


The external forces acting on the bar are shown in Fig. 14-5, where w is the 
force exerted on the bar by the block. The first condition for equilibrium is 


Fit+F,—-W-—we=o0. 
With W = 4.0 lb and w = 6.0 Ib, we obtain 


F,= 


Ww 
E 2.0 Ib. 
2 


Fi +F, = 10 lb. 


If we take an axis through the left end of 


o the bar, the second condition for equilib- 
rium is 


I 
l l 
With W = 4.0 lb and w = 6.0 lb, we obtain 


F. $7 3.5 Ib. , 
Putting this result into the first equation, we obtain 


F, + 3.5 lb = 10 1b, 


F, = 6.5 |b. 
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Example 2. (a) A 60-ft ladder weighing 100 Ib rests against a wall at a point 
48 ft above the ground. The center of gravity of the ladder is one-third the way 
up. A 160-b man climbs halfway up the ladder. Assuming that the wall is 
frictionless, find the forces exerted by 
the system on the ground and the 
wall. 

The forces acting on the ladder are 

shown in Fig. 14-6. W is the weight 
of the man standing on the ladder, 
and w is the weight of the ladder 
itself. A force F, is exerted by the 
.ground on the ladder. F;, is the 
vertical component and F;, is the 
horizontal component of this force 
(due to frietion). The wall, being 
frictionless, can exert only a force 
normal to its surface, called F5. We 
are given the following data: 


W —1601b, w= 1001b, 
a = 48 ft, c = 60 ft. 


From the geometry we conclude 
that b — 36 ft. The line of action Fig. 14-6 Example 2. 
of W intersects the ground at a dis- : 
tance 6/2 from the wall and the line 
of action of w intersects the ground at a distance 25/3 from the wall. 
We choose the z-axis to be along the ground and the y-axis along the wall. Then, 
the conditions on the forces for translational equilibrium (Eq. 14-2) are 
F,—Fy = 0, 
Fw v6 wW — w= 0. 
For rotational equilibrium (Eq. 14-4) choose an axis through the point of contact 
with the ground and obtain 


nan) 


Using the data given, we obtain 
F2(48 ft) — (160 Ib) (18 ft) — (100 1b) (12 ft) = 0,7 
F, = 851b, ' 
Fy, = F3 = 85 lb, 
Fi» = 160 Ib + 100 Ib = 260 Ib. 


By Newton’s third law the forces exerted by the ground and the wall on the ladder 
are equal but opposite to the forces exerted by the ladder on the ground and the 
wall, respectively. ‘Therefore, the normal force on the wall is 85 lb, and the force on 
the ground has components of 260 Ib down and 85 Ib to the right. 
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(b) If the coefficient of static friction between the ground and the ladder is g, = 
0.40, how high up the ladder can the man go before it starts to slip? f 
Let z be the fraction of the total length of the ladder the man can climb before 
slipping begins. Then our equilibrium conditions are 
i F. : F TR ME 0, 


F,—W-w-90, 


and 
b 
Fa — Wbz—w () = 
Now we obtain 
F.(48 ft) = (160 1b) (36 ft)z + (100 1b) (12 ft), 

F, = (120z + 25) Ib. 
Hence 

Fy, = (120z + 25) Ib, 
and, as before, 


Fiv = 260 lb. 
The maximum force of static friction is given by 


Fir = EsFiw = (0.40) (260 lb) = 104 Ib. 
Therefore, 
Fy, = (120z + 25) lb = 104 Ib 
and 
2.5 120; 
so that the man.can climb up the ladder 


60x ft = 39.5 ft 
before slipping begins. , 
In this example the ladder is treated as a one-dimensional object, with only one 
point of contact at the wall and ground. The student should reflect on how this 
limits consideration of the less artificial case of two contact points at each end. 
"The reason for assuming that the wall is frictionless is discussed later. Can you 
guess what it is? 


Example 3. A uniform beam is hinged at the wall. A wire connected to the 
wall a distance d above the hinge is attached to the other end of the beam. The 
beam makes an angle of 30? with the horizontal when a weight w is hung from à 
string fastened to the end of the beam. If the beam has a weight W and a length l, 
find the tension in the wire and the forces exerted by the hinge on the beam. 

The situation is depicted in Fig. 14~7, in which all the forces acting on the beam 
are shown. The wire pulling on the beam makes some angle a with the horizontal 
so that the tension T in the wire has horizontal and vertical components T, and T», 
respectively, as shown. The force F exerted by the hinge on the beam also has 
horizontal and vertical components F, and F, respectively. W is the weight of 
the beam, acting at its center of gravity, and w is the tension in the string that 


? transmits the weight of the suspended body to the beam. 
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Fig. 14-7 Example3. - ] «i Pe 
[8 DY 


Choosing our axes to be horizontal and vertical, we obtain for translational 
equilibrium 


Fo+T,—-W-—w=0, 
and : ! 
F4 — T, = 0. 
Choosing an axis through the point of intersection of T and w (Why?), we obtain 
for rotational equilibrium 


-— Wi 0° 
F.(l cos 30°) — F,(l sin 30°) — tree - 0. 
Our unknowns are Th, Ty, Fh, and F,. Let us assign the following values to the 


other quantities: j 
; W = 300 Ib, w = 200 Ib, 1 = 10 ft, d = 6.0 ft. 
Therefore 


or 


(1) F, + T, = 500 lb, 
(2) Ph = Ty, 
and ^ 

F,(10) (0.866) = F,(5.0) + (300) (5.0) (0.866), 
(3) F, = F,(5.0/8.66) + 150 Ib. 


Recall that we have four unknowns, namely F», Fw To, and Th. We need another 
felation between these quantities if we are to solve the problem. | 'This relation 
follows from the fact that T, and T, must add to give a resultant vector T directed 
along the wire. The wire cannot supply or support a force transverse to its orienta- 
tion. (Notice that this is not true for the beam, however.) Hence our fourth 

relation is : : 

i T, = T, tan a, 
where tan æ = (d — l sin 30*)/ l cos 30° = 1.0/8.66, so that 


(4) T, = T;/8.66. 
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Combining (1) and (4) we obtain 
F, = 500 Ib — 7,/8.66. 
Onnitiniais (2) and (8), we obtain 
F, = T,(5.0/8.66) + 150 Ib. 


Solving these equations simultaneously, we obtain 


T, = 505 lb, 
and 
^ . F, = 442 Ib. 
From (2) we obtain 
F, = 505 lb. 
From (1) we obtain - 
T, = 58 |b. 


The tension in the wire will then be 
T = V T + T = 509 lb, 


and the hinge will exert a horizontal force of 505 Ib and a vertical force of 442 Ib on 
the beam. 4 


In the preceding examples we have been careful to limit the number of 
unknown forces to the number of independent equations relating the forces. 
When all the forces act in a plane, we can have only three independent 
equations of equilibrium, one for rotational equilibrium about any axis 
normal to the plane and two others for translational equilibrium in the © 
plane. However, we often have more than three unknown forces. For 
example, in the ladder problem of Example 2a, if we drop the artificial | 
assumption of a frictionless wall, we have four unknown scalar quantities, . 
namely, the horizontal and vertical components of the force acting on the 
ladder at the wall and the horizontal and vertical components of the force 
acting on the ladder at the ground. Since we have only three scalar equa- 
tions, these forces cannot be determined, For any value assigned to one 
unknown force, the other three forces can be determined. But if we have 
no basis for assigning any particular value to an unknown force, there are 
an infinite number of solutions possible mathematically. We must there- 
fore find another independent relation between the unknown forces if we 
hope to solve the problem uniquely, à 

Another simple example of such underdetermined structures is the auto- 
mobile. In this case we wish to determine the forces exerted by the ground 
on each of the four tires when the car is at rest on a horizontal surface. If 
we assume that these forces are normal to the ground, we have four 
unknown scalar quantities. All other forces, such as the weight of the car 
and passengers, act normal to the ground. Therefore we have only three 
independent equations giving the equilibrium conditions, one for transla- 
tional equilibrium in the single direction of all the forces and two for rota- 

; tional equilibrium about the two axes perpendicular to each other in & 
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horizontal plane. Again the solution of the. problem is indetenminate, 
mathematically. A four-legged table with all its legs in contact With the 
floor is a similar example. 

Of course, since there is actually a unique solution to any real lhysical 
problem, we must find a physical basis for the additional 2 Aai 
relation between the forces that enable us to solve the problem; The 
difficulty is removed when we realize that structures are never perfectly 
rigid, as we have tacitly assumed throughout. Actually our structures 
will be somewhat deformed. For example, the automobile tires and the 
ground will be deformed, as will the ladder and wall. The laws of elasticity 
and the elastie properties of the structure determine the nature oY the 
deformation and will provide the necessary additional relation betweer the 
four forces. A complete analysis therefore requires not only the laws of 
rigid body mechanies but also the laws of elasticity. In courses in divil 
and mechanical engineering, many such problems are encountered and 
analyzed in this way. "We shall not consider the matter further here. 


14-5 Stable, Unstable, and Neutral Equilibrium of Rigid Bodies in a 
Gravitational Field à 


In Chapter 8 we saw that the gravitational force is a conservative force. For 
conservative forces we can define a potential energy function Ù (x,y,z), where U is| 
related to F by wag | 


F,= —0U/dx, F, = —9U/9y, F, = —9U/az. 


At points where QU /Óz is zero, a particle subject to this conservative force will be 
in translational equilibrium in the z-direction, for then Fz equals zero. Likewise, 
at points where ðU /ðy or 0U/dz are zero, a particle will be in translational equi- 
librium in the y- and z-directions, respectively. The derivative of U at a point 
will be zero when U has an extreme value (maximum or minimum) at that point 
or when U is constant with respect to the variable coordinate. 

When U is a minimum, the particle is in stable equilibrium; any displacement 
from this position will result in a restoring force tending to return the particle to 
the equilibrium position.. Another way of stating this is to say that if a body is in 
stable equilibrium, work must be done on it by an external agent to change its 
position. This results in an increase in its potential energy. i 

When U is a maximum, the particle is in unstable equilibrium; any displacement 
from this position will result in a force tending to push the particle farther from the 
equilibrium position. In this case no work must be done on the particle by an 
external agent to change its position; the work done in displacing the body is 
supplied internally by the conservative force, resulting in a decrease in potential 
energy. ; : 

When U is constant, the particle is in neutral equilibrium. In this case a particle 
can be displaced slightly without experiencing either a repelling or restoring force. 

Notice that a particle can be in equilibrium with respect to one coordinate with- 
out necessarily being in equilibrium with respect to another coordinate, as for 
example a freely falling ball. Furthermore, a particle may be in stable equilibrium 
with respect to one coordinate and in unstable equilibrium with respect to another 
coordinate, as for example & particle at à saddle point (Fig. 14-8). / 

All these remarks apply to particles, that is, to translational motion. Suppose 
now we treat a rigid body. We must consider rotational equilibrium as well as 
translational equilibrium. The problem of a rigid body in a gravitational field is 


A 
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Fig. 14-8 A gravitational potential surface, which may be thought of as a real surface. 
A particle placed at A, B or C remains at rest; a plane tangent to any of these points is 
horizontal. We say that a particle here is în equilibri At A, a particle, if slightly 
displaced, tends to return to A. A represents a point of stable equilibrium. At B, a 
particle, if slightly displaced, tends to increase its displacement. Thus B represents à 
point of unstable equilibrium... At C, the particle, if slightly displaced in the direction 
aa’, will tend to return to C, but if it is displaced in direction bb’, it will tend to increase 
its displacement. C is called a saddle point since a saddle has somewhat this shape. 
Neutral equilibrium, experienced by a particle anywhere on a plane horizontal surface, 
is not illustrated. Š : 


particularly simple, however, because all the gravitational forces on the particles of 
the rigid body can be considered to act at one point, both for translational and rotational 
purposes. We can replace this entire rigid body, for purposes of equilibrium under 
gravitational forces, by a single particle having the equivalent mass at the center 
of gravity. 

For example, consider a cube at rest on one side on a horizontal table. The 
center of gravity is shown at the center of the central cross section of the cube in 
Fig. 14-9a. Let us supply a force to the cube so as to rotate it without its slipping 
about an axis along an edge. Notice that the center of gravity is raised and that 
work is done on the cube, which increases its potential energy. If the force is 
removed, the cube tends to return to its original position, its increased potential 
energy being converted into kinetic energy as it falls back. — This initial position is, 
therefore, one of stable equilibrium. In terms of a particle of equivalent mass at 
the center of gravity, this process is described by the dotted line which indic 
the path taken by the center of gravity during this motion. ‘The particle is seen 
to have a minimum potential energy in the position of stable equilibrium, as 
required. We ean conclude that the rigid body will be in stable equilibrium if the 
application of any force can raise the center of gravity of the body but not lower it. 

If the cube is rotated until it balances on an edge, as in Fig. 14-9, then once 
again the cube is in equilibrium. This equilibrium position is seen fo be unstable. 
The application of even the slightest horizontal foree will cause the cube to fall 
away from this position with a decrease of potential energy. The particle of 
equivalent, mass at the center of gravity follows the dotted path shown. . At the 
position of unstable equilibrium this particle has a maximum potential energy, 28 

^ required. We can conclude that the rigid body will be in unstable equilibrium if 
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Fig. 14-9 Equilibrium of an extended body. (a) A cube resting on one side is in 
stable equilibrium since its center of gravity C is raised if the cube is tipped by a hori- 
zontal force F. (b) A cube resting on one edge is in unstable equilibrium since C falls if 
the cube is tipped by F. (c) A sphere or cylinder is in neutral equilibrium since C 
neither rises nor falls when F is applied. Compare these criteria for equilibrium with 
those given in Fig. 14-8. How are the criteria in the two figures related? 


the application of any horizontal force tends to lower the center of gravity of the 
body. r 
The neutral equilibrium of a rigid body is illustrated by a sphere on a horizontal 
table (Fig. 14-9c). If the sphere is subjected to any horizontal force, the center of 
gravity is neither raised nor lowered but moves along the horizontal dotted line. 
The potential energy of the sphere is constant during the displacement, as is that of 
the particle of equivalent mass at the center of gravity. The system has no tend- 
ency to move in any direction when the applied force is removed. A rigid body 
will be in neutral equilibrium if the application of any horizontal force neither 
raises nor lowers the center of gravity of the body. 

Under what circumstances would a suspended rigid body be in stable equilib- 
rium? When would a suspended rigid body be in unstable equilibrium, and when 
would it be in neutral equilibrium? : 


QUESTIONS 


l. Are Eqs. 14-1 and 14-3 both necessary and sufficient conditions for mechanical 
equilibrium? For static equilibrium? 

2. A wheel rotating at constant angular velocity a about a fixed axis is in mechanical 
equilibrium because no net external force or torque acts on it. However, the particles 
that make up the wheel undergo a centripetal acceleration a directed toward the axis. 
Since a = 0 how can the wheel be said to be in equilibrium? 

3. Give several examples of a body which is not in equilibrium, even though the 
resultant of all the forces acting on it is zero. i 

4. If a body is not in translational equilibrium, will the torque about any’ point be 
zero if the torque about some particular point is zero? ; 

5. Which is more likely to break in use, a hammock stretched tightly between two 
trees or one that sags quite a bit? Prove your answer. 

6. A ladder is at rest with its upper end against a wall and the lower end on the 
ground. Is it more likely to slip when a man stands on it at the bottom or at the top? 
Explain. 

7. In Example 2, if the wall were rough, would the empirical laws of friction supply us 
With the extra condition needed to determine the extra (vertical) force exerted by the 
wall on the ladder? 


8. In Example 3, why isn't it necessary to consider friction at the hinge? 
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9. A picture hangs from a wall by two wires: What orientation should the wires have 
to be under minimum tension? Explain how equilibrium is possible with any number 
of orientations and tensions, even though the picture has a definite mass. 

10. Show how to use a spring balance to weigh objects well beyond the maximum 

' reading of the balance. 

11. Do the center of mass and the center of gravity coincide for a building? Fora 
lake? Under what conditions does the difference between the center of mass and the 
center of gravity of a body become significant? 

12. If a rigid body is thrown into the air without spinning, it does not spin during its 
flight, provided air resistance can be neglected. What does this simple result imply 
about the location of the center of gravity? 

13. A uniform block, in the shape of a rectangular parallelepiped of sides in the ratio 
1:2:3, lies on a horizontal surface. In which position, that is, on which of its three 
different faces, can it be said to be most stable, if any? 

14. A virus particle in a rotating liquid-filled centrifuge tube is in uniform circular 
motion (that is, in accelerated motion) as viewed by an observer in the laboratory. An 
observer rotating with the centrifuge, however, would declare the particle to be unaccel- 
erated. Explain how the virus particle can be in equilibrium for this second observer 
but not for the first. 

15. In Chapter 5 we defined force in terms of acceleration from the relation F = ma. 
For a body in equilibrium, however, there are no accelerations. How, then, can we 
give meaning to the forces acting on such a body? 


PROBLEMS 


_1. What force F applied horizontally at the axle of the wheel is necessary to raise the 
Wheel over an obstacle of height h? Take r as the radius of the wheel and W as its 
weight (Fig. 14-10). 


Fig. 14-10 


EB 
un i ges is cns by three men, one man at one end and the other two supporting 
between them on a crosspiece so placed that the load is equally divided 
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3. A meter stick balances on a knife edge at the 50.0-cm mark. When two nickels axe 
stacked over the 12.0-cm mark, the loaded stick is found to balance at the 45.5-em mark) 
A nickel has a mass of 5.0 gm. What is the mass of the meter stick? ‘Try this tech- 
nique sometimes and check your answer experimentally. 

4. Prove that when only three forces act on a body in equilibrium, they must be 
coplanar, and their lines of action must meet at a point or at infinity. 

5. A circular section of radius r is cut out of a uniform disk of radius R, the center of 
the hole being 7/2 from the center of the original disk. Locate the center of gravity of 
the resulting body. 

6. In Fig. 14-11 a man is trying to get his car out of the mud on the shoulder of a 
road. He ties one end of a rope tightly around the front bumper and the other end 
tightly around a telephone pole 60 ft away. He then pushes sideways on the rope at its 
midpoint with a force of 125 lb, displacing the center of the rope 1.0 ft from its previous 
position and the car almost moves. What force does the rope exert on the car? (The 
rope stretches somewhat under the tension.) 


Fig. 14-11 


7. A homogeneous sphere of radius r and weight W slides along the floor under the 
action of a constant horizontal force P applied to a string, as shown in Fig. 14-12. 
(a) Show that, if u is the coefficient of friction between sphere and floor, the height h is 
given by h — r(1 — uW/P). (b) Show that the sphere is not in translational equi- 
librium under these circumstances. Is there any point about which the sphere is in 
rotational equilibrium? (e) Can one get the sphere to be in both rotational and transla- 
tional equilibrium by a different choice of h? . . . By a different direction for P? 
Explain. 


Fig. 14-12 


8. A thin horizontal bar AB of negligible weight and length J is pinned to a vertical 
wall at A and supported at B by a thin wire BC that makes an angle 6 with the hori- 
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zontal. A weight P can be moved anywhere along the bar as defined by the distance 2. 
from the wall (Fig. 14-13). (a) Find the tensile force T in the thin wire as a function of 
z. (b) Find the horizontal and vertical components of the force exerted on the bar by 
the pin at A. 


Fig. 14—13 


9. A nonuniform bar of weight W is suspended at rest in a horizontal position by 
two light ropes as shown in Fig. 14-14; the angle one rope makes with the vertical is 
9 = 36.9°; the other makes the angle ¢ = 53.1' with the vertical. If the length J of the 
bar is 20.0 ft, compute the distance z from the left-hand end to the center of gravity. 


10. A well-known 


November 1964, p. 128): Uniform bricks are placed one upon another in such a manner 
as to have the inaximum offset. This is accomplished b: 


downward, one can obtain as large an offset as he wants. (Martin Gardner, in the 
article referred to above, states: “With 52 Playing cards, the first placed so that its end 


_ brick is offset from the one below it by a constant fraction, 1/n, of a brick length /. 


How many bricks, N, can one use in this process before the pile will fall over? Check 
the plausibility of your answer for n = 1, n = 2,n = o, 
11. Four bricks, each of length J, are put on top of one another (see Fig. 14-15) in 
ch a way that part of each extends beyond the one beneath. Show that the largest 


Wr Eon ram E NE 
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equilibrium extensions are (a) top brick overhanging the one below by 1/2, (b) second 
brick from top overhanging the one below by //4, and (c) third brick from top overhanz- 
ing the bottom one by //6. . 


Fig. 14-15 


12. A door 7.0 ft high and 3.0 ft wide weighs 60 Ib. A hinge 1.0 ft from the top and 
another 1.0 ft from the bottom each support half the door's weight. Assume that the 
center of gravity is at the geometrical center of the door and determine the horizontal 
and vertical force components exerted by each hinge on the door. 

13. An automobile weighing 3000 Ib has a wheel base of 120 in. Its center of gravity 
is located 70 in. behind the front axle. ' Determine the force exerted on each of the front 
wheels (assumed the same) and the force exerted on each of the back wheels (assumed 
the same) by the level ground. 

14. A balance is made up of a rigid rod free to rotate about a point not at the center 
ofthe rod. It is balanced by unequal weights placed in the pans at each end of the rod. 
When an unknown mass m is placed in the left-hand pan, it is balanced by a mass mı 
placed in the right-hand pan, and similarly when the mass m is placed in the right-hand 
pan, it is balanced by & mass m; in the left-hand pan. Show that 


m= vV mmz, 


and state any assumptions you make in doing this. 

15. In the stepladder shown in Fig. 14-16, AC and CE are 8.0 ft long and hinged at C. 
BD isa tie rod 2.5 ft long, halfway up. Aman weighing 192 Ib climbs 6.0 ft along the 
ladder. Assuming that the floor is frictionless and neglecting the weight of the ladder, 
find the tension in the tie rod and the forces exerted on the ladder by the floor. (Hint: 
it will help to isolate parts of the ladder in applying the equilibrium conditions.) 


Fig. 14-16 
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16. A 100-Ib plank, of length 7 = 20 ft, rests on the ground and on a frictionless roller 
at the top of a wall of height h = 10 ft (see Fig. 14-17). The center of gravity of the 
plank is at its center. The plank remains in equilibrium for any value of 6 = 70°, but 
slips if @< 70°. (a) Draw a diagram showing all forces acting on the plank. (b) Find 
the coefficient of friction between the plank and the ground. 


Fig. 14-17 


components are F, and F, We are given that a = 2.0 ft, b = 3.0 ft, c = 10 ft, 
F; = 201b, F; = 10 Ib, and F; = 5.0 Ib. Find Fy, F,, and d. 


Fig. 14-19 
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19. A flexible chain of weight W hangs between two fixed points, A and B, at the 


same level, as shown in Fig. 14-20. Find (a) the vector force exerted by the chain on 
each end point and (b) the tension in the chain at the lowest point. 


fig. 14-21 


20. A bowl having a radius of curvature r rests on a horizontal table. Show that the 
bowl will be in stable equilibrium about the center point at its bottom only if the center 
of mass of the material piled up in the bowl is not as high as r. 

21. A cube of uniform density and edge a is balanced on a cylindrical surface of 
radius r as shown in Fig. 14-21. Show that the criterion for stable equilibrium of the 
cube, assuming that friction is sufficient to prevent slipping, is r > a/2. 


Oscillations 
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CHAPTER 15 


15-1 Oscillations 


Any motion that repeats itself in equal intervals of time is called periodic 
motion. As we shall see, the displacement of a particle in periodic motion 
can always be expressed in terms of sinesand cosines. Because the term 
harmonie is applied to expressions containing these functions, periodic 
motion is often called harmonic motion. 

If a particle in periodic motion moves back and forth over the same path, 
we call the motion oscillatory or vibratory. The world is full of oscillatory 
motions. Some examples are the oscillations of the balance wheel of a 
watch, a violin string, a mass attached to a spring, atoms in molecules or in 
a solid lattice, and air molecules as a sound wave passes by. 

Many oscillating bodies do not move back and forth between precisely 
fixed limits because frictional forces dissipate the energy of motion. Thus 


call such motions damped harmonic motions. Although we cannot elimi- 
nate friction from the periodic motions of gross objects, we can often cancel 
out its damping effect by feeding energy into the oscillating system so as 
to compensate for the energy dissipated by friction. The main spring of a 
watch and the falling weight in a pendulum clock supply external energy 
in this way, so that the oscillating system, that is, the balance wheel or 
the pendulum, moves as if it were undamped. 

Not only mechanical systems can oscillate. Radio waves, microwaves, 
and visible light are oscillating magnetic and electric field vectors. Thus 
a tuned circuit in a radio ànd a closed metal cavity in which microwave 
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energy is introduced can oscillate electromagnetically. The analogy is 
close, being based on the fact that mechanical and electromagnetic oscilla- 
tions are described by the same basic mathematical equations. We will make 
the most of this analogy in later chapters. 

The period T of a harmonic motion is the time required to complete one 
round trip of the motion, that is, one complete oscillation or cycle. The 
frequency of the motion v is the number of oscillations (or cycles) per unit of 
time. The frequency is therefore the reciprocal of the period, or 


y=1/T. (15-1) 


The mks unit of frequency is the cycle per second, or hertz.* The position 
at which no net force acts on the oscillating particle is called its eguilibrium 
position. The displacement (linear or angular) is the distance (linear or 
angular) of the oscillating particle from its equilibrium position at any 
instant. 

Let us focus attention on a particle oscillating back and forth along a 
straight line between fixed limits. Its displacement x changes periodically 
in both magnitude and direction. Its velocity v and acceleration a also 
vary periodically in magnitude and direction and, in view of the relation 
F = ma, so does the force F acting on the particle. : 

Forces associated with harmonie motion are the most general kinds of forces that 
we have discussed so far, In the earlier chapters we dealt only with constant 
forces (and accelerations). Later, when we considered forces that are not constant 
but instead vary with time, we examined a force (and thus an acceleration) that 
varied in direction although its magnitude was constant (the centripetal force of 
Section 6-3), and a force (and thus an acceleration) which varied in magnitude 
although its direction was constant (the impulsive force of Section 10-1). Here, 
in harmonie motion, the force, and the acceleration, vary both in direction and 
magnitude. 


In terms of energy, we can say that a particle undergoing harmonic 
motion passes back and forth through a point (its equilibrium position) at 
which its potential energy is a minimum. A swinging pendulum is à good 
example, its potential energy being a minimum at the bottom of the swing, 
that is, at the equilibrium position. Figure 19-1a shows à particle oscil- 
lating between the limits zı and x2, O being the equilibrium position. 
Figure 15-1b shows the corresponding potential energy curve, which has a 
minimum value at that position. The force acting on the particle at any 
position is derivable from the potential energy function; it is given by 
Eq. 8-7, 

F = —dU/dz, 2-87) 


and is displayed in Fig. 15-1c. The force is zero at the equilibrium posi- 
tion O, points to the right (that is, has a positive value) when the particle 


: nants z research in 
* This frequency unit is named after Heinrich Hertz (1857 1894) whose re 
electromagnetism was universally recognized as providing the experimental confirma- 
tion of the electromagnetic waves predicted by Maxwell. 


Ss 
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is to thé left of O, and points to the left (that is, has a negative value) when 
the particle is to the right of O. The force is a restoring force because it 
always acts to accelerate the particle in the direction of its equilibrium 
position, Hence in harmonic motion the position of equilibrium is always 
one of stable equilibrium. 


U(x) 


Fig. 15-1 (a) A particle of mass 

m oscillates harmonically be- 

tween points zı and ze, O being 

Slope = tan 0 the equilibrium position. (b) 

— dU The potential energy of the par- 

ticle as a function of position. 

The force acting on the particle 

at position z is given by F = 

—dU/dz. (c) The force acting 

x on the particle as a function of 

position z; note that the force is 

directed toward the equilibrium 
position. 


(6) 


$ The total mechanical energy E for an oscillating particle is the sum of its 
kinetic energy and its potential energy, or 


E=K+U (15-2) 


in which E remains constant if no nonconservative forces, such as the force 
of friction, are acting. Figure 15-2 shows E for the motion of F; ig. 15-1. 
Note hcw Eq. 15-2 is satisfied for the particle in the typical position shown. 
The particle cannot move outside the limits xı and zs because, in these 
regions, U exceeds E. This, as Eq. 15-2 Shows, would require the kinetic 
energy to be negative, an impossibility. 

For à given environment; that is, for'a given function U (2), an oscillating 
particle can have various total energies, depending on how it is set into 
motion initially. Thus the total energy may be E', rather than E, in 
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which ease the limits of oscillation. 
would be z;' and 29’, as Fig. 15-2 
shows, rather than xı and zg. 


15-2 The Simple Harmonic Oscillator 


Let us consider an oscillating par- 
ticle (Fig. 15-3a) moving back and 
forth about an equilibrium position 
through a potential that varies as 


U(z) = 4kz? (15-3) 
in which k is a constant; see Fig. 15-3b. 
The force acting on the particle is 
given by Eq. 8-7, or 
F(x) = —dU/dx = —d(ikz?)/ 

dx = —kx; (15-4) 


see Fig. 15-3c. Such an oscillating 
particle is called a simple harmonic 
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Fig. 15-2 The total mechanical 
energy E for the motion of Fig. 15-1 
is shown. If the total mechanical 
energy of the oscillating particle is 
reduced to E', the limits of oscilla- 
tion are reduced to z;' and a’ 
respectively. 


oscillator and its motion is called simple harmonic motion. In such motion, 
as Eq. 15-3 shows, the potential energy curve varies as the square of the 
displacement, and, as Eq. 15-4 shows, the force acting on the particle is 
proportional to the displacement but is opposite to it in direction. In 
simple harmonic motion the limits of oscillation are equally spaced about 
the equilibrium position. This is not true for the more general motion of 


Fig. 15-3 (a) A particle of mass m 
oscillates with simple harmonic 
motion between points +a, and 
—21, O being the equilibrium posi- 
tion. (b) The potential energy and 
the total mechanical energy. - (c) 
The force. acting on the particle. 
The student should compare this 
figure carefully with Fig. 15-1, which 
illustrates the general case of har- 
monie motion. 
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Fig. 15-4 A simple har- 
monie oscillator. The 
force exerted by the 
spring is shown in each 
case. The block slides 
on a frictionless horizon- 
tal table. 


Fig. 15-1 which, although harmonie, is not simple harmonic. The magni- 
tude of the maximum displacement, that js, the quantity xı in Fig. 15-3, 
always taken as positive, is called the amplitude of the simple harmonic 
motion. 

The student will have recognized Eq. 15-3 [U (£) = 3kz?] as the expres- 
sion for the potential energy of an “ideal” spring, compressed or extended 
by a distance x; see Section 8-4. In this same section an ideal spring was 
defined as one in which the force exerted by the stretched or compressed 
spring is. given by F(x) = —kz (see Eq. 15-4), k being called the force 
constant. 

Hence, a body of mass m attached to an ideal spring of force constant k 
and free to move over a frictionless horizontal surface is an example of-a 
simple harmonie oscillator (see Fig. 15-4). Note that there is a position 
(the .equilibrium position; see Fig. 15-46) in which the spring exerts no 
force on the body. If the body is displaced to the right (as in Fig. 154a), 
the force exerted by the spring on the body points to the left and is given 

_by F = —kz. If the body is displaced to the left (as in Fig. 15-4c), the 
force points to the right and is also given by F = —kz. In each case the 
force is a restoring force. The motion of the oscillating mass is simple 
harmonic motion. 

Let us apply Newton’s second law, F = ma, to the motion of Fig. 15-4. 
For F we substitute —kz (from Eq. 15-4) and for the acceleration a we put 
in d?x/dt? (= dv/dt). This gives us 

n d?x 

kz =m ae 

or 
d?r 


k 
di? is t =0. (15-5) 
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his equation involves derivatives and is, therefore, called a differential 
equation. To solve this equation means to determine how the displace- 
ment « of the particle must depend on the time ¢ in order that the equation 
be satistied. When we know how z depends on time; we know the motion 
of the particle; thus, Eq. 13-5 is called the equation of motion of a simple 
harmonie oscillator. We shall solve this equation and describe the motion 
in detail in *he next seetion. 

The simpie harmonie oscillator problem is important for two reasons. 
First, most problems involving mechanical vibrations reduce to that of the 
simple harmonie cseillator at small amplitudes of vibration, or to a com- 
bination of such vibrations. This is equivalent to saying that if we con- 
sider a smali enough portion of the restoring force curve of Fig. 15-1c 
(around the origin), it becomes arbitrarily close to a straight line which, as, 
Fig. 15-3c shows, is characteristic of simple harmonic motion. Or, in 
other words, the potential energy curve of Fig. 15-16 for general oscillatory 
motion reduces to that of Fig. 15-3b for simple harmonic oscillation when. 
the amplitude of vibration is made sufficiently small about the equilibrium 
position O. 

Second, as we have indicated, equations like Eq. 15-5 turn up in many 
physical problems in acousties, in optics, in mechanics, in electrical circuits, 
and even in atomic physics. The simple harmonic oscillator exhibits 
features common to many physical systems. 

Equation 15-4 (F = —kz)is an empirical relation known as H ooke's law. 
It is a special case of a more general relation, dealing with the deformation | 
of elastic bodies, discovered by Robert Hooke (1635-1703).* It is obeyed 
by springs and other elastic bodies provided the deformation is not too 
great. If the solid is deformed beyond a certain point, called its elastic 
limit, it will not return to its original shape when the applied force is 
removed (Fig. 15-5). It turns out that Hooke's law holds almost up to the 
elastic limit for many common materials. The range of applied forces 
over which Hooke's law is valid is called the "proportional region. 
Beyond the elastic limit, the force can no longer be specified by a potential 
energy function, because the force then depends on many factors including 
the speed of deformation and the previous history of the solid. 

Notice that the restoring force and potential energy function of the 


simple harmonie oscillator are the same as that of a solid deformed in one 


i ion i i i id is released, it 
dimension in the proportional region. If the deformed solid is re a 
tie illator does. Therefore, as 


will vibrate, just as the simple harmonic osc I 
long as the amplitude of the vibration is small enough, that is, as long as 
the deformation remains in the proportional region, mechanical vibrations 
behave exactly like simple harmonic oscillators. It is easy to generalize 


* Robert Hooke expressed his law in the Latin words Ut tensio sic vis f'the S er 
is proportional to the force']. Although he discovered this law in 1660, ie id 
not publish it until sixteen years later and then only in the form of the eryp' pan 
ceiiinosssttuv. Hooke may have been motivated by a desire to establis 


priority without revealing information to other investigators. 


x 


i 
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F, tons 


006 009 012 
x, in. 


Fig. 15-5 Typical graph of applied force F versus resulting elongation of an aluminum 
. bar under tension. The sample was a foot long and a Square inch in cross section. 


slope is no longer constant but varies in a complicated way with x. At some point 


sample can be stretched no farther; any increase in elongation results in the sample’s 
Lreaking in two. The applied force is equal in magnitude to the restoring force so 
that no minus sign appears in the relation F = kr. 


this discussion to show that any problem involving mechanical vibrations 
of small amplitude in three dimension. reduces to a combination of simple 
harmonic oscillators. r 

The vibrating string or membrane, s and vibrations, the vibrations of 
atoms in solids, and electrical or acoustical oscillations in a cavity 
can all be described in a form which is identical mathematically to a system 
of harmonie oscillators.. The analogy enables us to solve problems in one 
area by using the techniques developed in other areas. 


15-3 Simple Harmonic Motion 


. Let us now solve the equation of motion of the simple harmonic oscillator 


, 


iud z 
d? t. 0. (15--6) 
Recall that any system of mass m upon which a force F = —hy acts will be 


governed by this equation. In the case of a spring, 
Constant k is the force constant of the spring determined by the stiffness of 
the Spring. In other oscillating systems the proportionality constant k 


type. 
3 “ad Tt gives a relation between a 
function of the time z(t) and its second ‘ime derivative d*y/di* — To find 
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the position of the particle as a function of the time, we must find a func- 
tion x(t) which satisfies this relation. 
We can rewrite Eq. 15-6 as 


2, 
du =- b. (15-7) 
m 


Equation 15-7 then requires that z(f) be some function whose second 
derivative is the negative of the function itself, except for a constant factor 


k/m. We know from the caleulus, however, that the sine function or the 
cosine function has this property.* For example, 


- t in t d st 2 sin £ cos t 

m = — sin an =z cost 5 — > -— : 

g si T ài 
This property is not affected if we multiply the cosine function by a con- 
stant A. We can allow for the fact that the sine function will do as well, 
and for the fact that Eq. 15-7 contains a constant factor, by writing as à 
tentative solution of Eq. 15-7, 

z = A cos (wt + ô). (15-8) 

Here since 

cos (wt + 6) = cos 6 cos wt — sin à sin wt = a cos wt + b sin ot, 
the constant à allows for any combination of sine and cosine solutions. 
Hence, with the (as yet) unknown constants A, w, and à, we have written as 
general a solution to Eq. 15-7 as we can. Tn order to determine these 


constants such that Eq. 15-8 is actually the solution of Eq. 15-7, we 
differentiate Eq. 15-8 twice with respect to the time. We have d 


z = —wÅ sin (wt + ô) 
dx : 
and dB —w?A cos (wt + ô). 


Putting this into Eq. 15-7, we obtain 


k 
—o*A cos (wt + à) = — PE cos (wt + à). 


Therefore, if we choose the constant w such that 


(15-9) 


w= 
m 


then x = A cos (wt + ô) 
is in fact a solution of the equation of a simple harmonic oscillator. 


* Harmonic motion is not only periodic but also bounded. _ Only the sine and cosine 
functions (or combinations of them) have both these properties. 
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The constants A and ô are still undetermined and, therefore, stil] com- 
pletely arbitrary. This means that any choice of A and ô whatsoever will 
satisfy Eq. 15—7, so that à large variety of motions is possible for the oseil- 
lator. Actually, this is characteristic of a differential equation of motion, 
for such an equation does not describe just one single motion but à group or 
family of possible motions which have some features in common but differ 
in other ways. In this case w is common to all the allowed motions, but A 
and à may differ among them. We shall see later that A and 6 are deter- 
mined for a particular harmonie motion by how the motion starts. 

Let us find the physical significance of the constant w. If the time ¢ in 
Eq. 15-8 is increased by 2r/w, the function becomes 


z = A cos [w(t + 27r/w) + ô], 
= A cos (wt + 2r + 6), 
= A cos (wt + 6). 


That is, the function merely repeats itself after a time 2r/w. Theretore, 
2n/w is the period of the motion T. Since w? = k/m, we have 


2 
T=— = 2, Je. (15-10) 
w k 


‘Hence, all motions given by Eq. 15-7 have the same period of oscillation, 
and this is determined only by the mass m of the vibrating particle and the 
force constant k. The frequency v of the oscillator is the number of com- 
plete vibrations per unit time and is given by 1 


Me ed rd & 15-11) 
T oe Oa Nm dor 
Hence, ; o = av = z (15-12) 


The quantity w is called the angular equency; it'differs from the frequency 
v by a factor 2r. It has the dimension of reciprocal time (the same as 
angular Speed) and its unit is the radian/sec. In Section 15-6 we shall 
give a geometric meaning to this angular frequency. 

The constant A has a simple physical meaning. The cosine function 
takes on values from —1 to 1. The displacement x from the central equi- 
librium position t=0, therefore, has a maximum value of A. Hence, 

(= Tinax) is the amplitude of the motion. Since A is not fixed by our 
differentia] equation, motions of various amplitudes are possible, but all 


is ee Guat (wt + 6) is called the phase of the motion. The constant ô 
eS the phase constant, Two motions may have the same amplitude 
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and frequency but differ in phase. If 6 = —7/2, for example, 


x = A cos (wt + 5) = A cos (wt — 90°) 
= A sin ot 


so that the displacement is zero at the time ¿ = 0. When à = 0, the dis- 
placement x = A cos wt is a maximum at the time 7 — 0. Other initial 
displacements correspond to other phase constants. 

The amplitude A and the phase constant 6 of the oscillation are deter- 
mined by the initial position and speed of the particle. "These two initial 
conditions will specify A and 6 exactly.* Once the motion has started, 
however, the particle will continue to oscillate with a constant amplitude 
and phase constant at a fixed frequency, unless other forces disturb the 
system. 

In Fig. 15-6 we plot the disnlacemen*.: versus the time t for several 


simple karinonie motions. Three comparisons are made. In Fig. 15-6a, 


* A phase constant may be increased by any integral multiple of 2, or of 360°, and it 
will still describe the motion equally well. 


È 


Ca 


RS 
> 


— d?x[dt? 


(Sf Acceleration, : 


Fig. 15-7 The relations between dis- 


Fig. 15-6 Several solutions of the € 1 
simple harmonie oscillator equation. placement, velocity, and acceleration 
(a) Both solutions have the same in simple harmonic motion. The phase 
amplitude and period but differ in constant à is zero in this particular 

(b) Both have the case since the displacement is maximum 


phase by 45°. 
same period and phase constant but 
differ in amplitude by a factor of 2, 
(c) Both have the same phase constant 
and amplitude but differ in period by a 
factor of 2. 


at t = 0; see Eq. 15-8. 
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I and II have the same amplitude and frequency but differ in phase by 
ô = r/4 or 45°. In Fig. 15-65, I and III have the same frequency and 
phase constant but differ in amplitude by a factor of 2. In Fig. 15-6c, I 
and IV have the same amplitude and phase constant but differ in frequency 
by a factor 4 or in period by a factor 2. The student should study these 
curves carefully to become familiar with the terminology used in simple 
harmonic motion. 

Another distinctive feature of simple harmonie motion is the relation 
between the displacement, the velocity, and the acceleration of the oscil- 
lating particle. Let us compare these quantities for eurve I of Fig. 15-6, 
‘which is typical. In Fig. 15-7 we plot separately the displacement x versus 
the time t, the velocity v = dz/di versus the time t, and the acceleration 
q = d'z/di* versus the time ¢. The equations of these curves are 

i : 


x = A cos (wt + ô), 


P : 

peo —wA sin (wt + à), (15-13) 
PM ta 

E S , w°A cos (wt + ô). 


Fig. 15-8 The geek acting-on, and the i i i 
£ he fonce: -on, acceleration, velocity and displacement of a 
mass m undergoing simple harmonic motion. Ganipare carefully with Fig. 15-7. / 
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For the case plotted we have taken à = 0. The units and scale of dis- 
placement, velocity, and acceleration are omitted for simplicity of com- 
parison. Notice that the maximum displacement*is A, the maximum 
speed is wA, and the maximum acceleration is o*A. 

When the displacement is à maximum in either direction, the speed is 
zero because the velocity must now change its direction. The acceleration 
at this instant, like the restoring force, has a maximum value but is directed 
opposite to the displacement. When the displacement is zero, the speed 
of the particle is a maximum and the acceleration is zero, corresponding to 
a zero restoring force. The speed increases as the particle moves toward 
the equilibrium position and then decreases as it moves out to the maxi- 
. mum displacement, just as for a pendulum bob. 

In Fig. 15-8 we show the instantaneous values of x, v, and a at four 
instants in the motion of a particle oscillating at the end of a spring. 


15—4 Energy Considerations in Simple Harmonic Motion 


Equation 15-2 tells us that for harmonic motion, including simple 
harmonie motion, in which no dissipative forces act the total mechanical 
energy E (=K + U) is conserved. We can now study this in more detail 
for the special case of simple harmonic motion, for which the displacement 


is given by 
z = A cos (wt + à). (15-8) 
Tle potential energy U at any instant is given by 
U-i ka? 
= 4 kA? cos? (wt + ô) (15-14) 


The potential encre. has a maximum value of ikA?. During the motion 
the potential energy varies between zero and this maximum value, as the 


curves in Fig. 15-9a and 15-95 show. i b 
The kinetic energy K at any instant is imw?. Using the relations ' 


v = dz/dt = —oA sin (wt + 5) 


and e? = k/m, 
we obtain K = mw, 
= }mo?A? sin? (wt + ô), 
= 3kA? sin? (wt + ô). (15-15) 


The kinetic energy, therefore, has a maximum value of 3kA? or m(oA)*, 
in agreement with the maximum speed wA noted earlier. During the 
motion the kinetiu energy varies between zero and this maximum value, as 
shown by the curves m Fig. 15-92 and 15-9b. i 

The total mechanical energy is the sum of the kinetic and the potential 
energy. Using Eqs. 15-i4 and 15-15 we obtain 


E = K +1 = MA! sin? (ot -+ 8) + 1:A? sos? (wt + ô) = 3kA*. (15-16) 
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WU ^- —F K + U Kw = Umax = $hA? = E 
HEPA 
\ 
i 


\ : 
i l V H YU = Umax cos? wt 
| | | | IK = K max Sin? cot 


| 


Fg. 15-9 Energies of a Simple harmonie oscillator. (a) Potential energy (— — 
— —), kinetic energy (— - —), and total energy (— —) plotted as a function of time. 


(b) Potential, kinetie, and total energy plotted as a function of displacement from the 
-equilibrium position. Compare with Fig. 8-4. 


We see that the total mechanical energy is constant, às we expect, and has 


- the value 1kA?. At the maximum displacement the kinetic energy is zero, 
but the potential energy has the value 3kA?. At the equilibrium pesition 
the potential energy is zero, but the kinetic energy has the value 3kA”. At 
other positions the kinetic and potential energies each contribute energy 
whose sum is always 2kA*. This constant total energy is shown in Fig. 
15-9a and 15-9b. The total energy of a particle executing simple harmonic 
motion is proportional to the square of the amplitude of the motion. It is clear 
from Fig. 15-9a that the average kinetic energy for the motion during one 
period is exactly equal to the average potential energy and that each of 
these average quantities is tkA?, 

Equation 15-16 can be written quite generally as 


K + U = mw? + Ma? = gkA*: (15-17) 


From this relation we obtain v? = (k/m)(A? — x?) or 


dx x 5 S 
-—- — — 15-18 
f dt a m E p ( ) 


This relation shows clearly that the speed is a maximum at the equilibrium 
dosition x = 0 and zero at the maximum displacement x = A. In fact, 
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we can start from the conservation of energy principle, Eq. 15-17 (in which 
1kA? = E), and by integration of Eq. 15-18 obtain the displacement as & 
function of time. The result is identical with Eq. 15-8 which we deduced 
from the differential equation of the motion, Eq. 15-6. (See Problem 18.) 

The effect of dissipative forces will bé discussed in Section 15-9. 
> Example 1. The horizontal spring of Fig. 15-4 is found to be stretched 
2.0 in. from its equilibrium position when a force of 0.75 Ib acts on it. Then a 
1.52 body is attached to the end of the spring and is pulled 4.0 in. along a hori- 
zontal frictionless table from the equilibrium position. The body is then released 
and executes simple harmonic motion. 

(a) What is the force constant of the spring? 

A force of 0.75 lb on the spring produces a displacement of 0.25 ft. Hence, 


k = F/z = 0.75 1b/0.25 ft = 3.0 lb/ft. 


Why didn't we use k = —F/z here? E ; T 
(b) What is the force exerted by the spring on the 1.5-Ib body just before it is 


relegsed? 
‘The spring is stretched 4.0 in. or $ ft. Hence, the force exerted by the spring is 


= —kr = —(8.01b/ft)($ ft) = —1.01b. 


The minus sign indicates that the force is directed opposite to the displacement. 
(c) What is the period of oscillation after release? 


s T 
T — 2x JE = aoc = 7 sec = 0.79 sec. 
k 3.0 4 


= 1/T) of 1.3 cycles/sec and to an angular 


This corresponds to a frequency »( 
frequency w(= 2rv) of 8.0 rad/sec. 
(d) What is the amplitude of the motion? 

The maximum displacement corresponds to zero kinetic energy and a maximum 
potential energy. This is the initial condition before release, so that the amplitude 
is the initial displacement of 4.0 in. Hence, A= ft. i 

(e) What is the maximum speed of the vibrating body? 
From Eq. 15-18, Ymax = @A = (27/T)A, 


2r 
Umax = (5 sect }(4 ft) = 2.7 ft/sec. 


The maximum speed occurs at the equilibrium position, wherez = 0. This value 
is achieved twice in each period, the velocity being —2.7 ft/sec when the body 
passes through z = 0 first after release and +2.7 ft/sec when the body passes 
through z = 0 on the return trip. 

(f) What is the maximum acceleration of the body? 

From Eq. 15-13, as. = WA = (k/m)A, 


3.0 1 
— (22) (=) ft/sec? = 21 ft/sec”. 
py: (355) G) fige / 


The maximum acceleration occurs at the ends of the path where z = +A and 
v= 0. Hence, a = —21 ft/sec? at z = +A and a = +21 ft/sec? at z = —A, 
the acceleration and displacement being oppositely directed. 
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(g) Compute the velocity, the acceleration, and the kinetic and potential energies a 
of the body when it has moved in halfway from its initial position toward the - a 
center of motion. 


A 
At this point, z= qM $ ft, 
so that from Eq. 15-18, 
v= — 3 V A* — x? 
2r JN 1\? 4 
- m sees =) —[-) ft = — —=ft/sec = —2.3 ft/sec, 
a () G) /sec 3 /sec /s 
a= — t: = a () ft/sec? = —11 ft/sec?, 


t $ K= pm Q) (2 (=) ftlb = 4 ft-lb, 


Us Piet () (3) (5) se = de feb. 


` ` (h) Compute the total energy of the oscillating system. 


Since the total energy is conserved, we can compute it at any stage of the 
motion. Using previous results, we obtain 


E=K+ U =} += }ft-lb, (particle at z = A/2) 


2 
E = Ung =} koma? = () (3) () ft-lb =} ft-lb, (particle at z = A) - 


2. 
E = Ku z $ Momax? = (2 (2) () ft-lb = 1 ft-lb, (particle at z = 0) 


(i) What is the displacement of the body as a function of time? 
In general, we have . 


T = A cos (wt + ô). 


We have alread 


y found that A = 4 ft. We must now determine wand 6. We 
obtain 


w= 3 -5 = 8 radians/sec, 
so that, with our particular units, 
z = 4 cos (8 + ô). 
4 ft, so that at that instant 
t= fcosb=} 
6 = 0 radian. 
Therefore, with A = 4 ft, w = 8 radians/see, and 8 = 0 radian, we obtain 


At the time ¿ = 0,2 = 
or 


z = $ cos &. 
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This describes the motion of the body, where z is in feet, t is in seconds, and the 
angle 8¢ is in radians. : 4 


15-5 Applications of Simple Harmonic Motion 


A few physical systems that move with simple harmonic motion are con- 
sidered here. We will discuss others from time to time throughout the 
text. : 

The Simple Pendulum. A sim- 
ple pendulum is an idealized body con- 
sisting of a point mass, suspended 
by a light inextensible cord. When 
pulled to one side of its equilibrium 
position and released, the pendulum 
swings in a vertical plane under the 
influence of gravity. The motion is 
periodic and oscillatory. We wish to 
determine the period of the motion. 

Figure 15-10 shows a pendulum of 
length l, particle mass m, making an 
angle ð with the vertical. The forces 
acting on mare mg, the gravitational 
force, and T, the tension in the cord. 
Choose axes tangent to the circle of 
motion and along the radius. Resolve . 
mg into a radial component of magni- 
| tude mg cos @, and a tangential com- 


f z Fig. 15-10 The forces acting on a 
ponent of magnitude mg sin 0. The simple pendulum are the tension. T 


radial components of the forces supply in the string and the weight mg of 
the necessary centripetal acceleration mass m. The magnitudes of the 
to keep the particle moving on a circu- radial and tangential components of 


lar arc. The tangential component is mg are labeled. 


the restoring’force acting on m tending 
to return it to the equilibrium position. Hence, 


| . F= —mgsin 6. 


the restoring force is 


the angular displace- 


ment 0 but to sin 0 instead. The resulting motion is, therefore, nct. simple . 


harmonic. However, if the angle 6 is small, sin 0 is very nearly equal to 6 in 


4: 
| Notice that the restoring force is not proportional to 
| 16, and for small angles 


radians.* The displacement along the are ist = 


* 
For example, s d 
8 — 0° = 0.0000 radian sin 8 = 0.0000 0 
6 = 2° = 0.0349 radian ` sin 8 = 0.0349 0.00 
6 = 5° = 0.0873 radian sin 0 = 0.0872 o 
6 = 10° = 0.1745 radian sin @ = 0.1736 E 


0 = 15° = 0.2618 radian sin 0 = 0.2588 Gets 
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this is nearly straight-line motion. Hence, assuming 


sin 6= 6, 
x m 
we obtain F = —mg0 = mp -— e 


For small displacements, therefore, the restoring force is proportional to 
the displacement and is oppositely directed. This is exactly the criterion 
for simple harmonie motion. The constant mg/l represents the constant 
kin F = —kz. Check the dimensions of k and mg/l. The period of a 
simple pendulum when its amplitude is small is ^ 


mue m: 3 NE 2 
T = ae) = ae. mii or T = 2r z (15-19) 


_ Notice that the period is independent of the mass of the suspended particle. 


When the amplitude of the oscillation is not small, the general equation for the 
period can be shown to be 


l ls. Ome A eda Um x 
rae redondas) (15-20) 


Here Om is the maximum angular displacement and the succeeding terms become 
smaller and smaller. The period can then be computed to any desired degree of 
accuracy by taking enough terms in the infinite series. When 0, = 15°, cor- 
responding to a total to-and-fro angular displacement of 30°, the true period differs 
from that given by. Eq. 15-19 by less than 0.5%. 

Because the period of a simple pendulum is practically independent of the ampli- 
tude, the pendulum is useful as a timekeeper. As damping forces reduce the 
amplitude of swing, the period remains very nearly unchanged. In a pendulum 
clock energy is supplied automatically by an escapement mechanism to compensate 
for frictional loss. The pendulum clock with escapement was invented by Chris- 
tian Huygens (1629-1695). . 

è simple pendulum also provides a convenient method for measuring the 
value of g, the acceleration due to gravity. We need not perform a free-fall 
experiment here, but instead we merely measure J and T. 


T'e Torsional Pendulum. In Fig. 15-11 we show a disk suspended 
by a wire attached to the center of mass of the disk. The wire is securely 
fixed to a solid support and to the disk. At the equilibrium position of the 
disk a radial line is drawn from its center to P, as shown. If the disk is 
rotated in a horizontal plane to the radial position. Q, the wire will be 
twisted. The twisted wire will exert a torque on the disk tending to return 
it to the position P. This is a restoring torque. For small twists the 
restoring torque is found to be proportional to the amount of twist, or the 
angular displacement (Hooke’s law), so that 


= —K0. (15-21) 


Here x is a constant that depends on the properties of the wire and is called 
the lorsional constant. The minus siga-shows that the torque is directed 


| 


Sec. 45-5 _A+}LICATIONS OF, SIMPLE HARMONIC MOTION 359 


opposite to the angular displacement 8. Equa 
tion 15-21 is the condition for angular simple 
harmonic motion. 

The equation of motion for such a system is 


a? 
T= la= DS 
so that, on using Eq. 15-21, we obtain 
d?0 
—k0ü = I dà 
d? K 
or —-—-—;P. 
or dd 7? (15-22) 


Notice the similarity between Eq. 15-22 for 
simple angular harmonie motion and Eq. 15-7 
for simple linear harmonic motion. In fact, the 


Fig. 15-11 The tor- 


equations are identical mathematically. We : 

have S bstituted WEISS y o sional pendulum. The 
ve simply substitu’ angular disp! acement line drawn from the cen- 
for linear displacement z, rotational inertia I for ter to P oscillates be- 
mass m, and torsional constant « for force con- tween Q and R, sweep- 


ing out an angle 20m 


stant k. The solution of Eq. 15-22 is, there- 
where 6, is the (angu- 


fore, à simple harmonic oscillation in the angle lar) amplitude of the' 
toordinate 0, némely motion. 
8 = Om cos (wt + ô). (15-23) 


Here, 8m is the maximum angular displacement, that is, the amplitude of 
the angular oscillation. In Fig. 15-11 the disk oscillates about the equi- 
librium position @ = 0 (line OP), the total angular range being 265, (from 


OQ to OR). f 
The period of the oscillation by analogy with Eq. 15-10 is 


T = 2x Ne (15-24) 


If x is known and T is measured, the rotational inertia Z about the axis of 
rotation of any oscillating rigid body can be determined. If I is known 
and T is measured, the torsional const&nt « of any sample of wire can be 


determined. 

Many laboratory instruments involve torsional oscillations, notably the 
galvanometer. The Cavendish balance is a torsional pendulum (Chapter 
16). The balance wheel of a watch is another example of angular harmon ic 
motion, the restoring torque here being supplied by & spiral hairspring. 
kg and length 0.10 meter is suspended 

d is perpendicular to its length. The 

The period is found to be 2.0 sec. 


> Example 2. A thin rod of mass 0.10 
by a wire which passes through its center an 
wire is twisted and the rod set oscillating. 
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When a flat body in the shape of an equilateral triangle is suspended similarly 
through its center of mass, the period is found to be 6.0 sec. Find the rotational 
inertia of the triangle about this axis. 
The rotational inertia of the rod is 4/17/12 (see Table 12-1). Hence 
(0.10 kg) (0.10 meter)? 
es 12 


From Eq. 15-24, 

Troa T rod 4 B 7) z 
== DE E I ri = is m. , 
Triangle (; =) “a S T TU 


2 
Testangto = (83 X 1075 kg-m?) (90599 Y 7 5 X 107 kg-m?, 
? 2.0 sec 


= 8.3 X 1075 kg-m?. 


so that 


Does the amplitude of the oscillation affect the period in these cases? < 


The Physical Pendulum. Any rigid body mounted so that it can 
swing in a vertical plane about some axis passing through it is called a 
physical pendulum. This is a generali- 
zation of the simple pendulum in whicn 
a weightless cord holds a single particle. 
Actually all real pendulums are physical 
pendulums. 

In Fig. 15-12 a body of irregular shape 
is pivoted about a horizontal frictionless 
axis through P and displaced from the 
equilibrium position by an angle @. The 
equilibrium position is that in which the 
center of mass of the body, C, lies verti- 
cally below P. The distance from pivot 
to center of mass is d, the rotational iner- 
tia of the body about an axis through the 
pivot is 7, and the mass of the body is 
M. The restoring torque for an angular 
displacement 6 is . 


Fig. 15-12 A laminar physical = —Mgd sin 6 
pendulum, with center of mass C, 
is pivoted at P and displaced an and is due to the tangential component 
` angle 6 from its equilibrium posi- of the force of gravity. Since 7 is pro- 
cus m C hangs directly portional to sin 6, rather than 0, the.con- 
‘fing E de. Mg sup-^ dition for simple angular harmonic mo- 
i $ tion does not, in general, hold here. For 
small angular displacements, however, 


the relation sin 0 @ is, as before, an excellent approximation, so that for 


small amplitudes, 
T= —Mgd6 
T= —x6, 


where x = Mgd. 


or 


1 
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2 
But r=. z = Io, 
that O E 
E: E" doo pU e 
Hence, the period of a physical pendulum oscillating with small amplitude 
is : : 
I | I 
T.—- 2r ar 2r Moa (15-25) 


At larger amplitudes the physical pendulum still has a harmonic motion, 
but not a simple harmonic one. 

Notice that this treatment applies to a laminar object of any shape and 
that the pivot can be located anywhere. As a special case consider a point 
mass m suspended at the end of a weightless string of length 1. Here 


4 - 


I-m M-m, d=l, 


I l 
that EE - 
80 tha Mod 2 


which is the period of a simple pendulum with small amplitude. The 
physical pendulum is used for accurate determinations of g. 


Equation 15-25 can be solved for the rotational inertia J, giving 


T*Mgd 
sar (15-26) 


The quantities on the right are all directly measurable. The center of mass can be 
determined by suspension as was shown in Fig. 14-4. Hence, the rotational 
inertia about an axis of rotation not through the center of mass of a body of any 
shape can be determined by suspending the body as a physical pendulum from 
that axis, » 
> Example 3. Find the length of a simple pendulum whose period is equal to 
that of a particular physical pendulum. 
Equating the period of a simple pend 


' obtain 
l ‘ ie 
pede 4 CENY 
I 


or 17d 


ulum to that of a physical pendulum, we 


(15-27) 


Hence, as far as its period of oscillation is concerned, the mass of a physical pendu- 
lum may be considered to be concentrated at a point whose distance from the 
pivot is Z = I/Md. This point is called the center of oscillation of the physical 
pendulum. Notice that it depends on the location of the pivot for any given body. 


Example 4. A disk is pivoted at its rim (Fig. 15-13). Find its period for small 
oscillations and the length of the equivalent simple pendulum. 
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The rotational inertia of a disk about an axis through its center is 3.Mr?, where 
r is the radius and J is the mass of the disk. The rotational inertia about the 


pivot at the rim is 
I =4Mr? + Mr? = ir. 


The period then, with d = r, is 


I 3 Mr* 3r 
uec 
T d Mgr 2 Mgr 2g 


independent of the mass of the disk. 
The simple pendulum having the same period has a length 


I 
pach da 


or three-fourths the diameter of the disk. The center of oscillation of the disk 
pivoted at P is, thereto; at O, a distance $ ar below the point of support. Is any 
particular mass required of the equi- 
valent simple pendulum? 

If we pivot the disk at a point 
midway between the rim and the 
center, as at O, we find that Z = }Mr? 
and d = jr. The period T is 


T = 2r V/$r/g 


just as before. This illustrates a 
general property of the center of 
oscillation O and the point of support 
P, namely, if the pendulum is pivoted 
about a new axis through O, its period 
is unchanged and P becomes the new 


LEN eres i 1 center of oscillation. 
ip, xample 4; - A physical ce If the disk were pivoted at the 


dulum consisting of a disk pivoted a i i 
the edge (P), along with a simple seram caf dead NE trees 


_lum having the same period. 0i is the 
center of oscillation. 1 Example 5, The period of a disk 
of radius 4.00 in. executing small 
oscillations about a pivot at its rim is 


measured to be 0.784 sec. Find the value of g, the acceleration due to gravity 
at that location. 


-From T= 2r y/3;/g, we obtain 
6z?r 
: $ m yo 
With T = 0.784 sec and r = 4 ft, we obtain 
[ui 


7 — (9.784) T 


ft/sec? — 32.1 Der: 4 
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15-6 Relation between Simple Harmonic Motion and Uniform Circular 
Motion 


Let us consider the relation between simple harmonic motion along a 
‘straight line and uniform circular motion. This relation is useful in 
describing many features of simple harmonic motion. It also gives a 
simple geometric meaning to the angular frequency w and the phase con- 
stant à. Uniform circular motion is also an example of a combination of 
simple harmonie motions, a phenomenon we deal with rather often in 
wave motion. ^ à 
In Fig. 15-14 Q isthe point moving around a circle of radius A with a con- 
stant angular speed of w, expressed, say, in radians/sec. P is the per- 
pendicular projection of Q on the horizontal diameter, along the z-axis. 
Let us call Q the reference point and the circle on which it moves the refer- 
ence circle. As the reference point revolves, the projected point P moves 
back and forth along the horizontal diameter. The z-component of Q's 


le harmonie motion to uniform circular motion. Q 
moves in uniform circular motion and P in simple harmonic motion: Q has angular 
Speed w, P angular frequency w. (a, b) The z-component Bn Q's displacement is 
always equal to P's displacement. (c) The z-component of Q's velocity is always 
equal to P's velocity. (d) The z-component of Q's acceleration is always equal to 


P's acceleration. 


Fig. 15-14 The relation of simp! 
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displacement is always the same as the displacement of P; the x-component 
of the velocity of Q is always the same as the velocity of P; and the 
z-component of the acceleration of Q is always the same as the accelera- 
tion of P. 

Let the angle between the radius OQ and the z-axis at the time ¢ = 0 be 
called ô At any later time t, the angle between OQ and the x-axis is 
(wt + ô), the point Q moving with constant angular speed. The z-coordi- 
nate of Q at any time is, therefore, 


a = A cos (wt + ô). (15-28) 


Hence, the projected point P moves with simple harmonic motion along the 
z-axis. Therefore, simple harmonic motion can be described as the projection 
along a diameter of uniform circular motion. 

The angular frequency w of simple harmonic motion is the same as the 
angular speed of the reference point. The frequency of the simple har- 
monic motion is the same as the number of revolutions per unit time of the 
reference point. Hence, v = w/2r or w = 2xv. The time for a complete 
revolution of the reference point is the same as the period T of the simple 
harmonie motion. Hence, T = 2x/w or w = 2x/T. The phase of the 
simple harmonic motion, wt + ô, is the angle that OQ makes with the 
z-axis at any time £ (Fig. 15-14b,c,d). The angle that OQ makes with the 
z-axis at the time ¢ = 0 (Fig. 15-14a) is à, the phase constant or initial 
phase of the motion. The amplitude of the simple harmonic motion is the 
same as the radius of the reference circle. 

The tangential velocity of the reference point.Q has a magnitude of wA. 
Hence, the z-component of this velocity (Fig. 15-14c) is 


: vz = —wA sin (ot + ô). 


This relation gives a negative v, when Q and P are moving to the left and 
a positive v; when Q and P are moving to the right. Notice that v. is zero 
at the end points of the simple harmonie motion, where wt + à is zero and 
T, as required. 

s The acceleration of point Q in uniform circular motion is directed radially 
inward and has a magnitude of o*4. The acceleration of the projected 
point P is the z-component of the acceleration of the reference point Q 
(Fig. 15-14d). Hence, 


az = —w A cos (wt + ô) 


gives the acceleration of the point executing simple harmonic motion. 
Notice that a, is zero at the midpoints of the simple harmonic motion, 
where wt + ô = 7/2 or 37/2, as required. 

These results are all identical with those of simple harmonic motion along 
the z-axis; see Eqs. 15-13. 

If we had taken the perpendicular projection of the reference point onto 


Sec. 15-6 HARMONIC MOTION AND CIRCULAR MOTION | 365 


the y-axis, instead, we would have obtained for the motion of the y-pro- 
jected point i y : 
y = A sin (wt'+ 5). (15-29) 


This is again a simple harmonie motion. It differs only in phase from Eq. 
15-28, for if we replace ô by 6 — 7/2, then cos (wt + ô) becomes sin (wt + ô). 
It is clear that the projection of uniform circular motion along any diameter 
gives a simple harmonic motion. 

Conversely, uniform circular motion tan be described as a combination 
of two simple harmonie motions. It is that combination of two simple 
harmonie motions, occurring along perpendicular lines, which have the 
same amplitude and frequency but differ in phase by 90°. When one 
component is at the maximum displacement, the other component is at 
the equilibrium point. If we eombine these components (Eqs. 15-28 and 
15-29), we obtain at once the relation 


r=V2x2+y? =A. 


By writing the relations for v, and a, (the student should do this) and com- 
bining corresponding quantities, we obtain also the relations 


v = Voz" + o= uA, 
a= Varta = 0A. 


These relations correspond respectively to the magnitudes of the displace- 
ment, the velocity, and the acceleration in ipit ^ircular motion. 

It will be possible for us to analyze many comp icated motions as com- 
binations of individual simple harmonie motions. Circular motion is a 
particularly simple combination. In the next section we shall consider 
other combinations of simple harmonie motions. y 


à 


Example.6. In Example 1 we considered a body executing a horizontal simple 
harmonic motion. The equation of that motion (units?) was 


x = 3 cos 8t. 


This motion can also be represented as the projection of uniform circular motion 
along a horizontal diameter. : à f à 

(a) Give the properties of the corresponding uniform circular motion. 

The z-component of the circular motion is given by 


z= A cos (wt n ô). 


Therefore, the reference circle must have a radius A = 4 ft, the initial phase or 
phase constant must be ô = 0, and the angular velocity must bew = 8 radians/sec, 
in order to obtain the equation z = 4 cos St for the horizontal projection. 
(b) From the motion of the reference point'determine the time required for the 
body to'eome halfway in toward the center of motion from its initial position. 
As the body moves halfway in, the reference point moves through an angle of 


£e 
Dus 


Fig. 15-15 Example 6. The 
particles Q and P of Fig. 15-14 
are shown for wt = 60°. Since 
w is known, t may be found. 
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= 60° (Fig. 15-15). The angular velocity is 
constant at 8 radians/sec so that the time re- 

quired to move through 60° is 
60° _ 1/3 radians _ 7 


t= — = —— — sèc = 0.13 sec. 
w 8 radians/sec 24 


The time may ało be computed directly 
from the equation of motion. Thus, 
= 4 cos 8t and r=—=}, 
Hence 
$ = 4 cos 8t or 8t = cos-1(4) = A 
Therefore, 


t= ai 8 = 0.13 sec. dd 


15-7 Combinations of Harmonic Motions 


Often two linear simple harmonic motions at right angles are combined. 
The resulting motion is the sum of two independent oscillations. Consider 
first the case in which the frequencies of the vibrations are the same, such as 


= Az cos (wt + 6), 


(15-30) 


y = A, cos (wt + a). 


The z- and y-motions.have different amplitudes and different phase con- 


stants, however. 


If the phase constants are the same so that 6 = a, the resulting motion is 
a straight line. This can be shown analytically, for when we eliminate t 


from the equations 


. È = Az cos (wt + ô) y = Ay cos (wt + à), 


we obtain 


T (A,/Az). 


This is the equation of a straight line, whose slope is A,/Az. In Fig. 
15-16a and b we show the resultant motion for two cases, 4,/A. = 1 and 
A,/Az = 2. In these cases both the z- and y-displacements reach a 
maximum at the same time and reach a minimum at the same time. They 


are in phase. 


If the phase constants are different, the resulting motion will not be a 
straight line. For example, if the phase constants differ by 7/2, the maxi- 
mum z-displacement occurs when the y-displacement is zero and vice 
versa. When the amplitudes are équal, the resulting motion is circular; 
when the amplitudes are unequal, the resulting motion is elliptical. Two 
cases, A,/A, = 1 and A,/A, = 2, are shown in Fig. 15-16c and d, for 
8=a+-7/2. The cases A,/A, = 1 and A,/A, = 2, for ô = a — 7/4, 
are shown in Fig. 15-15e and f. ; f 
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All possible combinations of two simple harmonie motions at right 
angles having the same frequency correspond to elliptical paths, the circle 
and straight line being special cases of an ellipse. This can be shown 
analytically by combining Eqs. 15-30 and eiiminating the time; the student 
can show that the resulting equation is that of an ellipse. The shape of the 
ellipse depends only on the ratio of the amplitudes, 4,/4,, and the differ- 
ence in phase between the two oscillations, ô — o. The actual motion can 


- Ay/Ay 22 


(e) 


Fig. 15-16 Simple harmonie motions in two dimensions. (a) The amplitudes of z 
and y (namely A, and fy) are the seme, as are their phase constants. (b) ys ampli- 
tude is twice z's, but their phase constants are the same. (c) Their amplitudes are 


equal, but x leads y in phase by 90°. (d) Same as (c) except that y's amplitude is 
twice z's. (e) Equal amplitudes, but z lags y in phase by 45°. (f) Same as (2) except 
that y's amplitude is twice z's. 
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be either clockwise or counterclockwise, depending on which component 
leads in phase. ; 

A simple way to produce such patterns is by means of an oscilloscope. 
In this, electrons are deflected by each of two electric fields at right angles 
to one another. The field strengths alternate sinusoidally with the same 


. frequency, but their phases and amplitudes can be varied. In this way 


the electrons can be made to trace out the various patterns discussed above 
on a fluorescent screen. We can also produce these patterns mechanically 
by means of a pendulum swinging with small amplitude but not confined 
to one vertical plane. Such combinations of two simple harmonic motions 
at right angles having the same frequency are particularly important in the 
study of polarized light and alternating current circuits. 

Combinations of simple harmonic motions of the same frequency in the 
same direction, but with different amplitudes and phases, are of special 
interest in the study of diffraction and interference of light, sound, and 
electromagnetic radiation. This will be discussed later in the text. 

_If two oscillations of different frequencies are combined at right angles, the 
resulting motion is more complicated. The motion is not even periodic 
unless the two component frequencies e; and wọ are the ratio of two 
integers (see Problem 35). Oscillations of different frequencies in the 
same direction may also be combined: The treatment of this motion is 
particularly important in the case of sound vibrations and will be discussed 
in Chapter 20. i 


15-8 Two-Body Oscillations 


The simple harmonic oscillator of Fig. 15-4 is a mass m coupled by a spring of 
force constant k to a solid wall. The wall is rigidly connected to the earth, so that 
this system is really a two-body system, connected by a spring, one of the bodies 
being effectively of infinite mass. This solid support remains at rest in an nertial 
reference frame so that the change in length of the spring is equal to the ¢.splace- 
ment of the mass m; the other end of the spring does not move. In this case we 
defined the potential energy U(z) of the oscillating system of Fig. 15-4 to be a 
function of the displacement z of the mass m alone (see Figs. 15-3, 9). This again 


; is equivalent to assuming that one end of the spring is connected to an infinite mass 


so that the extension of the spring is determined by the motion of mass m alone. 

Often in nature we find two-body oscillating systems in which we cannot take the 
mass of one of the bodies to be infinite and we must consider the motions of both 
bodies in an appropriate inertial reference frame. Examples are diatomic mole- 
cules suchas He, CO, HCl, etc., which can oscillate along their axis of symmetry. 
The coupling between the atoms that make up these molecules is electromagnetic, 
EN we may imagine them, for our purpose, to be connected by a tiny, massless 

ng. . 

"The surprising tiling about two-body oscillators is that, by redefining terms 
slightly and by introducing a new concept (that of reduced mass), we can describe 
the oscillations by exactly: the same equations that we have already derived for the 
(effectively) one-body system of Fig. 15-4. Let us prove this. : 

Figure 15-17a shows two bodies m; and m» connected by a (massless) spring of 


_ force constant k; the system is free to oscillate on a frictionless horizontal surface. 


ne locate the ends of the spring by the-coordinates zi(/) and x2(t), às shown. The 
length of the spring at any instant is zı — x». If its normal, unstressed length is !. 


| 
] 


subtract. We obtain 
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then the change in length of the spring, z(t), is given by 
z-(zu—)-—Ll ^ 1 (15-31) 


If z is positive, the spring is stretched, if z = 0, the spring has its normal length, 
and if z is negative, it is compressed. 

In Fig. 15-17a we assume} for concreteness, that the spring is stretched, so that 
z 0. We show also the force F exerted by the spring on mz and the force— F 
exerted on ms, ‘These two forces are equal and opposite, as the figure shows, and 
have the common magnitude F = kz. f ; : 

If we apply Newton’s second law, F = ma, to masses mi and m» we obtain 


me d*zy 


Pit UE 
and à : 


Let us now multiply the first equation by m2 and the second equation by mr and 


/ 


"rà = —makz — mika, 


En usu P 
SR d? magn 

which we can write as” 
i o mma Fg ag) = ke. (15-32; 
MOERS (zi — 29: ; 
Let us call the quantity m3ma/ (my + m2), which has the dimensions of mass, the 

reduced mass of the system and give it the symbol p; that is, 
aye MN. ia (15-33) 
my + me 

— g3)/dt? = d?z/di? and Eq. 15-32 now can be 


22 


Because | is a constant, d*(zi 
Written as ; 
dk, 9, . (15-34) 


rather than the displacement of a single bloc 
(2) u is the reduced mass of the pair of blocks du 


ı and ms; connected by a (massless) spring 


Fig. 15— pi ies of masses 7 
9. 15-17 (o) Do hody of mass y (the reduced mass) connected 


whose unstressed length is l. | e) A single 
by an identical spring to a rigid wall. y 
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Note from Eq. 15-33, which we can write either as 


jn ms m zi 
Muro T seb 
mi + mə mı + m» 
1 1 1 
or as a ee el 
i u mp me 


that (for finite masses) p is always smaller than m; or ms; hence the name reduced 
mass, Equation 15-34 leads, by way of the derivation that follows Eq. 15-6, to 


v= PN or T = 20 "B (15-35) 
2r Nu . k A 
, for the frequency and period of oscillation of the system of Fig. 15-17a. It is clear 
that this system has the same frequency and period as a single block of mass Hu, 
connected by a similar spring to a rigid wall, as in Fig 15-17b. Hence, the two- 
body oscillation of Fig. 15-17a is equivalent to the one-body oscillation of Fig. 
15-i7b. One particle moves relative to the other particle as though the other 
particle were fixed and the mass of the moving one were reduced to B. The 
reduced mass concept is applied widely in physies, especially in quantum and 
solid-state physics. 
We can solve Eq. 15-34, as in Section 15-3, to yield these relations: 


x = A cos (wt + ô), 
v = dx/dt = —wA sin (wt + ô), 
and a = dv/dt = —«*4 cos (wt + à). 


X They are identical with Eqs. 15-13 except that here z, v, and a are the relative 
displacement, velocity, and acceleration, respectively, of the two blocks. Thus 


“a = (z1 — x) — l, 
i v = dz/di = vi — vs, (15-36) 
and a — dv/dt = ay — as, 


in whieh the subseripts refer to the two blocks. . 

The potential energy of a two-body, simple harmonie oscillator is given by 
U(x) = kz? which shows clearly, because x depends on the positions of both 
blocks (see Eq. 15-36), that the potential energy is a characteristic of the system 
as a whole, 

Many actual two-body oscillators, although harmonie, are not simple harmonic; 
their potential energy curves, like that of Fig. 8-7a which refers to a diatomic 
molecule, are not parabolic. Even such oscillators, however, behave like simple 
harmonic oscillators for small enough amplitudes of oscillation about the equilib- 
rium position. Note, too, that z in Fig. 8-7a has a different meaning than we have 
assigned to it in this chapter; it is the actual separation, rather than (see Eq. 15-36) 
the difference between the actual separation and the equilibrium separation. Thus 
in Fig. 87a the stable equilibrium position corresponds, not to x = Oasin Fig. 15-2, 
but tc z= EV 2a/b. This change is only a change in the origin of the x-axis of the 
potential energy curve and has no fundamental significance. 


75-9 Damped Harmonic Motion 


If Up to this point we have assumed that no frictional forces act on the oscillator. 
I pe assumption held strictly, a pendulum or a Weight on a spring would oscillate 
indefinitely. Actually, the amplitude of the oscillation gradually decreases to zero 
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as a result of friction. - The motion is said to be damped by friction and is called 
\dam-ped harmonic motion. Often the friction arises from air resistance or internal 
Morces. The magnitude of the frictional force usually depends on the speed. In 
\most cases of interest the frictional force is proportional to the velocity of the body 
but directed opposite to it. An example of a damped oscillator is shown in Fig. 
15-18. | 

The equation of motion of the damped simple harmonic oscillator is given by the 
second law of motion, F = ma, in which F is the sum of the restoring force — kx and 
the damping force —bdz/dt. Here b is a positive 
constant. We obtain 


F = ma, 
dx d'z 
or —ke -bg = mag 
dz dx 
ont = =0. 15-37 
or moe + ba 5 0. (15-37) 


If b is small, the solution of this differential 
equation (given without proof)* is 


x = Ag?" cos (wt + ô), (15-38) 


A 2 
where w = Qn’! = W i £n - (15-39) 


In Fig. 15-19 we plot the displacement x as a func- 
tior. of the time t for oscillatory motion with small 
damping. : 

We can interpret the solution as follows. First, 
the frequency is smaller and the period is longer 
when friction is present. Friction slows down the 
motion, as might be expected If no friction were 
present, b would equal zero and œw would equal 
V k/m or w, which is the angular frequency of 
undamiped motion. When friction is present, wl is 
less than w, as show! 
amplitude of the motion gradua j 
zero. The time interval r during which the ampli- 
tude drops to 1/e of its initial value is called the | 
mean lifetime of the oscillation. The amplitude — ke. 
factor is Ae~™/2™, so that r = 2m/b. Onee again, 


if there were no friction present, b would equal zero T 
and the amplitude aud have the constant value A as time went on; the lifetime 


would be infinite. , 
If the force of friction is great enough, b becomes so large that Eq. 15-38 is no 
longer a valid solution of the equation of motion.t Then the motion will not be 


periodic at all. The body merely returns to its equilibrium position when released 
from its initial displacement 4. f . AP 

In damped barn ond motion the energy of the oscillator is gradually dissipated 
by friction and falls to zero in time. 


[] 


Fig. 15-18 A damped har- 
monic oscillator. A disk 
is attached to the mass 


n by Eq. 15-39. Second, the and immersed in a fluid 
lly decreases to + which exerts a damp- 


ing force —b dz /dt. 'The 
elastie restoring force is 


H. W. Reddick and F. H. Miller, Advanced Mathematics for 


* See, for exam) 
ple, John Wiley and Sons, 1955, pp. 76-78. 


Engineers, third edition, 
T Ibid., pp. 80-83. 
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Fig. 15-19 Damped harmonic 
motion plotted versus time. 
The motion is oscillatory with 
everdecreasingamplitude. The 
amplitude (-—-) is seen to 
start with value A and decay 
exponentially to zero as | — ©. 


15-10 Forced Osciftations and Resonance 


Thus far we have discussed only the natural oscillations of a body, that is, the 
oscillations that occur when the body is displaced and then released. For a mass 
attached to a spring the natural frequency is 


w = ry = g 
j m 
in the absence of friction and 


2 
al = ry = Na = (s) , 
Nm 2m 
in the presence of a small frictional force bv. i 

A different situation arises, however, when the body is subject to an oscillatory 
external force. As examples, a bridge vibrates under the influence of marching. ` 
soldiers, the housing of a motor vibrates owing to periodic impulses from an 
irregularity in the shaft, and a tuning fork vibrates when exposed to the periodic 
force of a sound wave. The oscillations that result are called forced oscillations. 
These forced oscillations have the frequency of the external force and not the 
natural frequency of the body. However, the response of the body depends on the 
relation between the forced and the natural frequency. A succession of small 
impulses applied at the proper frequency can produce an oscillation of large ampli- 
tude. A child using a swing learns that by pumping at proper time intervals he 
can make the swing move with a large amplitude. The problem of forced oscilla- 
tions is a very general one. Its solution is useful in acoustic systems, alternating 
current circuits, and atomic physies as well as in mechanics. 

The equation of motion of a forced oscillator follows from the second law of 
motion. In addition to the restoring force-— kx and the damping force —b dz/dt, 
we have also the applied oscillating external force. For simplicity let this external 
force be given by Fm cos o"t. Here Fm is the maximum value of the external force 
and o" (= 2m") is its angular frequency. We can imagine such a force applied 
directly to the suspended mass of Fig. 15-18, if we wish, for concreteness. 


From F = ma, 
s ; dx d?z 
we obtai —kz—b— by cpg onlin 
y in ka bu Fm cos wt m ya 
; d? dz 
or o mg FOS + ks = Fucoso't. (15-40) 
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The solution of this equation (given without proof)* is 


z= Fe sin (wt — 8), (15-41) 

where G = A/mi(o"* — w?)? + bo", (15-42) 
” 

and ô = cogi n. (15-43) 


Let us consider the resulting motion in a qualitative way. 

Notice (Eq. 15-41) that the system vibrates with the frequency of the driving 
force, w”, rather than with its natural frequency c, and that the motion is 
undamped harmonic motion. 

The simplest case is that in which there is no damping, which means that b — 0 
in Eq. 15-42. The factor G, which has the value |m(o"* — w?)| for b = 0, is large 
when the frequency of the driving force w” is very different from the natural 
undamped frequency of the system w. This means that the amplitude of the 
resultant motion, Fm/G, is small. As the driving frequency approaches the 
natural frequency, that is, as o" — w, we see that G — 0 and the amplitude 
F./G— ©. Actually some damping is always present so that the amplitude o ‘ 
oscillation, although it may become large, remains finite in practice. ` 

For actual, damped oscillators (for which b + 0 in Eq. 15-42), there is a charac- 
teristic value of the driving frequency w” at which the amplitude of oscillation is a 
maximum. This condition is called resonancet and the value of o" at which 
resonance occurs is called the resonant frequency. The smaller the damping in a 
given system the closer is the resonant frequency to the natural undamped fre- 
quency e. Frequently the damping is small enough so that the resonant fre- 
quency can be taken to equal the natural undamped frequency w with small error. 
Likewise, for small damping, the natural undamped frequency w (= yV k/m) can 
be taken to equal the natural damped frequency w’ (see Eq. 15-39) with small 
error. 1 A 

In Fig. 15-20 we have drawn five curves giving the amplitude of the forced 
vibrations as a function of the ratio of the driving frequency w” to the undamped 
natural frequency w. Each of the five curves corresponds to a different value of 
the damping constant b. Curve (a) shows the amplitude when b — 0, that is, 
when there is no damping. In this case, as we have seen, the amplitude becomes 
infinite at w” = w because energy is being fed into the system continuously by the 
applied force and none of it is dissipated. In practice, some friction is always 
present, so the amplitude reaches a large, but finite, value. Of course, when the 
amplitude gets so large that Hooke's law no longer holds and the elastic limit is 
exceeded, the system is no longer governed by Eq. 15-40. Often the system 
breaks, as in the Tacoma Bridge disaster (Fig. 15-21). Curves (b) and (c) give the 
amplitude of forced vibration for two cases of increasing damping. : 

The displacement caused by a constant force Fm applied to a system with a force 
constant & is simply Fm/k. Notice (Fig. 15-20) that the amplitude of the forced 
vibrations is rather large compared to this static displacement. A column of 
soldiers marching in step across a bridge can set it vibrating with a destructively 


* Ibid., pp. 80-83. J apa 

+ Resonance, defined here to occur at the frequency at which the forced oscillations 
have their maximum amplitude, may be defined in other ways as, for example, at the 
frequency at which maximum power is transferred from the driving unit to the oscil- 
lating system cr at which the speed of the oscillating mass is a maximum. The defini- 
tions are not equivalent; we will discuss the matter further when we deal with forced 


electrical oscillations; see Problem 42. 
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damped simple harmonic oscillator is plotted 
versus the ratio of the driving frequency o" to the 


Fig. 15-21 Or July 1, 1940, the Tacoma Narrows Bridge at Puget Sound, Washington, 
was completed and opened to traffic. Just four months later 2 mild gale set the bridge 
oscillating until the main span broke Up, ripping loose from the cables and crashing 
into the water below: The wind produced a fluctuating resultant force in resonance 
with a natural frequency of the Structure. This caused a steady increase in amplitude 


until the bridge was destroyed. Many other bridges were later redesigned to make 
them aerodynamically stable, 
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large amplitude if the frequency of their steps happens to be some natural fre- 
quency of the bridge. This is the reason why soldiers break step when crossing à 
bridge. Resonance considerations are very important in many electrical, acoustic, 
and atomic devices, as we shall see later. i 


QUESTIONS 


1. Give some examples of motions that are approximately simple harmonie. Why 
are motions that are exactly simple harmonic rare? 

2. A spring has a force constant k, and a mass m is suspended from it. The spring is 
cut in half and the same mass is suspended from one of the halves. Is the frequency of 
vibration the same before and after the spring is cut? How are the frequencies related ? 

3. An unstressed spring has a force constant k. It is stretched by a weight hung 
from it to an equilibrium length well within the elastic limit. Does the spring have the 
same force constant k for displacements from this new equilibrium position? 

4. Any real spring has mass. If this mass is taken into account, explain qualitatively 
how this will change our expressions for the period of oscillation of & spring-and-mass 
system (see Problem 40). 

5. Suppose we have a block of unknown mass and a spring of unknown force con- 
stant. Show how we can predict the period of oscillation of this block-spring system 
simply by measuring the extension of the spring produced by attaching the block to it. 

6. Can one have an oscillator which even for smaller amplitudes is not simple har- 
monic? That is, can one have & nonlinear restoring force in an oscillator even at 


arbitrarily small amplitudes? 


7. Could we ever construct a simple pendulum? - ? 

8. Could standards of mass, length, and time be based on properties of a pendulum? 
Explain. i s : 

9. Show that as the amplitude 6, in Eq. 15-20 approaches 180? the 
infinity. Is this reasonable? 

10. Predict by qualitative arguments whet! 
amplitude will have a period longer or shorter 
small amplitude. (Consider extreme cases.) i A AAE ay 

ll. How is the period of a pendulum affected when its poin sus i 
moved AER ETARA a; (b) moved vertically upward with cipia : 
a; (c) moved vertically downward with acceleration a < g. Which case, if any, applies 
to a pendulum mounted on à cart rolling down an inclined plane? | 

12. Why was an axis through the center of mass excluded in using Eq. ono A 
determine J? Does this equation apply to such an axis? How can you determine J for 
al piece nn h ll hole in it. It is hung by a 

13. i with water through a small hole In 1%. 

EM ursi prés s flows out of the hole at the bottom, one finds that 
the period of oscillation first increases and then decreases. Explain. CNN 

14, Two pendula, ench consisting ef e dM neq ee TIAN 
except for the coupling between disk and bar. d qe Eth 
disk; i "bearings are used so that the disk would be free to spin a out the 
end ber oe de pendula are hung, pulled aside to the same height, 


and released. Which has the greater period? Explain, | — 
to trace out a sinusoidal curve? 


15. How can a pendulum be used so as ; 
16. What component simple harmonie motions would give a figure 8 as the resultant 
motion? ` 


period approaches 


her a pendulum oscillating with large 
than the period for oscillations with 
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17. Is there a connection between the F vs. z relation at the molecular level and the 
macroscopic relation between F and z in a spring? a 

18. Why are damping devices often used on machinery? Give an example. 

19. Give some examples of common phenomena in which resonance plays an impor- 
tant role. 

20. The lunar ocean tide is much more important than the solar ocean tide (see 
Question 13 of Chapter 16, for example). The opposite is true for tides in the earth’s 
atmosphere, however. Explain this, using resonance ideas, given the fact that the 
atmosphere has a natural period of oscillation of nearly 12 hours. 


PROBLEMS 


1. A 4.0-kg block extends a spring 16 cm from its unstretched position. The block is 
removed and a 0.50-kg body is hung from the same spring. If the spring is then 
stretched and released, what is its period of motion? 

2. A2.0-kg mass hangs from a spring. A 300-gm body hung below the mass stretches 
the spring 2.0 cm farther. If the 300-gm body is removed and the mass set into oscilla- 
tion, find the period of motion. 

3. A small body of mass 0.10 kg is undergoing simple harmonic motion of amplitude 
1.0 meter and period 0.20 sec, (a) What is the maximum value of the force acting on it? 
(b) If the oscillations are produced by a spring, what is the force constant of the Spring? 

4. À body oscillates with simple harmonic motion according to the equation 


x = 6.0 cos | 3xt ee meters. 


What is (a) the displacement, (b) the velocity, and (c) the acceleration at the timet = 2 
sec. Find also (d) the phase constant, (e) the frequency », and (f) the period of the 
motion. 


5. A particle executes linear harmonic motion about the point z = 0; at t = 0 it has 
displacement z = 0.37 cm and zero velocity. If the frequency of the motion is 0.25/ 
8ec, determine (a) the period, (b) the angular frequency, (c) the amplitude, (d) the dis- 
placement at time ¢ (arbitrary), (e) the velocity at time t (arbitrary), (f) the maximum 
speed, (g) the maximum acceleration, (h) the displacement at ¢ = 3.0 sec, and (4) the 
velocity at t = 3.0 sec. ; 

6. Two particles execute simple harmonie motion of the same amplitude and fre- 
quency along the same straight line. They pass one another when going in opposite 
directions each time their displacement is half their amplitude. What is the phase 
difference between them? 

7. A block is on a horizontal surface which is moving horizontally with a simple har- 
monic motion of frequency two oscillations persecond. The coefficient of static friction 
between block and plane is 0.50. How great can the amplitude be if the block does not 
slip along the surface? 

_ 8. A block is on a piston which is moving vertically with a simple harmonic motion of. 
period 1.0 sec. (a) At what amplitude of motion will the block and piston separate? 
(6) If the piston has an amplitude of 5.0 cm, what is the maximum frequency for which 
the block and piston will be in contact continuously? 

f 9. A uniform spring whose unstressed length is / has a force constant k. The spring 
1s cut into two pieces of unstressed lengths /; and lz, where 7; = nis and nis an integer. 
What are the corresponding force constants k1 and kzin terms of n and k? Check your 
result for n = 1 and n = s. 

10. Two springs are joined and connected to a mass m as shown in Fig. 15-22. -The 
Surfaces are frictionless. If the Springs separately have force constants k and ke, show 
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that the frequency of oscillation of mis 


kike 
N (kı +ko)m 


(The electrical analog of this system is a parallel connection of two capacitors.) 


ten | 
qs 


Fig. 15-22 Fig. 15-23. 


11. The springs afe now attached to m and to fixed supports as shown in Fig. 15-23. 
Show that the frequency of oscillation in this case is 


(The electrical analog of this system is a series combination of two capacitors.) 

12. The vibration frequencies of atoms in solids at normal temperatures are of the 
order 10!3/sec. Imagine the atoms to be connected to one another by springs. Sup- 
pose that a single silver atom vibrates with this frequency and that all the other atoms 
are at rest. Then compute the force constant of a single spring. One mole of silver 


motion of frequency 1000 per second has an amplitude of 0.40 mm. Neglect damping 
and find (a) the maximum acceleration and maximum speed of the end of the prong, 
and (b) the speed and acceleration of the end of the prong when it has a displacement 
0.20 mm. r j 

14. A spring of force constant 19.6 nt/meter hangs vertically. A body of mass 
0.20 kg is attached to its free end and then released. Assume that the spring was 
unstretched before the body Y tial po 
body descends. Find also'the frequency and amplitude of the resulting simple har- 


monic motion. 3 

15. An 8.0-lb block is suspended from a spring with a force constant of 3.01b/in. A 
bullet weighing 0.10 Ib is fired into the block from below with a velocity of 500 ft/sec 
and comes to rest in the block. (a) Find the amplitude of the resulting simple harmonic 
motion. (b) What fraction of the original kinetic energy of the ‘bullet is stored in the 
harmonic oscillator? Is energy lost in this process? Explain your answer. 

16. An automobile can be considered to be mounted on a spring as far 2s vertical 
oscillations are concerned. The springs of a certain car are adjusted so that the vibra- 
tions have a frequency of 3.0 per second. What is the spring's force constant if the car 
weighs 3200 lb? What will the vibration frequency be if five passengers, averaging 


160 Ib each, ride in the car? ` 4 prea 
17. The scale of a spring balance reading from 0 to 32 Ib is 4.0 in. long. A package 
suspended from the balance i8 found to oscillate vertically with a frequency of 2.0 oscilla- 


tions per second. How much does the package weigh? ] 
i : 
\ 
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18. Start from Eq. 15-17 for the conservation of energy (with 3kA? = E) and obtain 
the displacement as a function of the time by integration of Eq. 15-18. Compare with 
Eq. 15-18. 

19. When the displacement is one-half the amplitude, what fraction of the total 
energy is kinetic and what fraction is potential in simple harmonic motion? At what 
displacement is the energy half kinetid and half potential? 

20. (a) Prove that in simple harmonic motion the average potential energy equals the 
average kinetic energy when the average is taken with respect to time over one period of 
the motion, and that each average equals 1kA?. (See Fig. 15-9a.) (b) Prove that 
when the average is taken with respect to position over one cycle, the average potential 
energy equals 4&A? and the average kinetic energy equals 3kA?. (See Fig. 15-95.) 
(c) Explain physically why the two results above (a and b) are different. 

21. (a) Show that the general relations for the period and frequency of any simple 
harmonic motion are 


Tam)! and ey BS 


a 2r = 


(b) Show that the general relations for the period and frequency of any simple angular 


harmonic motion are ~ 


T 22r 4| — 2 and v= s Ex 
a 2r 6 
22. Vertical Spring in a Uniform Gravitational Field Consider a massless spring of 


(a) Show thatifz = 0 marks the slatk position of the spring, the static equilibrium posi- 
tion is given by z = mg/k (see Fig. 15-24). (b) Show that the equation of motion of 


d* 
moa the = mg 


and that the solution for the displacement as a function of time is z = 4 cos (wt + 5) + 
mg/k, where o = w/k/m as before. (c) Show, therefore, that the system has the same 
9, v, a, v, and T in a uniform gravitational 
field as in the absence of such a field, with 
the one change that the equilibrium position 
has been displaced by mg/k. (d) Now con- 
sider the energy of the system, dmv? + gsx? 
+ mg(h — x) = constant, and show that 
time differentiation leads to the equation of 


motion of part (b). (e) Show that when 
mass falls from z = 0 to the static equilib- 
Ground level — rium position, z = mg/k, the loss in gravita- 


Py r M), one can simply ignore the uniform gravitational 
e. pu the analysis merely by Shifting the reference position from z = 0 to zo = z — 
"4/^ = 0. The new potential energy curve [U(zo) = Akzo? + constant] has the same 


A 
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parabolic slope as the potential energy curve in the absence of a gravitational field 
[U(z) = $k"). 

23. A simple pendulum of length 1.00 meter makes 100 complete oscillations in 
204 sec at a certain location. What is the value of the acceleration of gravity at this 
point? 

24. What is the length of a simple pendulum whose period is exactly 1 sec at a point 
where g = 32.2 ft/sec?? 

25. Show that the maximum tension in the string of a simple pendulum, when the 
amplitude 6, is small, is mg(1. + 047). At what position of the pendulum is the tension 
a maximum? 

26. (a) What is the frequency of a simple pendulum 2.0 meters long? -(b) Assuming 
small amplitudes, what would its frequency be in an elevator accelerating upward at a 
rate of 2.0 meters/sec?? (c) What. would its frequency be in free fall? 

27. A simple pendulum of length | and mass m is suspended in a car that is traveling 
with a constant speed v around a circle of radius R. If the pendulum undergoes small 
oscillations about its equilibrium position, what will its frequency of oscillation be? 

28. What is the period of a pendulum formed by pivoting a meter stick so that it ie 
free to rotate about a horizontal axis passing through its end? Through the 75-cm 
mark? Through the 60-cm mark? 

29. Show that if a uniform stick of length / is mounted so as to rotate about a hori- 
zontal axis perpendicular to the stick and at a distance d from the center of mass, the 


period has a minimum value when d = U/r/ 12 = 0.2891. 

30. A disk 1.0 meter in diameter is cut from a metal sheet. The disk is made to 
swing as a pendulum by drilling a small hole in it and mounting it on a nail driven into a 
wall. Let J be the distance from the nail to the center ofthe plate. (a) For what value 
or values of | will the period be 1.7 sec? (b) Suppose you want the period to be as 
small as possible. What value of / would you use? 

31. A circular hoop of radius 2.0 ft and weight 8.0 Ib is suspended on a horizontal nail. 
(a) What is its frequency of oscillation for small displacements from equilibrium ? 
(b) What is the length of the equivalent simple pendulum? i 

32. A solid sphere of mass 2.0 kg and diameter 0.30 meter js suspended on a wire. 
Find the period of angular oscillation for small displacements if the torque constant of 
the wire is 6.0 X 10—? nt-m/radian. 

33. The balance wheel of a watch ‘vibrates with 
and a period of 0.50 sec. Find (a) the maximum an p 
angular speed of the wheel when its displacement is 7/2 radians, 
acceleration of the wheel when its displacement is 7/4 radians. } 

34. Electrons in an oscilloscope are deflected by two mutually perpendicular electric 
fields in such a way that at any time ¢ the displacement is given by 


an angular amplitude of 7 radians 
gular speed of the wheel, (b) the 
and (c) the angular 


z = A cos wt, y = A cos (wt + a). 

(a) Describe the path of the electrons and determine its equation when a = 0°. (b) 
When a = 30°. (c) When a = 90°. 

35. Lissajous Figures. When oscillat 

quencies for the motion of the particle in the z- 
that in the general case Eqs. 15-30 become 


ions at right angles are combined, the fre- 
and y-directions need not be equal, so 


zr = Az cos (wet + ô) and y = A, cos (wyt + a). 


i ad issaj fter Jules 
The path of the particle is no longer an ellipse but is called a Lissajous curve, & 
Antoine Linea (1822-1880) who first demonstrated such curves in 1857. (a) If 
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wz/wy is a rational number, so that the angular frequencies wz and wy are "cómmensur- 3 
able,” then the curve is closed and the motion repeats itself at regular intervals of time. 
Assume A, = A, and à =a and draw the Lissajous curve for wz/wy = 3, 3, and $. 
(b) Let wz/wy be a rational number, either 4, 3, or 4 say, and show that the shape of the i 
Lissajous curve depends upon the phase difference a — 6. Draw curves fora — ô = 0, 
v/4, and 7/2 radians. ~(c) If wz/wy is not a rational number, then the curve is "open." 
Convince yourself that after a long time the curve will have passed through every point 
lying in the rectangle bounded by z = +A, and y = +Ay, the particle never passing 
twice through a given point with the same velocity. ! : ; 
36. (a) Show that when ma — © in Eq. 15-33, 4 — mi. (b) Show that the effect of j 
a noninfinite wall (m»-« s) on the oscillations of a mass m at the end of a spring 
attached to the wall is to reduce the period, or increase the frequency, of oscillation 
compared to (a). (c) Show that when mz = mı the effect is as though the spring were 
cut in half, each mass oscillating independently about the center of mass at the middle. 
37. (a) What is the reduced mass of each ‘of the following diatomic molecules: O», 
HChand CO? Express your answers in atomic mass units, the mass of a hydrogen , 
atom being approximately 1.00 amu. (b) An HCl molecule is known to vibrate at a ! 
fundamental frequency of » = 8.7 X 10!? cycles/sec. What is the effective "force 
constant" k for the coupling forces between the atoms? In terms of your experience , 
with ordinary springs, would you say that this molecular spring" is relatively stiff or 
not? = 
38. The spring in Fig. 15-17a has a force constant k = 250nt/m. Let mi = 1.0 kg 
and ms = 3.0 kg. (a) What is the oscillation frequency of the two-body system? 
(b) What is the ratio K1/K» of the kinetic energies of the bodies? 
39. Show that the kinetic energy of the two-body oscillator of Fig. 15-17a is given by / 
K = 40’, where p is the reduced mass and v (= v1 — v») is the relative velocity. X 
may help to note that linear momentum is conserved while the system oscillates. i 
40. If the mass of a spring m, is not negligible but is small compared to the mass m of 
the object suspended from it, the period of motion is T = 2r M (m + m,/3)/k. Derive 
this result. . (Hint: The condition m, « m is equivalent to the assumption that the » 
spring stretches uniformly along its length.) "A 
H 41. (a) Attach a solid cylinder to a horizontal massless spring so that it can roll with- 
out slipping along a horizontal surface, as in 
Fig. 15-25. The force constant k of the spring 
is 3.0 nt/meter. If the system is released from 
rest at a position in which the spring is stretched 
by 0.25 meter, find the translational kinetic 
energy and the rotational kinetic energy of the 
cylinder as it passes through the equilibrium 
position. (b) Show that under these condi- 
tions the center of mass of the cylinder executes # 
Fig, 15-25 simple harmonic motion with a period 1 


T = 2r 4/3M/2k. 


42. Starting from Eq. 15-41, find the velocity v (= dz/di), in forced oscillatory 
motion. Show that the velocity amplitude is vm = Fm/[(mo! — k/o”)? + 5?]3 

The equations of Section 15-10 are identical in form with those representing an elec- 
trical circuit containing a resistance R, an inductance L, and a capacitance C in series 
with an alternating emf V = Vm cos wt. Hence, b, m, k, and Fm are analogous to R, 
L, 1/C, and Vim, respectively, and x and v are analogous to electric charge qand current 
t; respectively, In the electrical case the current amplitude îm, analogous to the 
velocity amplitude vm above, is used to describe the quality of the resonance. 
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43. Two equal masses 7 and three identical springs of force constant k are arranged 
as shown in Fig. 15-26. (a) Let x1, z2 represent the displacement of each mass from its 


Fig. 15-26 


equilibrium position and show that 


dè: 
m oe = k(e — 221) 


and 
2, 
EL E SN 


(b) Find the frequencies of vibration for the system by assuming a solution of the form 
zı = Aisin wt and zz = Az sin ol. 


Gravitation 


CHAPTER 16 


16-1 Historical Introduction 


Until the seventeenth century the tendency of a body to fall toward the 
earth, that is, its weight, was regarded as an inherent property of all bodies 
needing no further explanation. That the weight of a body should be 
regarded as a force of attraction between the earth and that body was an 
idea that occurred to Newton and some of his contemporaries, notably 
Robert Hooke. 

The laws governing celestial motions were regarded as quite different 
from those governing the motions of bodies on the earth. The motion of 
the heavenly bodies, particularly the planets and the sun, was 4 subject of 

‘much aative interest at this time. This subject was discussed by students 
of #atural philosophy at Cambridge in.1664. In 1665, the plague broke 
out. School was suspended and the students were sent home. One of 
them was Isaac Newton, then a 23-year-old "scholar of the college.” 

At home in Woolsthorpe, Newton continued to think about these ques- 
tions. Apparently he was inspired as he saw an apple fall to the earth 
from a tree.* It occurred to him that the same force of gravitation which 
attracts the apple to the earth might also attract the moon to the earth. 
Newton thought that the centripetal acceleration of the moon in its orbit 
and the downward acceleration of a body on the earth might have the same 


*In a biography of Newton written in 1752 by his friend Stukeley, the author writes of 
having tea with Newton in a garden under some apple trees, when Newton said that the 
setting was the same as when he got the idea of gravitation. “It was occasioned by the 
fall of an apple, as he sat in a contemplative mood . . . ," writes Stukeley. 
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origin (Fig. 16-1). The very idea that celestial motions and terrestrial 
motions were subject to similar laws was a break with tradition. 

The acceleration of the moon toward the earth can be computed from its 
period of revolution and the radius of its orbit. We obtain 0.0089 ft/sec? 
(see Example 4, Chapter4). This value is about 3600 times smaller than g, 4 
the acceleration due to gravity on the surface of the earth. Newton sought 
to account: for this difference by assuming that the acceleration of a falling 
body is inversely proportional to the square of its distance from the earth. 

The question of what we mean by “distance from the earth” arises 
immediately. Newton regarded every particle of the earth as contributing 
to the gravitational attraction it had on other bodies. The distance and 
direction of particles of the earth from some object are different for each 
particle. Newton made the daring assumption that the earth could be 
treated for such purposes as if all the mass were concentrated at its center. 

We could treat the earth as a particle with respect to the sun, for 
example. It is not obvious at all, however, that we could safely treat the 
earth as a particle with respect to an apple located only a few feet above its 
surface. On this assumption, however, a falling body near the earth’s 
surface is a distance of one earth radius from the effective center of attrac- 
tion of the earth, or 4000 miles. The moon is about 240,000 miles away. 
The inverse square of the ratio of these distances is (4000/240,000)? = 
1/3600, in agreement with the ratio of the accelerations of the moon and 
apple. 

It is believed that Newton made these calculations in 1666. To quote 


him, : 


And in the same year (1666) I began to think of gravity extending to the orb of 
the moon. . . . I deduced that the forces which keep the planets in their Orbs 
must [be] reciprocally as the squares of their distances from the centers about 
which they revolve: and thereby compared the force requisite to keep the Moon in 


Fig. 16-1 Both the moon and the 
apple are accelerated toward the cen- 
ter of the earth. The difference in 
their motions arises because the moon 
has a tangential velocity v whereas the 
apple does not. 
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her Orb with the force of gravity at the surface of the earth and found them answer 
pretty nearly. 


His results were not published until 1687, however, when his Principia 
` Mathematica appeared. The reason is thought to be that he was not satis- 
fied at first that he could prove his basic assumption about the earth’s 
acting as a mass particle for objects outside it.* Before he could solve this 
problem exactly, Newton had to inver' the ce'culus. His proof will be 
given in Section 16-6. 

The force on the moon and on the apple depends on the mass of the moon 
and the mass of the apple, respectively, as well as on that of the earth. 
Hence, Newton assumed that the gravitational force depended on the 
masses of the attracting bodies as well as inversely on the square of their 
distance of separation. He then generalized his concept of gravitational 
attraction into a law of universal gravitation. He thought that all bodies, 
no matter where they were located, exerted forces of gravitational attrac- 
tion upon one another. In order to discover the exact nature of this 
attractive force, he had to consider bodies of various different masses at 
significantly different distances from one another. He could not change 
the distance between the center of the earth and a body on the earth very 
appreciably, however. It was for this reason that he first compared the 
motion of the moon and a body on earth. The force between different 
macroscopic bodies on the earth was so small that it was not detected in 
Newton's time. Newton apparently realized that this force was small and 
easily masked by frictional or other forces. Hence, he focused his atten- 
tion on the motion of the planets in an attempt to confirm his ideas. 

The earliest scientific attempts to understand the solar system were made 
by the Greeks. A detailed description of the conclusions of Greek astron- 
omy was given by Ptolemy (second century). His system is known as the 
Ptolemaic, or geocentric, theory. It assumes that the earth is stationary 
at the center of the universe, with the sun, moon, planets, and stars all 
revolving about the earth in complex orbits. This theory was accepted for 
almost fifteen centuries and greatly influenced philosophy and literature as 
well as science. However, the theory was quite complex and could not 
quantitatively account for an increasing number of observations. In the 
sixteenth century Copernicus suggested that a simpler description of 
celestial motions could be given by assuming that the sun was at rest at the 
center of the universe. In the Copernican or heliocentric theory, the earth 
was a planet rotating on its axis and revolving about the sun, and the 
other planets had similar motions (Fig. 16-2). 

The growing controversy over the two theories stimulated astronomers 


A T Some students of history believe that he merely wished to avoid controversy. The 
publication of his Theory of Light and Colors had involved him in bitter arguments. 
Newton was a shy and introspective man. Bertrand Russell writes of Newton, “If he 
hae encountered the sort of opposition with which Galileo had to contend, it is probable 
that he would never have published a line." It was Halley, a devoted friend with a 
great interest in celestial mechanics, who persuaded Newton to publish the Principia. 
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Fig. 16-2 (a) The Copernican view of the solar system. The planets move in con- 
centric orbits with the sun at the center. (b) The Ptolemaic view of the solar system. 
Each planet undergoes two simultaneous circular motions. For example, Mars travels 
about an epicycle while the center of the epicycle travels along a deferent. The earth 
is at the center of the system. Only the moon and sun have no epicycles. 


to obtain more accurate observational data. Such data were compiled by 
Tycho Brahe (1546-1601); who was the last great astronomer to make 
observations without the use of a télescope.* His data on planetary 
motions were analyzed and interpreted for about twenty years by Johannes 
Kepler (1571-1630), who had been Brahe’s ‘assistant. Kepler found 
important regularities in the motion of the planets. These regularities are 
known as Kepler’s three laws of planetary motion. 


1. All planets move in elliptical orbits having the sun as one focus: (the 
law of orbits). 

2. A line joining any planet to the sun sweeps out equal areas in equal 
times (the law of areas). 

3. The square of the period of any planet about the sun is proportional 
to the cube of the planet’s mean distance from the sun (the law of periods). 


Kepler’s laws lent strong support to the Copernican theory. They 
showed the great simplicity with which planetary motions could be 
deséribed when the sun was taken as the reference body. However, these 


* The first scientifically useful telescope was built in 1609 by Galileo. With it he 
discovered the moons of Jupiter and the phases of Venus. Galileo was a strong advo- 
cate of the Copernican theory and used his observations to argue in its behalf. Newton, 
incidentally, invented a telescope, the reflecting type. 


\ 
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laws were empirical; they simply described the observed motion of the 
planets without any theoretical interpretation. Kepler had no concept of 
force as a cause of such regularities. In fact, the concept of force was not 
yet clearly formulated. It was, therefore, a great triumph for Newton’s 
ideas that he could derive Kepler’s laws from his laws of motion and his 
law of gravitation. Newton’s law of gravitation in this case required each 
planet to be attracted toward the sun with a force proportional to the mass 
iof the planet and inversely proportional to the square of its distance from 
the sun. 

In this way Newton was able to account for the motion of the planets in 
the solar system and of bodies falling near the surface of the earth with one 
common concept. He thereby synthesized into one theory the previously 
Separate sciences of terrestrial mechanics and celestial mechanics. The 
real scientific significance of Copernicus’ work lies in the fact that the 
heliocentric theory opened the way for this synthesis.* Subsequently, on 
the assumption that the earth rotates and revolves about the sun, it 
became possible to explain such diverse phenomena as the daily and the 
annual apparent motion of the stars, the flattening of the earth from a 
spherical shape, the behavior of the tradewinds, and many other things 
that could not have been tied together so simply in a geocentric theory. 

It is instructive to review the development of our understanding of the motions 


f the bodies in the solar system in terms of the program of classical mechanics 
that we outlined in-Chapter 5; see page 80. Historically, there were four 


- “breakthroughs.” 


1. Copernicus pointed out that the sun and not the earth is the central body of 
the solar system. In today’s language he gave us a reference frame (the sun) much 
more suitable than the one previously used (the earth) for desċribing the motions 
of the solar system. Among other advantages, the Copernican frame, fixed with 
respect to the sun but not rotating with it, is essentially an inertial reference frame; 
the reference frame fixed to the revolving earth on which we live cannot be so con- 
sidered for problems involving planetary motions. 

2. Brahe made accurate measurements of the motions of the planets as viewed 
from the earth. He provided the necessary observational data that made further 
progress possible, 

3. Kepler, studying Brahe’s data, deduced from it the three simple empirical 
laws of planetary motion that we have discussed above. Adopting Copernicus’ 
reference frame, he displayed the kinematic information about planetary motions 
in simple form. 

4, Newton discovered the laws of motion for mechanical systems in general as 
well as the particular force law that applies to the motions of the planets, namely 
the law of universal gravitation. 

Thus, over a span of about 200 years, we see emerging (1) the appropriate refer- 
ence frame, (2) accurate kinematical information, (3) the empirical laws of plan- 
etary motion, and: (4) the general laws of classical mechanics and the force law 
appropriate to planetary motion, 


ia of others. He once said in a letter to Robert Hooke, “If I have seen further (than 
others] it is by standing upon the shoulders of Giants.” Among these giants we must 
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16-2 The Law of Universal Gravitation 


The force between any two particles having masses mı and mz separated 
by a distance r is an attraction acting along the line joining the particles and 
has the magnitude a 
mmz 


“fae (16-1) 


F=G 


r 


where G is a universal constant having the same value for all pairs of particles. 

This is Newton’s law of universal gravitation. It is important to stress 
at once many features of this law in order that we understand it clearly. 

First, the gravitational forces between two particles are an action- 
reaction pair. The first particle exerts a force on the second particle that is 
directed toward the first particle along the line joining the two. Likewise, 
the second particle exerts a force on the first particle that is directed toward 
the second particle along the line joining the two. These forces are equal 
in magnitude but oppositely directed. 

The universal constant G must not be confused with the g which is the 
acceleration of a body arising from the earth’s gravitational pull on it. The 
constant G has the dimensions L?/ M T? and is a scalar; g has the dimensions 
L/T?, is a vector, and is neither universal nor constant. 

Notice that Newton's law of universal gravitation is not a defining equa- 
tion for any of the physical quantities (force, mass, or length) contained in 
it. According to our program for classical mechanics in Chapter 5, force is 
defined from Newton's second law, F = ma. The essence of this law, how- 
ever, is the assumption that the force on a particle, so defined, can be 
related in a simple way to measurable properties of the particle and of its 
environment, that is, the existence of simple force laws is assumed. The 
law of universal gravitation is such a simple law. The constant G must be 
found from experiment. Once G is determined for a given pair of bodies, 
we can use that value in the law of gravitation to determine the gravita- 
tional forces between any other pair of bodies. 

Notice also that Eq. 16-1 expresses the force between mass particles. If 
we want to determine the force between extended bodies, as for example 
the earth and the moon, we must regard each body as decomposed into 
particles. Then the interaction between all particles must be computed. 
Integral calculus makes such a calculation possible. Newton’s motive in 
developing the calculus arose in part from a desire to solve such problems. 
In general, it is incorrect to assume that all the mass of a body can be con- 
centrated at its center of mass for gravitational purposes. This assump- 
tion is correct for uniform spheres, however, à result that we shall use often 
and shall prove in Section 16-6. 

Implicit in the law of universal gravitation is the idea that the gravita- 
tional force between two particles is independent of the presence of other 
bodies or the properties of the intervening space. The correctness of this 
idea depends on the correctness of the deductions using it and has so far 
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Fig. 16-3 The force exerted 
ma on my (by my), F21, is directed 
opposite to the displacement, 
Fo r12, of m» from my. The force 
^ exerted on my (by m»), Fy», is 
" directed opposite to the dis- 
Fi? (= — Fa) placement, rei, of mı from ma. 
F21 = —F:; the forces being 

an action-reaction pair. 


(c) N 


ri2 


(a) 


been borne out. This fact has been used by some to rule out the possible 
existence of “gravity screens.” 


We can express the law of universal gravitation in vector form. ‘Let the dis- 
placement vector r1» point from the particle of mass m; to the particle of mass ms, 
as Fig. 16-3a shows. The gravitational force F21, exerted on ms by my, is given in 
direction and magnitude by the vector relation 


Fo = -¢—— ris (16-2a) 
T 


in which ry» is the magnitude of rı». The minus sign În Eq. 16-2a shows that Fa: 
points in a direction opposite to ry» ; that is, the gravitational force is attractive, ms 
feeling a force directed toward m; (see Fig. 16-3). That Eq. 16-2a is indeed an 
inverse square law can be seen by writing it as Fs; = —(G@mymz/732") (112/712); 
here the ‘displacement vector divided by its own magnitude, r12/r12, is simply a 
unit vector u, in the direction of the displacement. If we express the relation in 
scalar form by equating the magnitudes of each side, a factor ri2 in the numerator 
cancels one of the factors of 15? in the denominator and the inverse square relation 
of Eq. 16-1 results. 
The force exerted on m; by mo is clearly 


mom; 


Fy. = -G 3 F21 (16-2b) 
T?1 


Note, in Eqs. 16-2, that r21 = —r1» (see Fig. 16-3a,b) so that, as we expect, 
Fi; = —F»i (see Fig. 16-3c); that is, the gravitational forces acting on the two 
bodies form an action-reaction pair. 


16-3 The Constant of Universal Gravitation, G 


To determine the value of G it is necessary to measure the force of attrac- 
tion between two known masses. The first accurate measurement was 
made by Lord Cavendish in 1798. Significant improvements were made 
by Poynting and Boys in the nineteenth century. The present accepted 
value of G was obtained by P. R. Heyl and P. Chizanowski at the U. S. 
National Bureau of Standards in 1942, "This value is 


G = 6.673 X 10- nt-m?/kg?, 


accurate to within 0.003 X 1071! nt-m?/kg?. In the British engineering 
system this value is 3.436 x 1078 Ib-ft?/slug?. 

: The constant G can be determined by the maximum deflection method 
illustrated in Fig. 16-4. Two small balls, each of mass m, are attached to 


` 
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the ends of a light rod. "This rigid *dumbbell" is suspended, with its axis 
horizontal, by a fine vertical fiber. Two large balls each of mass M are 
placed near the ends of the dumbbell on opposite sides. When the large 
masses are in the positions A and B, the small masses are attracted, by the 
law of gravitation, and a torque is exerted on the dumbbell rotating it 
counterclockwise, as viewed from above. When the large masses are in 
the positions A’ and B', the dumbbell rotates clockwise. The fiber 
opposes these torques as it is twisted. The angle 6 through which the 
fiber is twisted when the balls are moved from one position to the other is 
measured by observing the deflection of a beam of light reflected from the 
small mirror attached to it. If the masses and their distances of separa- 
tion and the torsional constant of the fiber are known, we ean caleulate G 
from the measured angle of twist. The force of attraction is very small so 
that the fiber must have an extremely small torsion constant if we are to 
obtain a detectable twist. In Example 1 at the end of this section some 
data are given from which G can be calculated. 

The masses in the Cavendish balance of Fig. 16-4 are, of course, not 
particles but extended objects. Since they are uniform spheres, however, 
they act gravitationally as though all their mass were concentrated at 
their centers (Section 16-6). 

Because G is so small, the gravitational forces between bodies on the 
earth's surface are extremely small and can be neglected for ordinary pur- 


Fig. 16-4 The Cavendish balance, used for experimental verification of Newton’s law 
of universal gravitation. Masses m,m are suspended from a fiber. Masses M,M can 
rotate on a stationary support. An image of the inmp filament is reflected by the 
mirror attached to m,m onto the scale so that-any rotation of m,m can be measured. 
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poses. For example, two spherical objects each having a mass of 100 kg 
(about 220-lb weight) and separated by 1.0 meter at their centers attract 
each other with a force 


p Omm. (6.67 X 1077) x (100) X (100) |, 
Seas to Pe i (1.0)? 


= 6.7 X 1077 nt 


or about 1.5 X 1077 Ib! The Cavendish experiment must be a very deli- 
cate one indeed. 

The large gravitational force which the earth exerts on all bodies near its 
surface is due to the extremely large mass of the earth. In fact, we can 
determine the mass of the earth from the law of universal gravitation and 
the value of G calculated from the Cavendish experiment. For this reason 
Cavendish is said to have been the first person to “weigh” the earth. - Con- 
sider the earth, mass M,, and an object on its surface of massm. The force 
of attraction is given both by 


F = mg 
and _ GmMe 


« ye Re is the radius of the earth, which is the separation of the two bodies, 
and g is the acceleration due to gravity at the earth’s surface. Combining 
these equations we obtain 


194 _ (9.80 meters/sec*) (6.37 X 10° meters)? 
G 6.67 X 107" nt-m?/kg? 


or 6.6 X 10?! tons “weight.” 


M, = = 5.97 X 10%“ kg 


If wə were to divide the total mass of the earth by its total volume, we 
wou'd obtain the average density of the earth. This turns out to be 
5.5 gm/em?, or about 5.5 times the density of water. The average density 
of tne rock on the earth's surface is much less than this value. We con- 
clude that the interior of the earth contains material of density greater 
tha 1 5.5 gm/cm?. From the Cavendish experiment we have obtained 
information about the nature of the earth's core' (See Question 5 and 
Próblem 35.) 


> Example 1. Let the small spheres of Fig. 16-4 each have a mass of 10.0 gm 
ard let the light rod be 50.0 cm long. The period of torsional oscillation of this 
system is found to be 769 sec. Then two large fixed spheres each of mass 10.0 kg 
em placed near each suspended sphere so as to produce the maximum torsion. 
‘the angular deflection of the suspended rod is then 3.96 X 10- radian and the 
Mistance between centers of the large and small spheres is 10.0 em. Calculate the 


‘universal constant of gravitation G from these data. 
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The period of torsional oscillation is given by Eq. 15-24, 


dec uad 
K 


For the rigid dumbbell, if we neglect the contribution of the light rod, 
I= E mr? = (10.0 gm) (25.0 cm)? + (10.0 gm) (25.0 em)? 
or I = 1.25 X 107? kg-m?. 


With T = 769 sec, we can obtain the torsional constant « as 


4r?I  (4r?)(1.25 X 107? kg-m?) 
SRE UNESCO IS E ae eB BAS 10-5 kg-m?/Óect. 
Ti (769 sec)? x g-m?/sec 


The relation between the applied torque and the angle of twist ist = x0. Wenow 
know « and the value of @ at maximum deflection. 

The torque arises from the gravitational forces exerted by the large spheres on 
the small ones. This torque will be a maximum for a given separation when the 
line joining the centers of these spheres is at right angles to the rod. The force on 
each small sphere is ` 

GMm 
F= 2 


and the moment arm for each force is half the length of the rod (//2). Then, 


torque — force X moment arm 


or r=2 GM 
7.2 
Combining this with ` T — x6, 


we obtain 


a xür? | (834 X 107* kg-m?/sec?) (3.96 X 107? radian) (0.100 meter)? 
Mmi | (10.0 kg) (0.0100 kg) (0.500 meter) 


= 6.63 X 107"! nt-m*/kg?. 


Notice that this result is about 1% lower than the accepted value. What have 
we neglected in this calculation that might account for this difference? 


16-4 Inertial and Gravitational Mass 


The gravitational force on a body is proportional to its mass, as Eq. 16-1 shows. 
This proportionality between gravitational force and mass is the reason we ordi- 
narily consider the theory of gravitation to be a branch of mechanics, whereas 
theories of other kinds of force (electromagnetic, nuclear, etc.) may not be. 

‘An important consequence of this proportionality is that we can measure a mass 
by measuring the gravitational force on it. This can be done by using a spring 

. balance or by comparing the gravitational force on one mass with that on a stand- 
ard mass, as in a balance; in other words, we can determine the mass of a body by ` 
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weighing it. This gives us a more practical end more convenient method of meas- 
uring mass than is given by our original definition of mass (Section 5-4). 

The question arises whether these two methods really measure the same property. 
The word mass has been used in two quite different experimental situations. For 
example, if we try to push a block that is at rest on à horizontal frictionless surface, 
we notice that it requires some effort to move it. The block seems to be inert and 
tends to stay at rest, or if it is moving it tends to keep moving. Gravity does not 
enter here at all. It would take the same effort to accelerate the block in gravity- 
free space. It is the mass of the’block which makes it necessary to exert a force to 
change its motion. This is the mass occurring in F = ma in our original experi- 
ments in dynamics. We call this mass m the inertial mass. Now there is a differ- 
ent situation which involves the mass of the block. For example, it requires effort 
just to hold the block up in the air at rest above theearth. If we do not support it, 
the block will fall to the earth with accelerated motion. ‘The force required to 
hold up the block is equal in magnitude to the force of gravitational attraction 
between it and the earth. Here inertia plays no role whatever; the property of 
material bodies, that they are attracted to other objects such as the earth, does 
play a role. The force is given by 
m'M, 


RO 


where m' is the gravitational mass of the block. Are the gravitational mass m' and the 
inertial mass m of the block really the same? Let us look more carefully at this. 
Consider two particles A and B of gravitational masses m4' and mp’ acted on by 
a third particle C of gravitational mass mc’. Let the third particle be an equal 
distance r from the other two. Then, the gravitational force exerted on A by C is 


F=G4 


ma'mc' 
— P. 


Fac =G—G 


and the gravitational force exerted on B by C is 


mp'mc' 


Fac =G T 


The ratio of the gravitational forces on A and B is the ratio of their gravitational 
masses; that is, 


Now suppose that the third body C is the earth. Then Fac and Fgc are what we 
have called the weights of bodies A and B. Hence, É 


Therefore, the law of universal gravitation contains within it the result that the 
weights of various bodies, at the same place on the earth, are exaetly proportional 
to their gravitational masses. i 

Now suppose we measure the inertial masses ma and mpg of the particles A and B 
by dynamical experiments, perhaps using a spring as in Section 5-4. Having 
done this, we then let these particles fall to the earth from a given place and meas- 
ure their accelerations. We find experimentally that objects of different inertial 
masses all fall with the same acceleration g arising from the earth’s gravitational 
bull. But the earth’s gravitational pulls on these bodies are their weights, so that 
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using the second law of motion we obtain 

Wa = mag, 

Wa = mgg, 


or Wes Sits 

Ws ms 
In other words, the weights of bodies at the same place on the earth are exactly pro- 
portional to their inertial masses as well. Hence, inertial mass and gravitational 
mass are at least proportional to one another. In fact, they appear to be identical. 
Newton devised an experiment to test directly the apparent equivalence of 
inertial and gravitational mass. If we go back (Section 15-5) and look up the 
derivation of the period of a simple pendulum, we find that the period (for small 


angles) was given by 
ml 
T = WN incre 
Nin’ 


where m in the numerator refers to the inertial mass of the pendulum bob and m' in 
the denominator is the gravitational mass of the pendulum bob, such that m'g gives 
the gravitational pull on the bob. Only if we assume that m equals m', as we did 
there implicitly, do we obtain the expression 


r=} 
g 


for the period. - Newton made a pendulum bob in the form of a thin shell. Into 
this hollow bob he put different sübstances, being careful always to have the same 
weight of substance as determined by a balance. Hence, in all cases the force on 
the pendulum was the same at the same angle. Because the external shape of the 
bob was always the same, even the air resistance on the moving pendulum was the 
same. Asone substance replaced another inside the bob, any difference m accelera- 
tion could only be due to a difference in the inertial mass. Such a difference would 
_ show up by a change in the period of the pendulum. But in all cases Newton 

found the period of the pendulum to be the same, always given by T = 2 A/ l/g. 
Hence, he concluded that m = m' and that inertial and gravitational masses are 


equivalent. 


In 1909, Eótvós devised an apparatus which could detect a difference of 5 parts 


in 10? in gravitational force. He found that equal inertial masses always experi- 
enced equal gravitational forces within the accuracy of his apparatus. A refined 


version of the Eötvös experiment was reported in 1964 by R. H. Dicke and his 


collaborators, who improved the accuracy of the original experiment by a factor of 


several hundred.* T M. 
In classical physics the equivalence of gravitational and inertial mass was looked 


upon as a remarkable accident having no deep significance. But in modern 
is regarded as à clue leading to a deeper understanding of 


physics this equivalence 1 » + 
gravitation (see Sec 16-13). This was, in fact, an important clue leading to ae 


development of the general theory of relativity. 
16-5 Variations in Acceleration Due to Gravity 

Up to this point we have taken the acceleration due to gravity g as a 
constant. From Newton’s law of gravitation, however, it is apparent that 


* See “The Eótvós Experiment," by R. H. Dicke, Scientific American, December 
1961, for an elegant review of this subject. : 
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g will vary with altitude, that is, with distance from the center of the earth. 
We halve already pointed this out specifically in the moon-apple discussion. 
Let us compute the change in g that occurs as we proceed outward from the 
earth’s'burface. From Eq. 16-1, 


we obtain, on differentiating with respect to r, 


dF = ~a Sam a, 


Combining these two equations, we obtain 
dR dr, 
F r 


Therefore, the fractional change in F is twice the fractional change in r. 
The minus sign indicates that the force decreases as the separation distance 
increases. If we let mi be the earth's mass and m» the object’s mass, the 
gravitational force on the object attributable to the earth is 


F — msg 
directed toward the earth. If we differentiate this expression, we obtain 
dF = m. dg, 
and on dividing this equation by the previous one we find that 


OF dd aio n (16-3) 


For example, in going up 10 miles from the earth's surface, r changes from 
about 4000 miles to 4010 miles, a relative increase of 1/400. Therefore, * 
g must change by about —1/200 over this distance, or from about 980 cm/ 
sec? to about 975 cm/sec”. Hence, g is really very nearly constant near 
the earth’s surface at a given latitude. At higher altitudes, such as those 
for a typical satellite orbit or for the moon’s orbit, g drops appreciably, as 
Table 16-1 shows. 


Measurements of g are an essential source of information about the shape of the 
earth. To define the problem more closely we usually consider not the earth 
itself but an imaginary closed surface called the geoid. Over the oceans the geoid 


~is defined to coincide with mean sea level, whereas over the continents it is defined. 


asa continuation of this level; in principle the position of the geoid can be found by 
digging small sea-level canals across she continents and noting the mean water 


es Equation 16-3 isa differential expression and is exact. The corresponding expres- 
sion obtained when dr is replaced by a finite change Ar is a good approximation, pro- 
vided that Ar/r is very small. r 


Ce a 
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Table 16-1 


VARIATION OF g WITH ALTITUDE AT 45° LATITUDE 


Altitude, 9, Altitude, p, 


meters meters/sec? meters meters/sec? 
0 9.806 32,000 9.71 
1,000 9.803 100,000 9.60 
4,000 9.794 500,000 8.53 
8,000 9.782 — 1,000,000! 7.41 
16,000 .9.757 380,000,000? 0.00271 


! Typical satellite orbit altitude (= 620 miles). 
2 Radius of moon’s orbit (= 240,000 miles). 


level. The geoid is a surface of constant gravitational potential; at any point the 
direction of a plumb line is at right angles to it. — 

The ancient Greeks believed the earth to be round and one of them, Eratosthenes 
(c 276-194 nc), measured the radius of the earth on the assumption that it is a 
sphere. He obtained a value of 7400 km, which is to be compared with the modern 
value of 6371 km. This basic information about the shape of the earth was gradu- 
ally forgotten and was not rediscovered until the great voyages of exploration of the 
fifteenth century. 

Later ‘it was learned by measurement that, to a good second approximation, the 
geoid is not a sphere but is an ellipsoid of revolution, flattened along the earth’s 
rotational axis and bulging at the equator. The equatorial radius, in fact, exceeds 
the polar radius by 21 km. This flattening is caused by centrifugal effects in the 
rotating, plastic earth. The geoidic surface is not exactly ellipsoidal, lying outside 
the ellipsoid of closest fit under mountain masses and inside it over the oceans. 

The fact that the equator is farther from the center of the earth than are the poles 
means that there should be a steady increase in the measured value of g as one goes 
from the equator (latitude 0°) to either pole (latitude 90°). This is shown in 
Table 16-2. As Example 2 shows, however, about half of this variation can be 
accounted for by another effect, namely, the change in the effective value of g 
caused by the earth’s rotation. If the earth were rotating fast enough, for example, 


Table 16-2 


VARIATION OF g WITH LATITUDE AT SEA LEVEL 
LESEIR bay arce Y oc ai A itp gape celeste rte ipe 


9; g 
Latitude ^ meters/sec? Latitude meters/sec? 
0° 9.78039 50° 9.81071 
10° 9.78195 60° 9.81918 
20° 9.78641 70° 9.82608 
30° 9.79329 80° 9.83059 


40° 9.80171 90° 9.83217 


> 
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Fig. 16-5 Example 2. Effect of the earth’s rotation on the weight of a body as 
measured by a spring balance. 


objects on its surface at the equator would seem to be weightless, which means that 
thé effective value of g = (W/m) would be zero. For all rotational speeds less 
than this critical value, y has a definite nonzero value which is, however, less than 
the value it would have at the same point on a nonrotating earth. 

In 1959, it was observed that the orbit of the Vanguard artificial earth satellite, 
calculated using values of g based on an ellipsoidal geoid, did not agree exactly 
with the observed orbit. It was concluded that the geoid is best approximated 
not by an ellipsoid of revolution but by a slightly pear-shaped figure, the small end 
of the “pear” being in the northern hemisphere and extending about 15 meters 
above the reference ellipsoid. The motion of a satellite is governed at all times by 
the value of g at its position. Thus an artificial earth satellite forms a useful probe 
to explore the values of g near the surface of the earth and from this to deduce 
ea about the shape of the geoid. These studies* are continuing as of this 

te. 


> Example2. Effect eng of the rotation ef theearth. Figure 16-5 is a schematic 
view of the earth looking down on the North Pole. In it we show an enlarged 
view of a body of mass m hanging from a spring balance at the equator. The 
forces on this body are the upward pull of the spring balance w, which is the appar- 
ent weight of the body, and the downward pull of the earth’s gravitational attrac- 
tion F = GmM,/R,*. This body is not in equilibrium because it experiences & 
centripetal acceleration ag as it rotates with the earth. There must, therefore, 
be a net force acting on the body toward the center of the earth. Consequently, 


y See, for example, “Satellite Orbits and Their Geophysical Implications,” by D. G. 
King-Hele, Contemporary Physics, April 1961. 
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the force F of gravitational attraction (the true weight of the body) must exceed 
the upward pull of the balance w (the apparent weight of the body). 
From the second law of motion we obtain * 


F — w —mag, 
GM m 
T. 


CE px — ag * at the equator. 


— mg = mar, 


At the poles ag — 0 so that 


= e at the poles. : m^ j 


g 


This is the value of g we would obtain anywhere (assuming & spherical earth) 
were the rotation of the earth to be neglected. 

Actually the centripetal acceleration is not directed in toward the center of the 
earth other than at the equator. It is directed perpendicularly in toward the 
earth’s axis of rotation at any given latitude. The detailed analysis is, therefore, 
really a two-dimensional one. ` However, the extreme case is at theequator. There 

2 2 
aR = w? Re = £3 R. = a & 


in which c is the angular speed of the earth’s rotation, T is the period, and Rs is the 
radius of the earth. Using the values 


R. = 6.87 X 10° meters, . 
T-—804*X10*sec y 


we obtain ar = 0.0336 meter/sec?. 


Referring to Table 16-2, we see that this effect is enough to account for more than 
half the difference between the observed values of g at low and high latitudes. «4 


16-6 Gravitational Effect of a Spherical Distribution of Mass 


We have already used the fact that a large sphere attracts particles outside it, 
just as though the mass of the sphere were concentrated at its center. Let us now 
prove this result. 

Consider a uniformly dense spherical shell whose thickness ¢ is small compared to 
its radius r (Fig. 16-6). We seek the gravitational force it exerts on an external , 
particle P of mass m. ; 

We assume that each particle of the shell exerts on P a force which is propor- 
tional to the mass of the small part, inversely proportional to the square of the 
distance between that part of the shell and P, and directed along the line joining 
them. We must then obtain the resultant force on P attributable to all parts of the 
spherical shell. 

The small part of the shell at A attracts m with a force Fi. A small part of 
equal mass at B, equally far from m but diametrically opposite A, attragés m» 
with a force Fs. The resultant of these two forces on m is Fi +. Notice, 
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|! fig. 16-6 Gravitational attraction of a section dS of a spherical shell of matter on 
; a particlé of mass m. 


however, that the vertical components of these two forces cancel one another and 
that the horizontal components, Fı cos œ and F% cos o, are equal. By dividing 
the spherical shell into pairs of particles like these, we can see at once that all 
transverse forces on m cancel in pairs. A small mass in the upper hemisphere 
exerts a force having an upward component on m that will annul the downwars j 
component of force exerted on m`by an equal symmetrically located mass v.*be - | 
lower hemisphere of the shell. To find the resultant force on m arising fpom the 
; shell, we need consider only horizontal components. 
- Let us take as our element of mass of the shell a circular strip labelea dS in the 
- figure. Its length is 2z(r sin 6), its width is r d0, and its thickness is ¢. Hence, it 
has & volume 


^ dV = 2ntr? sin 6 dé. 
Let us call the density_p, so that the mass within the strip is 
: dM = pdV = 2mtpr? sin 0 dé. ! 
The force exerted by dM on the particle of mass m at P is horizonva] and has the 


value 
dF =G no cos à 
: (16-4) 
_= 2nGtpmr* ange cos a. 
The variables z, a, and 0 are related. From the figure we see that 

doa d s fret, (16-5) 

Since, by the law of cosines, 
> . z? = R? +r? — 2Rr cos 6, ; (16-6) 
we have reos @ = MUR (16-7) 


vie. 
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On differentiating Eq. 16-6, we obtain 
2x dz = 2Rr sin 0 d0 


or sin 0 d0 = = dz. ^ (16-8) 


We now put Eq. 16-7 into Eq. 16-5 arid then put Eqs. 16-5 and 16-8 into Eq. 16-4. 
As a result we eliminate @ and « and obtain 


mGipmr [ R? — r? 
ap = OE QR +1) ae 
This is the force exerted by whe circular strip dS on the particle m. 

We must now consider every element of mass in the shell and sum up over all the 
cireular strips in the entire shell. This operation is an integration over the shell 
with respect to the variable x. But æ ranges from a minimum value of R — r to a 
maximum value R +r. 


i Re Ag er R? — r? Be 
Since ys ( z + 1) dz = 4r, 
we obtain the resultant force 3 
_ [BR _ py (Arr? ptm ae Mm = $ 
PR E dE T ; GRP (16-9) 
where M = (Anr?tp) 


is the total mass of the shell. -This is exactly the same result we would obtain for 
the force between particles of mass M and m separated a distance R. We have 
proved, therefore, that a-uniformly dense spherical shell attracts an external mass 
point as if all its mass were concentrated al its center. 

A solid sphere can be regarded as composed of a large number of concentric shells. 
If each spherical shell has a uniform density, even though different shells may have 
different densities, the same ‘result applies to the solid - sphere. Hence, a 
body like the earth, the moon, or the 
sun, to the extent that they are such 
spheres, may be regarded gravita- 
tionally as point particles to bodies 
outside them i 

Notice that our proof applies only 
to spheres and then only when the 
density is constant over the sphere or 
a function of radius alone. 

An interesting result of some sig- 
nificance is the force exerted by a 
spherical shell on a particle inside it. 
This force is zero. To prove this we 
refer'to Fig. 16-7, where m is shown 
inside the shell. Notice that R is 
now smaller than r. The limits of 
our integration over z are now r — R 
to R +r. But- 


R+r f R2 — 72 Fig. 16-7 Gravitational attraction of a 
Ee 7 +ı)æ =o, 
N : 


section dS of a spherical shell of matter 
on a particle of mass m. Here the par- 
so that F = 0. ticle is inside the shell. 


m2 
z 
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This last result, although not obvious, is plausible because the mass elements of 
the shell on opposite sides of m now exert forces of opposite directions on m inside. 
The total annulment depends on the fact that the force varies precisely as an 
inverse square of the separation distance of two'particles. (See Problem 10.) 
Important consequences of this result will be discussed in. the chapters on elec- 
tricity. There we shall see that the electrical force between charged particles also 
depends inversely on the square of the distance between them. A consequence of 
interest in gravitation is that the gravitational force exerted by the earth on a 
particle decreases as the particle goes deeper into the earth, assuming a constant 
density for the earth, for the portions of matter in shells external to the position of 
the particle exert no force on it, the force becoming zero at the center of the earth. 

ia Hence, g would be a maximum at the 
earth’s surface and decrease both out- ` 
ward and inward from that point if the 
earth had constant density. Can you 
imagine a spherically symmetric distri- 
bution of the earth’s mass which would 
not give this result? (See Problem 35.) 


> Example 3. Suppose a tunnel 
could be dug through the earth from one 
side to the other along a diameter, as 
shown.in Fig. 16-8. 

(a) Show that the motion of a particle 
dropped into the tunnel is simple har- 
monie motion. Neglect all frictional 
forces and assume that the earth has a 
uniform density. 

Fig. 16-8 Example 3. Particle mov- The gravitational attraction of the 
ing in a tunnel through the earth. earth for the particle at a distance r from 
the center of the earth arises entirely 
from that portion of matter of the earth 
in shells internal to the position of the particle. The external shells exert nu force 
on the particle. Let us assume that the earth’s density is uniform at the value p. 
Then the mass inside a sphere of radius r is 


T 3 
M py" = pa 
i , 3 
This mass can be treated as though it were concentrated at the center of the earth 
for gravitational purposes. Hence, the force on the particle of mass m is 
‘ ro —GM'm. 
r? 
The minus sign is used to indicate that the force is attractive and directed toward 
the center of the earth. COR 
Substituting for J’, we obtain 


` (o4zr?)m 4rm 
oer esc La LM ah pelle Waar 
a Gp 3 r= —kr. 


Here Gp4rm/3 is a constant, which we have called k. The force is, therefore, pro- 
portional to the displacement r but oppositely directed. "This is exactly the 
criterion for simple harmonic motion. 
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(b) If mail were delivered through this chute, how much time would elapse 
between deposit at one end and delivery at the other end? 
The period of this simple harmonie motion is ~ 


3m 9c 
Ta - 2 VENE 
k 7 NGpxm — NGp 


Let us take p = 5.51 X 10? kg/meter? and G = 6.67 X 1071! nt-m?/kg?. This 
gives . 
dT 8r 
qe E A TE c — 5050 sec — 84.2 min. 
Gp V@67 X 10-1) (5.81 X 10) a 
The time for delivery is one-half period, or about 42 min. Notice that this time is 
independent of the mass of the mail. 


The earth does not really have a uniform density. Suppose p were some func- 
tion of r, rather than a constant. What effect would this have on our problem? <q 


16-7 The Motions of Planets and Satellites 


The motions of bodies in the solar system can be deduced from the laws 
of motion and the law of universal gravitation. As Kepler pointed out 
(see page 385), all planets move in j \ 
elliptical orbits, the sun being at one 
focus. We can learn a lot about 
planetary motion by considering the 
special case of circular orbits. We 
shall neglect the forces between 
planets, considering only the interac- 
tion between the sun and a given 
planet. These considerations apply 
equally well to the motion of a satel- 
lite (natural or artificial) about a 
planet. ; | 

Consider two spherical bodies of 
masses M and m moving in circular 
orbits under the influence of each 


Fig. 16-9 Two bodies moving in cir- 


other's gravitational attraction. Ac dar otha hfna of 
"The center of mass of this system of each other's gravitational attraction. 
two bodies lies along the line joining They both have the same angular 


them at a point C such that velocity o. ` ` 
mr = MR (Fig. 16-9). If there are 

no external forces acting on this sys- 

tem, the center of mass has no acceleration. In this case we choose C 
to be the origin of our reference frame. The large body of mass M 
moves in an orbit of constant radius R and the small body of 
mass m in an orbit of constant radius r, both having the same angular 
velocity w. In order for this to happen, the gravitational force acting on 
each body. must provide the necessary centripetal acceleration. Since 
these gravitational forces are simply an action-reaction pair, the centripetal 


4 
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forces must be equal but oppositely directed. "That is, mo*r (the magni- 
tude of the centripetal force exerted by M on m) must equal Mo?R (the 
magnitude of the centripetal force exerted by mon M). That this is so 
follows.at once, formr = MR so that mw*r = Mw?R. The specific require- 
ment, then, is that the gravitational force on either body must equal the 
centripetal force needed to keep it moving in its circular orbit, that is, 


GMm 


(R4 = mo*r. (16-10) 


If one body has a much greater mass than the other, as in the case of the sun 

and a planet, its distance from the center of mass is much smaller than that 

of the other body. Let us therefore assume that R is negligible compared 
' tor. Equation 16-10 then becomes 


GM, = wr? 


where M, is the mass of the sun. If we express the angular velocity in 
: terms of the period of the revolution, o = 2x/T, we obtain 


Ac?r? 


GM, t T? 1 


(16-11) 


This is à basic equation of planetary motion; it holds also for elliptical 

“orbits if we define.r to be the semi-major axis of the ellipse. Let us con- 
sider some of its consequenees. 

One immediate consequence of ‘Eq. 16-11 is that it predicts Kepler’s 

~ third law of planetary motion in the special ease of circular orbits. For we 

can express Eq. 16-11 as y 

T?- 4r? 3 

j T GM," " 


Notice that the mass of the planet is not involved in this expression. Here, 
pelt is a constant, the same for all planets. 

hen the period T and radius r of revolution are known for any planet, ... 2 
Eq. 16-11 can be used to determine the mass of thesun. Forexample, the 
earth's period is 


T — 365 days — 3.15 x 107 sec, 
and its orbital radius is 


r = 93 million miles = 1.5 X 10!! meters. 
Hence, 


i Ar?r? 


M (47) (1.5 X 1011 meters)? eA 30 
GT? — (667 X 107! nt-m*/kg? (3.15 x 107 seq)? = 2-0 X 10° kg. 
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The mass of the sun is thus about 300,000 times the mass of the earth. : The’ 
error made in neglecting R compared to r is seen to be trivial, for 


Siena 1 
= M” ~ 300,000 
In a similar manner we can determine the mass of the earth from the period 
and radius of the moon's orbit about the earth. (See Problem 22.) 

If we know the mass of the sun M, and the period of revolution T of any 
planet about it, we can determine the radius of the planet's orbit r from 
Eq. 16-11. Since the period is easily obtained from astronomical observa- 
tions, this method of determining a planet’s distànce from the sun is fairly 
reliable. : 

Equation 16-11 holds also for the motion of artificial satellites about the 
earth; we need only substitute the mass of the earth M, for M, in that 
equation. 

Kepler's second law of planetary motion (see page 385) must, of course, 
hold for circular orbits. In such orbits both w and r are constant so that 
equal areas are swept out in equal times by the line joining a planet and the 
sun. For the exact elliptical orbits, however, or for any orbit in general, 
both r and w will vary. Let us consider this case. 


R 1 
Av 1 . a 0; 
R y = 300 miles; 100% = 3 of 1%. 


Fig. 16-10 A EN. moving along an elliptical path with the sun G at the focus of the 
ellipse. ‘In’ time dt the comet sweeps out an angle dó = wdt. ` 


Figure 16-10 shows a particle revolving about C along some arbitrary 
path. The area swept out by the radius vector in a very short time interval 
At is shown shaded in the figure. This area, neglecting the small triangular 
region at the end, is one-half the base times the altitude or approximately 
(rw At) -r. This expression becomes more exact in the limit as At — 0, 
the small triangle going to zero more rapidly than the large one. The rate 
at which area is being swept out instantaneously is therefore 
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But mor? is simply the angular momentum of the particleabout C. Hence, 
Kepler's second law, which requires that the rate of sweeping out of area 
ior? be constant, is entirely equivalent to the statement that the angular 
. momentum of any planet about the sun remains constant. The angular 
momentum of the particle about C cannot be changed by a force on it 
a directed toward C. — Kepler's second law would, therefore, be valid for any 
central force, that is, any force directed toward the sun. The exact nature 
of this force—how it depends on distance of separation or other properties 
of the bodies—is not revealed by this law. 
It is Kepler's first law that requires the gravitational force to depend 
exactly on the inverse square of the distance between two bodies, that is, 
¿on 1/r?, Only such a force, it turns out, can yield planetary orbits which 
re elliptical with the sun at one focus. 
_ ' Newton’s laws of motion and his law of universal gravitation are in almost com- 
,.plete agreement with astronomical observations.* In our calculation we con- 
sivered the motion of a planet about the sun as a “two-body” problem. However, 
we sw that the motion of the sun could be neglected while retaining a high degree 
of adcuraey because of the large ratio of solar mass to planetary mass, This 
redubed the problem to that of motion of one body about a center of force. If we 
, had required greater accuracy, we would have had to include the sun's motion in 
our| problem (see Problem 39). In fact, for an exact treatment we would have to 
take into account the effect of other planets and satellites on the motion of sun 
and planet. This “many-body” problem is quite formidable, but it can be solved 
DY approximation methods to a high degree of accuracy. The results of such 
eee are in excellent agreement with astronomical obseryations. 


16-8 The Gravitational Field 


A basic fact of gravitation is that two masses exert forces on one another. 
We'can think of this as a direct interaction between the two mass particles, 
if we wish. This point of view is called action-at-a-distance, the particles 
interacting even though they are not in contact. Another point of view is 
the field concept which regards a mass particle as modifying the space 
around it in some way and setting up a gravitational field. This field then 
acts on any other mass particle in it, exerting the force of gravitational 
attraction on it. The field, therefore, plays an intermediate role in our 
thinking about the forces between mass particles. According to this view 
we have two separate parts to our problem. First, we must determirie the 
field established by a given distribution of mass particles; and secondly, we 
must calculate the force that this field exerts on another mass particle 
placed in it. 

.. For example, consider the earth as an isolated mass. If a body is now 
brought in the vicinity of the'earth, a force is exerted onit. This force has 
a definite direction and magnitude at each point in space. The direction is 


d The major axis of the elliptical orbit of Mercury rotates slightly more than that 
predicted by Newtonian mechanics when the perturbing influence of other planets is 
included. This effect is accounted for in the general theory of relativity. 
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radally in toward the center of the earth and the magnitude is mg. We 
car, therefore, associate with each point near the earth a vector g which is 
th: acceleration that a body would experience if it were released at this 
pant. We call g the gravitational field strength at the point in question. | 
Since 


PR US (16-12) 


we may define gravitational field strength at any point as the gravitational 
force per unit mass at that point. We calculate the force from the field 
simply by multiplying g by the mass m of the particle placed at any point. 

The gravitational field is an example of a vector field, each point in this 
field having a vector associated with it. There are also scalar fields, such 
as the temperature field in a heat-conducting solid. The gravitational 
field arising from a fixed distribution of matter is also an example of a sta- 
tionary field, because the value of the field at a given point does not change 
with time. 

The field concept is Pitioüludy useful for understanding electromagnetic 
forces between moving electric charges. It has distinct advantages, both 
conceptually and in practice; over the action-at-a-distance concept. The 
field concept was not used in Newton’s day. It was developed much later 
by Faraday for electromagnetism and only then applied to gravitation. 
Subsequently, this point of view was adopted for gravitation in the general 
theory of relativity. The chief purpose of introducing it here is to give 
the student an early familiarity with a concept that proves to be important 
in the development of physical theory. 


> Example 4. In Chapter 15 we derived the formula for the period of a simple 
pendulum, T = 2r Vi/g l/g. ` Keeping in mind that the earth's gravitational field 
is not uniform over large distances, as was assumed for small distances, what is the 
longest period a simple pendulum could have in the vicinity of the earth's surface? 

The formula T = 2r V 1/g, although not applicable when g varies over the 
pendulum's path, suggests that we increase the length of the pendulum. Let us 
make the length infinite. The pendulum bob would then travel along the arc of a 
circle of infinite radius, that is, along a straight line, as shown in Fig. 16-11. The 
direction of the earth's gravitational field is everywhere radially in toward the 
center of the earth, so that its direction changes along the arc. Let us assume 
that the bob of mass m has an amplitude.that is small compared to the radius of 
theearth. Then the bob is always a distance Re the earth's radius, from the center 
of the earth, to a good approximation. Then the force F on m is 


GM,m 
F=- uj 


=m, 
e 


where Jf, is the mass of the earth. . This force is directed toward the earth’s center 
as shown. The component of this vector force along z, the line of motion of the 
bob, is 

GM m 


: z 
RUE Le WRRA 
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To infinity 


Fig. 16-11 Example 4. A simpl 
pendulum suspended at infinity. 


where the minus sign indicates that the force is directed opposite to the displace- — 
ment from x = 0. We can write this as 


F, = —kz, 
_ where k = GM. em/ R3, a constant. E 
The formula for the period of a simple harmonic oscillator is T = 27 V m/k. 


Hence, . 
m m f R Re 
T-29 =—=2 pa al Sy) SES 
AG "NGM 7 7" Nau,gRA ^ 7 VG 


` because g.at the earth’s surface. equals GM ,/R,?. Putting in R, = 6.37 x 108 
meters and g = 9.80 meters/sec?, we obtain T = 84.3 min as the longest period of 
a simple pendulum in the vicinity of the earth's surface. (See Problem 14.) «4 


16-9 Gravitational Potential Energy " 


In Chapter 8 we discussed the gravitational potential energy of a particle 
(mass m) and the earth (mass M). We considered only the special case - 
in which the particle remains close to the earth so that we could assume the . ~ 
gravitational force acting on the particle to be constant for all positions of 
the particle. In this section we remove that restriction and consider 
particle-earth separations that may be appreciably greater than the earth’s 
radius. 

Equation 8-55, which we may write as, 


AU = U, — U, = —W,, (8-5b) 


defines the change AU in the potential energy of any system, in which à - ; 
onservative force (gravity, say) acts, as the system changes from con- 
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figuration a to configuration 5. Wa» is the work done by that conservative 
force as'the system changes. 

The potential energy of the system in any arbitrary configuration b is 
(see Eq. 8-55) 

Uy = —Wa + Ua (16-13) 
To give a value to U, we must (arbitrarily) choose configuration a to be 
some agreed-upon reference configuration and we must assign to U, some 
(arbitrarily) agreed-upon value, usually zero. 

In Chapter 8 we chose as a reference configuration for the earth-particle 
system that in which the particle is resting on the surface of the earth and 
we assigned to this configuration the potential energy Ua = 0. When the 
particle is at a height y above the surface of the earth, the potential energy 
U (= U») is given from Eq. 16-13 as 

U= -Wa +0 = —(—mg)(y) = mgy. 
The conservative force in question, gravity, points down and has the value 
(—mg); the displacement of the particle (+y) points up from the referenic& 
level; hence the difference in sign for these quantities. 

For the more general case, in which the restriction y < R (in which R is 
the radius of the earth) is not imposed, we find it convenient to select a 
different reference configuration, namely: that in which the particle and thé 
earth are infinitely far apart. We assign the value zero to the potential 
energy of the system in this configuration. Thus the zero-potential-energy 
configuration is also the zero-force configuration. .We made a similar 
choice when we defined the zero-energy configuration of a spring to be its 
normal unstressed state, for which the restoring force is zero. 

When the particle of mass m is a distance r from the center of the earth, 
the system potential energy is given by Eq. 16-13 as i 


U(r) = —Wer +0 (16-14) 


in which W,,, is the work done by the conservative force (gravity) on the 
particle as the particle moves in from infinity to a distance r from the 
center of the earth. For simplicity we assume for the present that the 
particle moves toward the earth along s radial line. The gravitational 
force F(r) acting on the particle (assuming r X R) willthen be -GMm/r?, 
the minus sign indicating an attractive force, that is, a force that pulls the 
particle toward the earth. We may then find U(r) from Eq. 16-14 as 


U(r) = -Wor 


fX on GMm 
24 (eee. 
5 r r 


OM; (16-15) 
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Fig. 16-12 . Work done in taking a mass from A to E is independent of the path. 


` 


The minus sign indicates that the potential energy is negative at any finite 
distance; that is, the potential energy is zero at infinity and decreases as 
the separation distance decreases. This corresponds to the fact that the 
gravitational force exerted on the particle by the earth is attractive. As 
the particle moves in from. infinity, the work W „r done by this force on the 
particle is positive, which means, from Eq. 16-14, that U(r) is negative. 
Equation 16-15 holds no matter what path is followed by the particle in 
. moving in from infinity to radiusr. We can show this by breaking up any 
arbitrary path into infinitesimal steplike portions, which are drawn alter- 
nately along the radius and perpendiéular to it (Fig. 16-12). No work is 
done along perpendicular segments, like AB, because along them the force 
is perpendicular to the displacement. But the work done along the radial 
. parts of the path, such as BC, adds up to the work done in going directly 
along a radial path, such as AE. The work done in moving the particle 
between two points in a gravitational field is, therefore, independent of the 
actual path connecting these points. Hence, the gravitational force is a 
conservative force. $ i 
Equation 16-15 shows that the potential energy of the particles M and m 
is a characteristic of the system M.+ m. The potential energy is à 
property of the system of bodies, rather than of either body alone. The 
potential energy changes whether M or m is displaced; each is in the gravi- 
tational field of the other. Nor does it make any sense to assign part of 
the potential energy to M and part of it to m. Often, however, we do 
` speak of the potential energy of a body m (planet or Stone, say) in the 
gravitational field of a much more massive body M (sun or earth, respec- 
tively). The justification for speaking as though the potential energy 
belongs to the planet or to the stone alone is this: When the potential 
. nergy of a system of two bodies changes into kinetic energy, the lighter 
body gets most of the kinetic energy. The sun is so much more massive 
than a planet that the sun receives hardly any of the kinetic energy; and 
the same is true for the earth in the earth-stone system. 
We can derive the gravitational force from the potential energy. The 


Sec. 16-9 GRAVITATIONAL POTENTIAL ENERGY 409 


relation for spherically symmetric potential energy functions is F = 
—dU/dr;see Eq. 8-7. "This relation is the converse of Eq. 16-15. From 
it we obtain : 


dU d GMm GMm 
p2-—--—[(-——J)-- —— (16-16) 
r 
The minus sign here shows that the force is an attractive one, directed 
inward along a radius opposite to the radial displacement vector. 


We can, if we wish, associate a scalar field with gravitation. We first define the 
gravitational potential V as the gravitational potential energy per unit mass of a body 
in a gravitational field. Then, 

y 90 19M (16-17) 

m r 

Associated with every point in the space around a «ass M we then have a number, 
the gravitational potential. This gives us a scalar field, potential being a scalar 
quantity. To determine the force exerted by this field on a mass particle m placed 
in it, we simply compute —dV /dr at the point in question and multiply by m. The 
force has a magnitude —7 dV /dr and a direction radially in toward the center of 
force M. 


>  Example5. Escape velocity. We can readily find the gravitational potential 
energy of a particle of mass m at the surface of the earth as (Eq. 16-15) U (R) = 
—GM m/R,. The amount of work required to move a body from the surface of 
the earth to infinity is GM ,m/R., or about 6.0 X 107 joules/kg. If we could give 
2 projectile more than this energy at the surface of the earth, then, neglecting the 
resistance of thé earth's atmosphere, it would,esceape from the earth never to 
return. As it proceeds outward its kinetic energy decreases and its potential 
energy increases, but its speed is never reduced to zero. The critical initial speed, 
called the escape speed vo, such that the projectile does not return, is given by 


GM em 


e 


mv? = 


or 


= 7.0 miles /sec (25,000 miles/hr) = 11.2 km/sec 


| GM 
vo = 4/2 E 


Should a projectile be given this initial speed, it would escape from the earth. 
For initial speeds less than this the projectile will return. Its kinetic energy 
becomes zero at some finite distance from the earth and the projectile falls back 
to earth.* 4 


The lighter molecules in the earth's upper atmosphere can attain high enough 
speeds by thermal agitation to escape into outer space. Hydrogen gas, which must 
have been present in the earth's atmosphere a long time ago, has now disappeared 
from it. Helium gas escapes at a steady rate, much of it resupplied by radioactive 
decay from the earth's crust. The escape speed for the sun is much too great to 


* We have ignored the forces exerted on the projectile by bodies other than the earth. 
At sufficiently great distances from the earth we must take into account the gravita- 
tional forces arising from the moon, the planets, the sun etc., so that we can no longer 
use the simple “two-body” result. A projectile can escape from the earth by being 
“captured” by another astronomical body, for example, in such “many-body” cases. 
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allow hydrogen to escape from its atmosphere. On the other hand, the speed of 
escape on the moon is so small that it can hardly keep any atmosphere at all. (See 
Problem 23). 


16-10 Potential Energy for Many-Particle Systems 


, If two particles are separated by a distance r, their potential energy is 
given from Eq. 16-14 as 


U(r) = — Wor (16-14) 


in which W,,, is the work done by the gravitational force as the particles move 
from an infinite separation to separationr. We now give another interpre- 
tation to U(r). 

Let us balance out the gravitational force by an external force applied by 
some external agent and let us arrange it so that, at all times, this external 
force is equal and opposite to the gravitational force for each particle. 


`. The work done by the external: force as the particles move from an infinite 


separation to separation r. is not W, but — W+; this follows because the 
displacements are the same but the forces are equal and opposite. Thus 
we may interpret Eq. 16-14 as follows: The potential energy of a system of 
particles is equal to the work that must be done by an external agent to assemble 
the system, starting from the standard reference configuration. 

Thus, if you lift a stone of mass m a distance of y above the earth’s sur- 

- face, you are the external agent (separating earth and stone) and the work 
you do in "assembling the system" is -++mgy, which is also the potential 
energy. Similarly, the work done by an external agent as a body of mass m 
moves in from infinity to a distance r from the earth is negative because the 
agent must exert a restraining force on the body; this is in agreement with 
Eq. 16-14. 

These considerations hold for systems that contain more than two par- 
ticles. "Consider three bodies of masses T, m», and m3. Let them ini- 
tially be infinitely far from one another. The problem is to compute the 
work done by an external agent to bring them into the positions shown in 
Fig.16-13. Let us first bring m in toward mı from an infinite separation 
to the separation ri. The work done against the gravitational force 
exerted by m; on m is —Gmym2/r12. Now let us bring 75 in from infinity 
to the separation rı; from m and r2 from ms. The work done against the 
gravitational force exerted by m; on mg is —Gmyms/ri3 and that against 
the gravitational force exerted by mz on m3 is —Gmsms/rss.. The total 
Na done in assembling this system is the total potential energy of the 
system z 


ER (goes va Gmim; as em 
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Notice that no vector operations sre needed in this procedure. 
Ao matter how we assemble the system, that is, regardless of which 
Odies are moved or which paths are taken, we always find this same 
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amount of work required to being the bodies into the configuration of Fig. 
16-13 from an initial infinite separation. The potential energy must, 
therefore, be associated with the system rather than with any one or two 
bodies. If we wanted to separate the system into three isolated masses 
once again, we would have to supply an amount of energy 


+ (gue Gmmz Guam) 


EU E 
712 "13 T23 
This energy may be regarded as a sort of binding energy holding the mass 
particles together in the configuration shown. 

Just as we can associate elastic potential energy with the compressed or 
stretched configuration of a spring holding a mass particle, so we can associ- 
ate gravitational potential energy with the configuration of a D pde of 
mass particles held together by gravi- 
tational forces. Similarly, if we want my 
to think of the elastic potential energy 
of a particle as being stored in the 
spring, so we can think of the gravita- 


tional potential energy as being stored gs ifs 
in the gravitational field of the system ma 
of particles. A change in either con- pe 
figuration results in a changé of poten- ma 
tial energy. : 
These concepts occur again when Fig. 16-13 Three masses mi, mo, 


and ma brought together from 


we meet forces of electric or magnetic 
infinity. 


origin, or, in fact, of nuclear origin. 
Their application is rather broad in 
physics. The advantage of the energy method over the dynamical method 
is derived from the fact that the energy method uses scalar quantities and 
scalar operations rather than vector quantities and vector operations. 
When the actual forces are not known, as is often the case in nuclear 
physies, the energy method is essential. 


> Example 6. What is the binding energy of the earth-sun ibt Neglect 
the presence of other planets or satellites. 

For simplicity assume that the earth's orbit about the sun is cireular at a radius 
ra. "The work done against the gravitational force to bring the earth and sun from 
an infinite separation to a separation Tes, is 


M.Me ., 


Tes 


-G —5.0 X 108 joules, 


where we take M, = 330,000M., M, = 6.0 X 10% kg, re, = 150 X 10? meters. 
The minus sign indicates that the force is attractive, so that work is done by the 
gravitational force. It would take an equivalent amount of work by an outside 
agent to separate these bodies completely from rest. Because the kinetic energy 
of the earth in its orbit is half the magnitude of the potential energy of the earth- 
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sun system, only half of this work is needed to break up the system, so that the 
effective binding energy, assuming that the earth-sun-system is at rest after 
breakup, is about 2.5 X 10?? joules. 

What effect does the presence of the moon and other planets have on the energy  - 
binding the earth to the solar system? 4 


16-11 Energy Considerations in the Motions of Planets and Satellites 


Consider again the motion of a body of mass m (planet or satellite, say) 
about a massive body of mass M (sun or earth, say). We shall consider M 
to be at rest in an inertial réference frame with the body m moving about 
it in a circular orbit. The potential energy of the system is 


GMm 


r 


U(r) = — 


where r is the radius of the circular orbit. "The kinetic energy of the 
system is 


K = }mo"r? 


the sun being at rest. From the equation preceding Eq. 16-11 we obtain 


DE. BL UM 
T y - 
so that Kx Lem 
Dein 


The total energy is 
1GMm _ GMm i GMm 


E=K+U= = 
E 2r r 2r 


(16-18) 


This energy is constant and is negative. Now the kinetic energy can never 
be negative, but from Eq. 16-18 we see that it must go to zero as the 
separation goes to infinity. The potential energy is always negative, 
except for its zero value at infinite separation. The meaning of the total 
negative energy, then, is that the system is a closed one, the planet m 
always being bound to the attracting solar center M and never escaping 
from it (Fig, 16-14). 

Even when we consider elliptical orbits, in which r and w vary, the total 
energy is negative. It is also constant, corresponding to the fact that 
gravitational forces are conservative. Hence, both the total energy and 


` the total angular momentum are constant in planetary motion. These 


quantities are often called constants of the motion. We obtain the actual 
orbit of a planet with respect to the sun by starting with these conserva- 
tion relations and eliminating the time variable by use of the laws of 
dynamics and gravitation. The result is that planetary orbits are 
elliptical. 


Tn the earlier theories of the atom, as in the Bohr theory of the hydrogen 
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Fig. 16-14 Kinetic energy K, 
potential energy U, and total 
energy E = U + K of a body in 
circular planetary motion. A 
planet with total energy Eo < 0 
will remain in an orbit of radius 
ro. The farther the planet is 
from the sun, the greater (that'is, 
less negative) its (constant) total 
energy E. To escape from the 
center of force and still have ki- 
netic energy at infinity, it would 
need positive total energy. 


atom, these identical mechanical relations are used in describing the 
motion of an electron about an attracting nuclear center. These same 
relations are used for open orbits (total energy positive) as in the experi- 
ments of Rutherford on the scattering of charged nuclear particles. Cen- 
tral forces, and particularly inverse square forces, are encountered often in 
physical systems. ; 


16-12 The Earth as an Inertial Reference Frame 


In describing the experiments which were fundamental to our definitions of force 
and mass, we had to assume some reference frame relative to which accelerations 
could be measured. If the reference frame itself were erratically acceletated, we 
would not observe any regularity in our measured accelerations. As a matter of 
fact, our laboratory experiments are performed in a reference frame which is fixed 
to the earth. We have already discussed the effect that the rotation of the earth 
about its own axis has on our measurements. What effect does the motion of the 
earth as a whole about the sun; or some other cosmic body, have? 

The acceleration of the earth with respect to the sun is w?r or about 6 X 107* 
meter/sec?. It would seem at first that this acceleration, small as it is, might prove 
disturbing in experiments involving small forces. That this is not the case, how- 
ever, follows from the universality of the law of gravitation. Not only the earth 
but also the masses we use in our laboratory apparatus are accelerated toward the 
sun at practically the same rate. i 

Let us compute the error made in neglecting the earth's orbital acceleration. 
The acceleration of the earth toward the sun is k/r? where r is the distance from the 
center of the sun and the center of the earth and k is GM.. Consider now a body 
on that side of the earth most distant from the sun. We can imagine that we are 
weighing it on a spring scale, for example. Then, the part of its acceleration 


" 
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toward the sun which is due to the gravitational attraction of the sun itself is 


k k 2ro s ls i 
(tr? rn ( m Rer ere much smaller tems) 


where ro is the radius of the earth. The difference between the acceleration of the 
earth due to the sun's attraction (that is, k/r?) and the acceleration of the appa- 
ratus due to the sun's attraction (the expression above) would be less than 
(k/r?)(2ro/r). But 2ro/r is about 1074. The difference, then, would be less than 
10~ of the earth’s acceleration, or less than 1075 meter/sec?, ‘The relative acceler- 
ation of the body and the earth due to the sun’s attraction is about one-ten- 
millionth as strong as the gravitational acceleration of the\body due to the earth. 
The moon has a similar effect of comparable magnitude on the body. Hence, only 
if we were measuring to one part in a million would we need to consider seriously 
the accelerating nature of a reference frame attached to the earth. For almost all 
practical purposes the earth is good enough as an inertial reference frame. 


16-13 The Principle of Equivalence 


Consider two reference frames: (1) a nonaccelerating (inertial) reference frame S 
in which there is a uniform gravitational field and (2) a reterence frame S’ which is 
accelerating uniformly with respect to an inertial frame but in which there is no 
gravitational field. In his general theory of relativity, Albert Einstein showed 
that two such frames are exactly equivalent phiAgally. That is, experiments 
carried out under the same conditions in these iwo frames should give the same 
results. This is the principle of equivalence. 

Suppose that a space ship is at rest in an jnertial reference frame S in which 
there is a uniform gravitational field, say at the surface of the earth. Inside the 
spaceship objects, such as an apple, which are yeleased will fall with an accelera- 
tion, say g, in the gravitational field; objects which are at rest—such as an astronaut 
sitting on the floor or a package on a spring scale attached to the ceiling—will 
Spe enn a force, exerted by the floor or the spring respectively, opposing their 
weight. 

Now suppose that the rockets are turned on and that the spaceship proceeds to a 
region of outer space where there is no gravitational field. Let the acceleration of 
the spaceship, our new frame S’, be a = /-g with respect to the inertial reference 
frame S; that is, the ship is accelerating away from the earth beyond the region 
where the earth's field (or any other gravitational field)-is appreciable. The condi- 
tions in the spaceship will now be similar to those in a spaceship at rest on the’ 
surface of the earth. Inside the ship/ if the astronaut releases an apple, it will 
accelerate downward relative to the 4paceship with an acceleration g. In fact, 
since all bodies that are free of any frees move with uniform velocity relative to 
the inertial frame S, all such bodies appear to fall with the same acceleration g with 

_ respect to the spaceship, S’. Furtheimore, objects which are at rest relative to 
the spaceship—such as an astronaut sitting on the floor or a package on a spring 
scalé attached to the ceiling—will experience forces indistinguishable from the 

` forces which balanced their weight in tl.» case when the spaceship was at rest in a 
gravitational field in S. 

Indeed, if the astronaut did not know that rockets were accelerating his ship 
from S, he would be justified in concluding that he was in a gravitational field—a 
field whose pull accelerated the falling apple in S’ and whose pull required that a 

. balancing force be applied to the packag^ (the tension in the spring) and to the 
spaceman (the normal force of the floor) to keep them at rest in S'. The astronaut 
simply could not tell the difference, from observations in his own frame, between a 
situation in which his ship was accele ing relative to an inertial frame in a region 
having no gravitational field and a s¥tuation in which the spaceship was unacceler- 
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ated in an inertial frame in which a uniform gravitational field existed. The two 
situations are exactly equivalent. 

Einstein pointed out that, from the principle of equivalence, it follows that one 
cannot speak of the aheatnte acceleration of a reference frame, only a relative one, 
just as it followed from the special theory of relativity that one cannot speak of the 
absolute velocity of a reference frame, only a relative one. It also follows from 
the principle of equivalence that inertial mass and gravitational mass are equal. 
For all bodies which are free of any forces will move with uniform velocity relative 
to an inertial reference frame no matter what their inertial masses are, and they 
should, therefore, all have the same acceleration relative to an accelerated reference 
frame. Hence, from the principle of equivalence of S and S’, all bodies should fall 
with the same acceleration in a homogeneous gravitational field. 

From the discussion so far we see that a uniform gravitational field can be imi- 
tated by a “field of acceleration.” Indeed, a uniform gravitational field can be 
“transformed away” by transforming to a reference frame accelerating in the 
direction of the field with an acceleration equal in magnitude to that due to the 
field. In this new frame a particle whose motion was originally subject to a gravi- 
tational field is now a free particle. For example, in an artificial earth satellite an 
apple released by an astronaut will not fall relative to the satellite and the astronaut 
himself will be free of the forces which countered the pull of gravity before launch- 
ing, so that he feels weightless. In general, however, gravitational fields, such as 
that of the earth, are not uniform through all space, so that one cannot replace the 
gravitational fields throughout space simply by transforming to a single reference 
frame accelerating with respect to the source of the field. One would need a 
different accelerated frame at each point in space to imitate the entire gravitational 


field. 
QUESTIONS 


1. If the force of gravity acts on all bodies in proportion to their masses, why doesn’t 
a heavy body fall faster than a light body? 

2. Modern observational astronomy and navigation procedures make use of the 
geocentric (or Ptolemaic) point of view (by using the rotating "celestial sphere"). Is 
this wrong? If not, then what criterion determines the system (the Copernican or 
Ptolemaic) we use? When would we use the heliocentric (or Copernican) system? 

3. How does the weight of a body vary en route from the earth to the moon? Would 
its mass change? z 

4. Would we have more sugar to the pound at the pole or the equator? 

5. Does the concentration of the earth’s mass near its center change the variation of g 
with height compared with a homogeneous sphere? How? 

6. Because the earth bulges near the equator, the source of the Mississippi River, 
although high above sea level, is nearer to the center of the earth than is its mouth. 
How can the river flow “uphill”? 

7. The earth is an oblate spheroid because of the “flattening” effect of the earth's 
rotation, Is a degree of latitude larger or smaller near either pole than near the 
equator? Why? 

8. Why can we learn more about the shape of the earth by studying the motion of an 
artificial satellite than by studying the motion of the-moon? 

9. How can one determine the mass of the moon? 

10. One clock is based on an oscillating spring, the other on a pendulum. Both are 
taken to Mars. Will they keep the same time there that they kept on Earth? Will 
they agree with each other? Explain. Mars has a mass 0.1 that of Earth and a radius 
half as great. 
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11. From Kepler's second law and observations of the sun's motion as seen from the 
earth, we can conclude that the earth is closer to the sun during winter in the Northern 
hemisphere than during summer. Explain. 

12. Does the law of universal gravitation require the planets of our solar system to 
have the actual orbits observed? Would planets of another star, similar to our Suri, 
have the same orbits? Suggest factors that might have determined the special orbits 
observed. 


13, The gravitational force exerted by the sun on the Moon is greater than (about 
twice as great as) the gravitational force exerted by the earth on the moon. Why then 
doesn’t the moon escape from the earth (during a solar eclipse, for example)? 


14. Explain why the following reasoning is wrong. ‘The’sun attracts all bodies on 
the earth. At midnight, when the sun is directly below, it pulls on an object in the 
same direction as the pull on the earth on that object; at noon, when the sun is directly 
above, it pulls on an object in a direction opposite to the pull of the earth. Hence, all 
objects should be heavier at midnight (or night) than they are at noon (or day)." 

15. The gravitational attraction of the sun and the moon on the earth produces tides. 
The sun’s tidal effect is about half as great as that of the moon's. The direct pull of the 
sun on the earth, however, 1s about 175 times that of the moon. Why is it then that 
the moon causes the larger tides? 

16. If lunar tides slow down the rotation of the earth (owing to friction), the angular 
momentum of the earth decreases. What happens to the motion of the moon as a con- 
sequence of the conservation of angular momentum? Does the sun (and solar tides) 


. play a role here? 


17. Would you expect the total energy of the solar system to be constant? The total 
angular momentum? Explain your answers. 


18. Does a rocket really need the escape speed of 25,000 miles/hr initially. to escape 
from the earth? 


19. Objects at rest on the earth's surface move in circular paths with a period of 
2thr. Are they "in orbit” in the sense that an earth satellite is in orbit? Why not? 
What would the length of the “day” have to be to put such objects in true orbit? 


20. Neglecting air friction and technical difficulties, can a satellite be put into an 
orbit by being fired from a huge cannon at the earth’s surface? Explain. 

21. Can a satellite move in a stable orbit in a plane not passing through the earth’s 
center? Explain, 

22, As measured by an observer on earth would there be any difference in the periods 


of two satellites, each in a circular orbit near the earth in an equatorial plane, but one 
moving eastward and the other westward? 


23. After Sputnik I was put into orbit we were told that it would not return to earth 
but would burn up in its descent. Considering the fact that it did not burn up in its 
ascent, how is this possible? 

24. Show that a satellite may speed down; that is, show that if frictional forces cause 


a satellite to lose total energy, it will move into an orbit closer to the earth and may 
have increased kinetic energy. 


25. An artificial satellite is in a circular orbit about the earth. How will its orbit 
change if one of its roekets is momentarily fired (a) toward the earth, (b) away from the 
earth, (c) in a forward direction, (d) in a backward direction, (e) at right angles to the 
plane of the orbit? 


: 26. Inside a space ship what difficulties Would you encounter in walking? In jump- 

ing? In drinking? s 
27, If a planet of given density were made larger, its force of attraction for an object 

on its surface would increase because of the planet’s greater mass but would decrease 


because of the greater distance from the object to the center of the planet, Which 
effect predominates? 
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28. Consider a hollow spherical shell. How does the gravitational potential inside 
compare with that on the surface? What is the gravitational field strength inside? 

29. A stone is dropped along the center of a deep vertical mine shaft. Assume no air 
resistance but consider the earth's rotation. Will the stone continue along the center 
of the shaft? If not, describe its motion. 

30. Can one regard gravity as a “fictitious” force arising from the acceleration of one’s 
reference frame relative to an inertial reference frame, rather than a "real" force? 


PROBLEMS 


1. At what altitude above the earth's surface would the acceleration of gravity be 
about 16 ft/sec?? 

2. The distinction between mass and weight drew attention when Jean Richer in 1672 
took a pendulum clock from Paris to Cayenne, French Guiana, for use in astronomical 
observations and found that it lost 2.5 min each day. It was already known from 
Huygens’ work that the period of a pendulum of given length was proportional to 
1/»/q. If g = 980.9 cm/sec? in Paris, what is g in Cayenne? - 

3. What is the period of a “seconds pendulum” (period = 2 sec on earth)'on the 
surface of the moon? 3 

4. How far from the earth must a body be along a line toward the sun so that the 
sun’s gravitational pull balances the earth's? The sun is 9.3 X 107 miles away and its 
mass is 3.24 X 10*M,. 

5. A body is suspended on a spring balance in a ship sailing along the equator with a 
speed v. Show that the scale reading will be very close to Wo(1 + 2wv/g), where w is 
the angular speed of the earth and Wo is the scale reading when the ship is at rest. 
Explain the plus or minus. 

6. A scientist is making a precise measurement of g at a certain point in the Indian 
Ocean (on the equator) by timing the swings of a pendulum of accurately known con- 
struction. To provide a stable base the 
measurements are condueted in a sub- 
merged submarine. It is observed that 
slightly different result for g is obtained 
when the submarine is moving eastward 
through the point than when it is moving 
westward, the speed in each case being 10 
miles/hr. Account for this difference and 
calculate the effect, in parts per million, 
that it has on the value of g. 

7. Masses, assumed equal, hang from 
Strings of different lengths on a balance at 
the surface of the earth, as shown in Fig. 
16-15. Ifthe strings have negligible mass 
and differ in length by h, (a) show that the 
error in weighing, W' — W, is given by 
W'—W = 8r@pmh/3 and (b) find the 
difference in length which will give an error 
of one part in a million. Take mass of Fig. 16-15 
each body to be m and the density of the 
earth, p, to be 5.5 gm /em?. 

8. With what speed would mail pass through the center of the earth if it were deliv- 
eyed by the chute of Example 3? 

9. (a) Show that in a chute dug fhrough the earth along any chord line, rather than 
along a diameter, the motion of an object will be simple harmonie. (b) Find the period 
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ofthe motion. (c) Will the object attain the same speed along the chord line as it does 
along a diameter? 

10. Consider a mass particle at a point P anywhere inside a spherical shell of matter. 
Assume the shell is of uniform thickness and density. Construct a narrow double cone 
with apex at P intercepting areas A; and A» on the shell (Fig. 16-16). (a) Show that 
the resultant gravitational force exerted on the particle at P by the intercepted mass 
elements is zero. (b) Show then that the resultant gravitational force of the entire 
Shell on an internal particle is zero everywhere. 


Mo Mi 


Fig. 16-16 5 Fig. 16-17 


11. Two concentric spherical shells of uniform density of mass M1 and M3 are situ- 
ated as shown in Fig. 16-17. Find the force on a particle of mass m when (a) the par- 
ticle is located at r = a, (b) the particle is located at r = b, and (c) the particle is located 
atr —c. The distance r is measured from the center of the shells. 

12. The following problem is from the 1946 "Olympic" examination of Moscow State 
University (see Fig. 16-18): A Spherical hollow is made in a lead sphere of radius R, 
such that its surfave touches the outside surface of the lead sphere and passes through 
its center. The mass of the sphere before hollowing was M. With what force, accord- 
ing to the law of universal gravitation, will the hollowed lead sphere attract a small 
sphere of mass m, which lies at a distance d from the center of the lead sphere on the 
straight line connecting the centers of the spheres and of the hollow? 


Fig. 16-18 


13. (a) With what horizontal speed must a satellite be projected at 100 miles above 
the surface of the earth so that it will have a circular orbit about the earth? Take the 
earth’s radius as 4000 miles. (b) What will be the period of rotation? 

14. Use qualitative arguments to explain why the following four periods are equal 
(all are 84 min): (a) time of revolution of a satellite just above the earth’s surface 
(b) period of oscillation of mail in a tunnel through the earth; (c) period of simple 


| 
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pendulum having a length equal to thé earth's radius in a uniform field 9.8 nt/kg; 
(d) period of an infinite simple pendulum in the earth's real gravitational field. 

15. A projectile is fired vertically from the earth's surface with an initial speed of 
10 km/sec. Neglecting atmospheric retardation, how far above the surface of the 
earth would it go? .Take the earth's radius as 6400 km. 

16. Does it take more energy to get a satellite up to 1000 miles above the earth than 
to put it in orbit there? 2000 miles? 3000 miles? Take the earth’s radius to be 4000 
miles. 

17. Two earth satellites, A and B, each of mass m, are to be launched into (nearly) 
circular orbits about the earth’s center. ‘Satellite A is to orbit at an altitude of 4000 
miles. Satellite B is to orbit at an altitude of 12,000 miles. The radius of the earth 
R, is 4000 miles (Fig. 16-19). (a) What is the ratio of the potential energy of satellite 
B to that of satellite A, in orbit? ' (Explain the result in terms of the work required to 
get each satellite from its orbit to infinity.) (b) What is the ratio of the kinetic energy 
of satellite B to that of satellite A, in orbit? (c) Which satellite has the greater total 
energy if each has a mass of 1.0 slug? By how much? S 


Fig. 16-19 


18. (a) Can a satellite be sent out to a distance where it, will revolve about the earth 
with an angular velocity equal to that at which the earth rotates, so that it remains 
always above the same point on the earth? (b) Must the plane of its orbit be an equa- 
torial plane? (c) What would be the radius of such an orbit? 

19. Consider two satellites A and B of equal mass m, moving in the same circular 
orbit of radius r around the earth E but in opposite senses of rotation and therefore on a 
collision course (see Fig. 16-20). . (a) In terms of G, M e m, and r, find the total mechan- 


Fig. 16-20 


ical energy E4 + Eg of the two-satellite-plus-earth system before collision. (b) If the 
collision is completely inelastic so that wreckage remains as one piece of tangled material 
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(mass = 2m), find the total mechanical energy immediately after collision. (c) 
Describe the subsequent motion of the wreckage. 

20. A satellite travels initially in an approximately circular orbit 400 miles above the 
surface of the earth; its mass is 217 kg. (a) Determine its speed. (b) Determine its 
period. For various reasons the satellite loses mechanical energy at the (average) rate 
of 1.42 X 10° joules per complete orbital revolution. Adopting the reasonable approxi- 
mation that the trajectory is a “circle of slowly diminishing radius,” (c) determine the 
distance from the surface of the earth, the speed, and the period of the satellite at the 
end of its 1500th orbital revolution. (d) What is the average retarding force? (e) Is 
angular momentum conserved ? 

21. The mean distance of Mars from the sun is 1.524 times that of Earth from the sun. 

Find the number of years required for Mars to make one revolution about the sun. 

22. Determine the mass of the earth from the period 7 and the radius r of the moon's 
orbit about the earth; 7’ = 27.3 days and r = 2.39 X 10° miles. 

23. (a) Show that to escape from the atmosphere of a planet a necessary condition 
for a molecule is that it have a speed such that v? > 2GM /r, where M is the mass of the 
planet and r is the distance of the molecule froin the center of the planet. (b) Determine f 
the escape speed from the earth for an atmospheric particle 1000 km above the earth's 
surface. (c) Do the same for the moon and the sun. 

24. Mars has a mean diameter of 4200 miles, Earth one of 7900 miles. The mass of 
Mars is 0.11M.. (a) How does the mean density of Mars compare with that of Earth? 
(b) What is the value of g on Mars? (c) What is the escape velocity on Mars? 

25. A pair of stars rotates about a common center of mass. One of the stars has a 
mass M which is twice as large as the mass m of the other, that is, M — 2m. Their 
centers are a distance d apart, d being large compared to the size of either star. (a) 
Derive an expression for the period of rotation of the stars about their common center 
of mass in terms of d, m, and G. (b) Compare the angular momenta of the two stars 
about their common center of mass by calculating the ratio Lm/Lyr. (c) Compare the 
kinetic energies of the two stars by calculating the ratio Km/Ky. 

26. In a double star, two stars of mass 3 X 10°° kg each rotate about their common 
center of mass, 10!! meters away. (a) What is their common angular speed? (b) Sup- 
pose that a meteorite passes through this center of mass moving at right angles to, the 
line joining the stars. What must its speed be if it is to escape from the gravitational 
field of the double star? 

27. Three identical bodies of mass M are located at the vertices of an equilateral tri- 
angle with side L. At what speed must they move if they all revolve under the influence 
of one another’s gravity in a circular orbit circumseribing the triangle while still pre- 
serving the equilateral triangle? 

28. Two particles of mass m and M are initially at rest an infinite distance apart. 
Show that at any instant their relative velocity of approach attributable to gravita- 
tional attraction is ~/ 2G(M + m)/d, where d is their separation at that instant. 

29. A particle of mass m is subject to an attractive central force of magnitude k/r?, k 
being a constant. If at the instant when the particle is at an extreme position in its 
elosed orbit, at a distance a from the center of force, its speed is IVA k/2ma, find the other 
extreme position. 


30. What is the percentage change in the acceleration of the earth toward the sun 
from a total eclipse of the sun to the point where the moon is on a side of the earth 
directly opposite the sun? 


31. An 800-kg mass and a 600-kg mass are separated by 0.25,meter. (a) What is the 
gravitational field strength due to these masses at a point 0.20 meter from the 800-kg 
mass and 0.15 meter from the 600-kg mass? (b) What is the gravitational potential at 
this point due to these same masses? 
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32. Masses of 200 and 800 gm are 12cm apart. (a) Find the gravitational force on a 
unit mass at a point on the line joining the masses 4.0 em from the 200-gm mass. 
(b) Find the potential energy per unit mass at that point. (c) How much work is . 
needed to move this unit mass to a point 4.0 cm from the 800-gm mass along the line of 
centers? 

33. (a) Write an expression for the potential energy of a body of mass m in the gravi- 
tational field of the earth and moon. Let M, be the earth's mass, M, the moon's mass 
(where M, = 81M,), R the distance from the earth's center, and r the distance from the 
moon's center. The distance between earth and moon is about 240,000 miles. (b) At 
what point or points will the gravitational field strength attributable to the earth and 
moon be zero? (c) What will the potential energy and field strength be for m when it is 
on the earth's surface? The moon's surface? Are these answers unique? 

34. A sphere of matter, radius a, has a concentric eavity, radius b, as shown in cross 
section in Fig. 16-21. (a) Sketch the gravitational force F exerted by the sphere on a 


Fig. 16-21 


particle of mass m, located a distance r from the center of the sphere, as a function of r 
in the range 0 << ». Consider points r = 0, b,a,and c in particular. (b) Sketch 
the corresponding curve for the potential energy U(r) of the system. (c) From these 
graphs, how vould you obtain graphs of the gravitational field strength and the gravita- 
tional potential due to the sphere? j à 

35. The variation of g in the earth's interior is given in the accompanying table. The 
earth's radius is 6400 km. 


Depth, g Depth, Ug 
km — meters/sec? km  . meters/sec? 
0 9.82 1400 9.88 
33 9.85 1600 9.36 
100 9.89 1800 9.85 
200 9.92 2000 9.86 
300 9.95 2200 9.90 
413 9.98 2400 9.9 
600 10.01 2600 10.09 
800 9.99 2800 10.26 
1000 9.95 2900 10.37 
1200 9.91 4000 8.00 
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Within the earth's central core (below 2900 km) the values of g diminish monotonically 
(not linearly) from 10.37 meters/sec? to zero. The actual variation of g below 4000 km 
is uncertain. (a) Plot qualitatively g versus r (where r is the distance from the earth’s 
center) from 0 to 6400 km. (b) Explain carefully how the earth's density must vary as 
we proceed from its surface to its center in order to account for this variation of g. 
(c) Take p = 1 at the surface (its average value is actually 3.0 gm /cm?), and plot quali- 
tatively p versus r. Assume throughout that p and g are spherically symmetrical. 

36. In addition to acceleration toward the earth's axis of rotation and toward the 
sun, a frame of reference attached to the earth is accelerated toward the center of the 
galaxy. Take the period of the sun's rotation about the galactic center to be 2.5 X 
108 yr and its distance from the center to be 2.4 X 10?? meters and compare these three 
accelerations for a point on the equator. 

31. Foucault Pendulum. A pendulum whose upper end is attached so as to allow the 
pendulum to swing freely in any direction can be used to repeat an experiment first 
shown publicly by Foucault in Paris in 1851. If the pendulum is set oscillating, the . 
plane of oscillation slowly rotates with respect to a line drawn on the floor, even though 
the tension in the wire supporting the bob and the gravitational pull of the earth on the 
bob lie in a vertical plane. (a) Show that this is a result of the fact that the earth is not 
an inertial reference frame. (b) Show that for a Foucault pendulum at a latitude 
angle 6, the period of rotation of the plane is (24/sin 0) hr. (c) Explain in simple terms 
the result at @ = 90° (the poles) and @ = 0° (the equator). 


38. Physicists have speculated about the possible existence of bodies with negative 
mass; for such hypothetical bodies it is postulated that m in the formulas of physics 
should be replaced by —m. Suppose that two particles, of mass +m and —m respec- 
tively, are placed a distance d apart. Show (a) the force acting on each and (b) the 
acceleration of each. Describe the expected motion, assuming that both particles are 
initially at rest, and show that this motion does not violate the laws of conservation of 
linear momentum or of mechanical energy. Such negative-mass particles have not 
been found. 

39. (a) Show that the two-body problem of Section 16-7 can be simplified to a one- 
body problem by use of the reduced mass concept of Section 15-8. That is, show that 
if we use y = mM/(m + M) instead of m, we may solve for the motion of m relative to 
M exactly as though M were the origin of our inertial reference frame. (b) Show that 
the assumption made in Section 16-7 that R is negligibly small compared to r is equiv- 
alent to assuming that the reduced mass x is equal to m. (c) Compare u for the earth- 
sun system with the earth's mass; compare u for the moon-earth system with the 
moon's mass. (d) If we were to use the reduced mass y of the two-body system instead 
of m, how would this affect the equations of Section 16-7? 
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CHAPTER 17 


17-1 Fluids 


It is customary to classify matter, viewed macroscopically, into solids 
and fluids. A fluid is a substance that can flow. Hence the term fluid 
includes liquids and gases. Such classifications are not’ always clearcut. 
Some fluids, such as glass or pitch, flow so slowly that they behave like 
solids for the time intervals that we usually work with them. Plasma, 
which is highly ionized gas, does not fit easily into any of these categories; 
it is often called à “fourth state of matter" to distinguish it from the solid, 
the liquid, and the gaseous state. Even the distinction between a liquid 
and a gas is not clearcut because, by changing the pressure and tempera- 
ture properly, it is possible to change a liquid (water, say) into a gas 
(steam, say) without the appearance of a meniscus and without boiling; the 
density and viscosity change in a continuous manner throughout the 
process.* In this text, however, we will define a fluid as it is ordinarily 
understood, and we will be interested only in those properties of fluids 
connected with their ability to flow. Therefore, the same basic laws con- 
trol the static and dynamic behavior of both liquids and gases in spite of 
the differences between them that we observe at ordinary pressures. 

For solids, which have a definite size and shape, we formulated the 
mechanics of rigid bodies, modified by the laws of elasticity for bodies that 
cannot be considered perfectly rigid. Since fluids change their shape 
readily and, in the case of gases, have a volume equal to that of the con- 
tainer in which they are confined, we must develop new techniques fer 


* Preàsures higher than the so-called critical point pressure must be employed to do 
this; for H20 the critical point pressure is 218 atmospheres. 
423 ; 
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solving problems in fluid mechanics. Our applications of mechanics to 
continuous media, both solids and fluids, are,based on Newton's laws of 
motion combined with the appropriate force laws. For fluids, as for 
solids, however, we find it convenient to develop special formulations of 
these basic laws. 


17-2 Pressure and Density 


There is a difference in the way a surface force acts on a fluid and on a 
"solid. For a solid there are no restrictions on the direction of such a force, 
but for a fluid at rest the surface force must always be directed at right 
angles to the surface. For a fluid at rest cannot sustain a tangential force; 
the fluid layers would simply slide over one another when subjected to such 
aforce. Indeed, it is the inability of fluids to resist such tangential forces 
(or shearing stresses) that gives them their characteristic ability to change 
their shape or to flow. 

It is convenient, therefore, to describe the force acting on a fluid by 
specifying the pressure p, which is defined as the iaagnitude of the normal: 
force per unit surface area. Pressure is transmitted to solid boundaries or 
across arbitrary sections of fluid at right angles to these boundaries or sec- 
tions at every point. Pressure is a scalar quantity. Some common units 
of pressure are Ib/in.?, nt/meter?, dynes/cm?, bars (1 bar = 10° dynes/ 
em?), atmospheres (1 atm = 14.7 lb/in.”) and mm-Hg (760 mm-Hg = 
‘1 atm). 

A fluid under pressure exerts a force on any surface in contact with it. 
Consider a closed surface containing a fluid (Fig. 17-1). An element of 
the surface can be represented by a vector AS whose magnitude gives the 
area of the element and whose direction is taken to be the outward normal 
to the surface of the element. Then the force AF exerted by the fluid 
against this surface element is 


AF = p AS. 
Since AF and AS have the same direction, the pressure p can be written as 
UP. 
- AS 


Fig. 17-1 An element of surface AS 
can be represented by a vector AS, 
equal to its area in magnitude and 
normal to. it in direction. 
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The pressure so defined may depend on the size of the element of area AS 
that we choose. To avoid this difficulty we refine our definition of pres- 
sure by taking a small element of surface containing a point in question 
and considering this quotient as the element shrinks to the point. Then 
the pressure at the point is given as 
PN. AF. 

PAT asco AS 
The pressure may vary from point to point on the surface. 

The density p of a homogeneous fluid (its mass divided by its volume) 
may depend on many factors, such as its temperature and the pressure to 
which it is subjected. For liquids the density varies very little over wide 
ranges in pressure and temperature, and we can safely treat it as a constant 
for our present purposes; see entries under Water in Table 17-1. The 
density of a gas, however, is very sensitive to changes in temperature and 
pressure; see entries under Air in Table 17-1. This table shows the range 
of densities that occur in nature. 


Table 17—1 


Densities or SoME MATERIALS AND OBJECTS IN XG/METER? 


Interstellar space : 10-15 x 10?! 
Best laboratory vacuum 710716 N 
Hydrogen: at 0° C and 1.0 atm 9.0 x10 
Air: at 0° C and 1.0 atm q:8 
at 100°C and 1.0 atm 0.95 
at 0° C and 50 atm 6.5 
Styrofoam y ~l x 10? 
Ice i 0.92 x 10? 
Water: at 0° C and 1.0 atm 1.000 x 10° 
at 100° C and 1.0 atm 0.958 X 10? 
at 0° C and 50 atm 1.002 X 10? 
Aluminum P Prem eats 
+ Mercury 1.36 x 104 
Platinum 24/9 104 
The earth: average density 5.52 x 10! 
density, of core 9.5 x10 
density of crust 28 x10? 
The sun: average density preset 
density at center ~1.6 X 105 
White dwarf stars (central densities) 108 — 1015 
A uranium nucleus ~10"" 


J 17-3 The Variation of Pressure in a Fluid at Rest 


Tf a fluid is in equilibrium, every portion of the fluid is in equilibrium. 
Let us consider a small element of fluid volume submerged within the body 


» 
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Fig. 17-2 (a) Asmall volume element of fluid at rest. (b) The forces on the element. 


of the fluid. Let this element have the shape of a thin disk and be a dis- 
tance y above some reference level, as shown in Fig. 17-2a. The thickness 
of the disk is dy and each face has an area A. The mass of this element is 
pA dy and its weight is pgA dy. The forces exerted on the element by the 
surrounding fluid are perpendicular to its surface at each point (Fig. 17-2). 

The resultant horizontal force is zero; for the element has no horizontal 
acceleration. The horizontal forces are due only to the pressure of the 
fluid, and by symmetry the pressure must be tlie same at all points within 
a horizontal plane at y. 

The fluid element is also unaccelerated in the vertical direction, so that 
the resultant vertical force on it must be zero. However, the vertical 
forces are due not only to the pressure of the fluid on its faces but also to 


the weight of the element. If we let p be the pressure on the lower face ` 


and p 4- dp the pressure on its upper face, the upward force is pA (exerted 
on the lower face) and the downward force is (p + dp)A (exerted on the 
upper face) plus the weight of the element dw. Hence, for vertical 
equilibrium 
pA = (p + dp)A + dv 
= (p + dp)A + pgA dy, 


d dp _ ho! E: 
an di pg. (17-1) 


This equation tells us how the pressure varies with elevation above some 
reference level in a fluid in static equilibrium. As the elevation increases 
(dy positive), the pressure decreases (dp negative). The cause of this 
pressure variation is the weight per unit cross-sectional area of the layers 
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of fluid lying between the points whose pressure difference is being 
measured. i 

The quantity pg is often called the weight density of the fluid; it is the 
weight per unit volume of the fluid. For water, for example, the weight 
density is 62.4 Ib/ft®. 

. If pı is the pressure at elevation yı and ps the pressure at elevation ys 
above some reference levél, integration of 
Eq. 17-1 gives 

"dp = — |" ogdy 


pi yt 


or pe- p= - fv pody. (17-2) 


For liquids p is practically constant 
because liquids are nearly incompressible; 
and differences in level are rarely so great 
that any change in g need be considered. 
Hence, taking p and!g as constants, we 
obtain 


1i 


pz — pı —pg(ys — Yı) (17-3) 


for a homogeneous liquid. 
If a liquid has a free surface, this is the 
natural level from which to measure dis- 


tances. To change our reference level to Fig. 17-3 A liquid whose top 
the top surface, we take y» to be the eleva- surface is open to the atmos- 
tion of the surface, at which point the phere. 


pressure pz acting on the fluid is usually 
that exerted by the earth's atmosphere 
po. We take yı to be at any level and we represent the pressure there 
asp. Then, 
po — p = —pg(y2 — Y) 
But y; — y; is the depth h below the surface at which the pressure is p 
(see Fig. 17-3), so that 

p = po + pgh. (17-4) 
This shows clearly that the pressure is the same at all points at the same 
depth. 

For gases p is comparatively small and the difference in pressure at two 
points is usually negligible (see Eq. 17-3). Thus, in a vessel containing a 
gas the pressure can be taken as the same everywhere. However, this is 
not the case if ys — yı is-very great. The pressure of the air varies greatly 
as we ascend to great heights in the atmosphere. In fact, in such cases the 
density p varies with altitude and p must be known as a function of y 
before we can integrate Eq. 17-2. 
> Example 1. We can get a reasonable idea of the variation of pressure with 
altitude in the earth’s atmosphere if we assume that the density p is proportional to 
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the pressure. This would be very nearly true if the temperature of the air remained 
the same at all altitudes. Using this assumption, and also assuming that the 
variation of g with altitude is negligible, find the pressure p at an altitude y above 
sea level. 

* . . From Eq. 17-1 we have 


dp 
E 
Since p is proportional to p, we have 
VON DM Be 
po Po 
, where po and po are the known values of density and pressure at sea level. Then, 
d 
<P = —gpo 2, 
"y Po 
so that i dp _ _ gp d 
Ms p Do 


Integrating this from the value po at the point y = 0 (sea level) to the value p at the 
point y (above ses level), we obtain 


S AMOUR LL 
Po Po 
1000 
800 
600 
400 
dp 
constant AW Air 
Water 08 


d» e —pg= — apge^ ** 


dy 
U.S. Standard Atmosphere (1962) 
325 = PME. 
DIPL nen mn 
108. 6 4 2 0.2 4 6 8 10 12 14 16 18 20 22 24 26 28 30 


Depth, km Sea Altitude. km 
level 


Fig. 17-4 Example 1. Variation of pressure with altitude in air and with depth in 
` water. Note that the pressure scales are different for altitude and depth. The solid 
line for air is calculated on the assumption that the air has a constant temperature 
and that g does not change with altitude. The dashed line (the U.S. Standard Atmos- 
phere—1962) is a more refined calculation in which these assumptions are not made. 
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or 
p= poe? Po! Po) v, 

However, 

g = 9.80 meters/sec?, po = 1.20 kg/meters? (at 20°C), 

po = 1.01 X 105 nt/meter?, 
‘so that g2! = 1.16 X 10-4 meter-! = 0.116 km". 
Po 

Hence, p = poe". 


where a = 0.116 km". 

We have seen that because liquids are almost imcompressible the lower layers are 
not noticeably compressed by the weight of the upper layers superimposed on them 
and the density p is practically constant at all levels. For gases at uniform tem- 
perature the density p of any layer is proportional to the pressure p at that layer. 
The variation of pressure with distance above the bottom of the fluid for a gas is 
different from that for a liquid. Figure 17-4 shows the pressure distribution in 


water and in air. 4 


Equation 17-3 gives the relation between the pressures at any two points 
in a fluid, regardless of the shape of the containing vessel. For no matter 
what the shape of the containing vessel, two points in the fluid can be con- 
nected by a path made up of vertical and horizontal steps. For example, 
consider points A and B in the homogeneous liquid contained in the U-tube 
of Fig. 17-5a. Along the zigzag path from A to B there is a difference in 
pressure pgy’ for each vertical segment of length y’, whereas along each 
horizontal segment there is no change in pressure. Hence, the difference in 
pressure pg — pa is pg times the algebraic sum of the vertical segments 
from A to B, or pg(y2 — y1). 

If the U-tube contains different imiscible liquids, say a dense liquid in 
the right tube and a less dense one in the left tube, as shown in Fig. 17-5, 


Fig. 17-5 (a) The differ- 
ence in pressure between 
two points A and B in a 
homogeneous liquid de- 
pends only on their differ- 
ence in elevation y» — yi. 
(b) Two points A and B at 
the same elevation can be 
at different pressures if the 
densities there differ. 
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the pressure can be different at the same level on different sides. In the 
figure the liquid surface is higher in the left tube than in the right. The 
pressure at A will be greater than at B. The pressure at C is the same on 
both sides, but the pressure falls less from C to A than from C to B, fora 
column of liquid of unit cross-sectional area connecting A and C will weigh 
less than. à corresponding column connecting B and C. | 


P Example 2. A U-tube is partly filled with water. Another liquid, which 
does not mix with water, is poured into one side until it stands a distance d above 
the water level on the other side, which has meanwhile risen a distance / (Fig. 
17-6). Find the density of the liquid relative 
to that of water. 

Tn Fig. 17-6 points C are at the same pres- 
sure. Hence, the pressure drop from C to each 
surface is the. same, for each surface is at 
atmospheric pressure. 

The pressure drop on the water side is p,.g2l; 
the 2/ comes from the fact that the water column 
has risen a distance J on one side and fallen a 
distance / on the other side, from its initial posi- 
tion. The pressure drop on the other side is 
pg(d + 21), where p is the density of the un- 
known liquid. Hence, 


pwg2l = pg(d + 2l) 
and LA a. ae 
Pw (21 + d) 


The ratio of the density of a substance to the 
density of water is called the relative density (or 
the specific gravity) of that substance. 4 


17-4 Pascal's Principle and Archimedes’ Principle 


Figure 17-7 shows a liquid in a cylinder that is fitted with a piston to 
which we may apply an external pressure po. The pressure p at any arbi- 
_ trary point P a distance h below the upper surface of the liquid is given 
by Eq. 17-4, or 
i P = po + pgh. 


| Let us increase the external pressure by an arbitrary amount Apo (which 
need not be small compared to po). Since liquids are virtually incom- 
pressible, the density p in the preceding equations remains essentially con- 
| stant during the process. The equation shows that, to this extent, the 
i change in pressure Ap at the arbitrary point P is equal to Apo. This result 
| was stated by the French scientist Blaise Pascal (1623-1662) and is called 
| Pascal’s principle. It is usually given as follows: Pressure applied to an 
^ enclosed fluid is transmitted undiminished to every portion of the fluid and 
D the walls of the containing vessel. This result is a necessary consequence 


Fig. 17—6 Example 2. 


p 


of the laws of fluid mechanics, rather than an independent principle. 
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Although we often assume liquids to be incom- 
pressible, they are, in fact, slightly compressible. 
This means that a change of pressure applied to 
one portion of a liquid propagates through the 
liquid as à wave at the speed of sound in that 
liquid. Once the disturbance has died out and 
equilibrium is established, it is found that Pascal's 
principle is valid. The principle holds for gases 
with slight complications of interpretation caused 
by the large volume changes that may occur when 
the pressure on a confined gas is changed. 

Archimedes’ principle is also a necessary con- 
sequence of the laws of fluid statics. When a 
body is wholly or partly immersed in a fluid (either 
a liquid or a gas) at rest, the fluid exerts pressure Fig. 7-7 Afuidina 
on every part of the body's surface in contact with cylinder fitted with a 
the fluid. The pressure is greater on the parts movable piston. The 
immersed more deeply. The resultant of all the pressure at any point 
forces is an upward force called the buoyancy of the P is due not only to 
; , i the weight of the fluid 
immersed body. We can determine the magni- above: thar level ot P 
tude and direction of this resultant force quite but also to the force 
simply as follows. exerted by the piston. 

The pressure on each part of the surface of the 
body certainly does not depend on the material the 
body is made of. Let us suppose, then, that the body, or as much of it 
as is immersed, is replaced by fluid like the surroundings. This fluid will 
experience the pressures that acted on the immersed body (Fig. 17-8) and 
will be at rest. Hence, the resultant upward force on it will equal its 
weight and will act vertically upward 
through its center of gravity. From this 
follows Archimedes’ principle, namely, 
that a body wholly or partly immersed 
in a fluid ís buoyed up with a force equal 
to the weight of the fluid displaced by 
the body. We have seen that the force 
acts vertically up through the center of 
gravity of the fluid before its displace- 
ment. The corresponding point in the 
immersed body is called its center of 
buoyancy. 
> Example 3. What fraction of the total 
volume of anicebergisexposed? The density 
of ice is p; = 0.92 gm/cm? and that of sea 
water is p, = 1.03 gm/em*. The weight o' 
the iceberg is 


Fig. 17-8 Archimedes’ prin- 
ciple. 


Wi = piVig, 
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. where V; is the volume of the iceberg; the weight of the volume V,, of sea water 
displaced is the buoyant force 
B = p, Veg. 


But B equals W;, for the iceberg is in equilibrium, so that 


PoVsg = piVig, 
Voe pi 0.92 
and — == —— = 899. 
Vi Pw 1.03 d 


The volume of water displaced V, is the volume of the submerged portion of the 
iceberg, so that 11% of the iceberg is 
exposed. 4 


17-5 Measurement of Pressure 


Evangelista ‘Torricelli (1608-1647) 
devised a method for measuring the 
pressure of the atmosphere by hisinven- 
tion of the mercury barometer in 1643. 
The mercury barometer is a long glass 
tube that has been filled with mercury 
and then inverted in a dish of mercury, 
as in Fig. 17-9. The space above the 
mercury column contains only mercury 
vapor whose pressure is so small at 
ordinary temperatures that it can be 
neglected. It is easily shown (see Eq. 
17-3) that the atmospheric pressure po 
is 

po — pgh. 


Most pressure gauges use atmos- 
pheric pressure as a reference level and 
ee Si MET . measure the difference between the 
Fig. 17-9 The Torricelli barom- actual pressure and atmospheric pres- 
eter. sure, called the gauge pressure. The 

actual pressure at a point in a fluid is 
called the absolute pressure. Gauge 
pressure is given either above or below atmospheric pressure. A gauge 
that reads pressures below atmospheric is usually called a vacuum gauge. 

The pressure of the atmosphere at any point is numerically equal to the 
weight of a column of air of unit cross-sectional area extending from that 
point to the top of the atmosphere. The atmospheric pressure at a point, 
therefore, decreases with altitude. There are variations in atmospheric 
pressure from day to day since the atmosphere is not static. The mercury 
column in the barometer will have a height of about 76 cm at sea level. 
varying with the atmospheric pressure. A pressure equivalent to that 
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exerted by exactly 76 em of mercury at 0°C under standard gravity, 
g = 32.174 ft/sec? = 980.665 cm/sec?, is called one atmosphere (1 atm). 
The density of mercury at this temperature is 13.5950 gm/em*. Hence, 
one atmosphere is equivalent to 

(13.5950 gm/em?) (980.665 cm/sec?) (76.00 cm) 

1.013 X 10° nt/meter? 

2116 lb/ft? 


14.70 Ib/in.? 


I 


1 atm 


ll 


Often pressures are specified by giving the height of mercury column, at 
0°C under standard gravity, which exerts the same pressure. This is the 
origin of the expression ‘centimeters of mercury (em-Hg)” or “inches of 
mercury (in-Hg)” pressure. Pressure is the ratio of force to area, however, 


and not a length. 


Torricelli was Galileo’s successor as professor of mathematics at the Accademia 
in Florence, He described his experiments with the mercury barometer in two 
letters of 1644 to his friend M. A. Ricci in Rome. In them he says that the aim of 
his investigation was “not simply to produce a vacuum, but to make an instrument 
which shows the mutations of the air, now heavier and dense, and now lighter and 
thin." On hearing of the Italian experiments, Blaise Pascal, in France, reasoned 
that if the mercury column was held up simply by the pressure of the air, the 
column ought to be shorter at a high altitude. He tried it on a church steeple in 
Paris, but desiring more decisive results, he wrote to his brother-in-law to try the 
experiment on the Puy de Dôme, a high mountain in Auvergne. There was a 
difference of 3 inches in the height of the mercury, “which ravished us with admira- 
tion and astonishment.” Pascal himself constructed a barometer using red wine 
and a glass tube 46 feet long. 

The chief significance of these experiments at the time was the realization it, 
brought that an evacuated space could be created. Aristotle believed that a 
vacuum could not exist, and as late a writer as Descartes held the same:view. For 
two thousand years philosophers spoke of the horror that nature had for empty 
space—the horror vacui. Because of this horror nature was said to prevent the 
formation of a vacuum by laying hold of anything nearby and with it instantly 
filling, up any vacuated space. Hence, the mercury or wine should fill up the 
inverted tube because “nature abhorred a vacuum.” The experiments of Torricelli 
and Pascal showed that there were limitations to nature’s ability to prevent a 
vacuum. ‘They created a sensation at the time. The goal of producing a vacuum 
became more of a practical reality through the development of pumps by Otto von 
Guericke in Germany around 1650 and by Robert Boyle in England around 1660. 
Even though these pumps were relatively crude, they did provide a tool for experi- 
mentation. With a pump and a glass jar, an experimerttal space could be provided 
in which to study how the properties of heat, light, sound, and later electricity and 
magnetism, are affected by an increasingly rarefied atmosphere. Although even 
today we cannot completely remove every trace of gas from a closed vessel, these 
seventeenth-century experimenters freed science from the bugaboo of horror vacut 
and spurred efforts to create highly evacuated systems. 

Except for the telescope, no scientific discovery of the seventeenth century 
excited wonder and curiosity to a greater degree than did the experiments with the 
barometer and the air pump. 
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The open-tube manometer (Fig, 
17-10) measures gauge pressure. It 
consists of a U-shaped tube containing ' 
a liquid, one end of the tube being | 
open to the atmosphere and the other 
end being connected to the system . 
(tank) whose pressure p we want to 
measure. From Eq. 17-4 we obtain 


p — po = pgh. 


Thus the gauge pressure, p — po, is 
proportional to the difference in height 
of the liquid columns in the U-tube. 
If the vessel contains gas under high 
pressure, a dense liquid like mercury 
is used in the tube; water can be used | 
when low gas pressures are involved. 3 


Fig. 17-10 The open-tube manom- > Example 4. An open-tube mercury 
cter, as used to measure the pres- manometer (Fig. 17-10) is connected to a 
pure in atangi gas tank. The mercury is 39.0 cm higher 

on the right side than on the left when a 

barometer nearby reads 75.0 cm-Hg. 
What is the absolute pressure of the gas? Express the answer in em-Hg, atm, 
and Ib/in.?. 2 

The gas pressure is the pressure at the top of the left mercury column. This is 

the same as the pressure at the same horizontal level in the right column. The 
pressure at this level is the atmospheric pressure (75.0 em-Hg) plus the pressure | 
exerted by the extra 39.0-em column of Hg, or (assuming standard values of 
mercury density and gravity) a total of 114 cm-Hg. Therefore, the absolute | 
pressure of the gas is 


114 em-Hg = Jf atm = 1.50 atm = (1.50) (14.7) Ib/in.? 
= 22.1 lb/in.?. 
What is the gauge pressure of the gas? 4 


QUESTIONS 


1. (a) Two bodies (for example, balls) have the same shape and size but one is denser 
than the other. Assuming the air resistance to be the same on each, show that when 
‘they are released simultancously from the same height the heavier body will get to the 
ground first. (b) Two bodies (for example, raindrops) have the same shape and density 

Zu but one is larger than the other. Assuming the air resistance to be proportional to the 
body's speed through the air, which body will fall faster? 1 
2: Water is poured to the same level in each of the three vesscls shown, all of the same 
base area (Fig. 17-11). If the pressure is the same at the bottom of each vessel, the 


UPON 


QUESTIONS 2 435 


force experienced by the base of each vessel is the same. Why then do the three vessels- 
have different weights when put on a scale? This apparently contradictory result is 
commonly known as the “hydrostatic paradox." 


Fig. 17-11 


3. Can a mountain climber climb high enough so that the atmospheric pressure is 
reduced to one-half of its sea-level value? 

4. (a) An ice cube is floating in a glass of water. When the ice melts, will the water 
level rise? Explain. (b) If the ice cube contains a piece of lead, the water level will 
fall when the ice melts. Explain. 

5. Does Archimedes’ law hold in a vessel in free fall? In a satellite moving in a 
circular orbit? Explain. 

6. A spherical bob made of cork floats half submerged in a pot of tea at rest on the 
earth. Will the cork float or sink aboard a spaceship coasting in free space? On the 
surface of Jupiter? 3 

7. Two bodies of equal weight and volume and having the same shape, except that 
one has an opening at the bottom and the other is sealed, are immersed to the same 
depth in water. Is less work required to immerse one than the other? If so, which one 
and why? 

8. A ball floats on the surface of water in a container exposed to the atmosphere. 
Will the ball remain immersed at its former depth or will it sink or rise somewhat if 
(a) the container is covered and the air is removed, (b) the container is covered and the 
air is compressed? ; 

9, Explain why an inflated balloon will rise to a definite height once it starts to rise, 
whereas a submarine will always sink to the bottom of the ocean once it starts to sink, if 
no changes are made. How then can a submarine stay at a definite level under the 
water? 

10. A soft plastic bag weighs the same when empty as when filled with air at atmos- 
pheric pressure. Why? Would the weights be the same if measured in a vacuum? 

11. A leaky tramp steamer that is barely able to float in the North Sea steams up 
the Thames estuary toward the London docks. It sinks before it arrives. Why? 

12. Is it true that a floating object will only be in stable equilibrium if its center of 
buoyancy lies above its center of gravity? Illustrate with examples. 

13. Very often a sinking ship will turn over as it becomes immersed in water. Why? 

14. A barge filled with scrap iron is in a canal lock. If the iron is thrown overboard, 
what happens to the water level in the lock? 

15. A bucket of water is suspended from a spring balance. Does the balance reading 
‘change when a piece of iron suspended from a string is immersed in the water? Whena 
piece of cork is put in the water? 

16. Explain why a uniform wooden stick which will float horizontally if it is not 
loaded will float vertically if enough weight is added to one end. See Problem 8. 
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17. A solid cylinder is placed in a container in contact with the base. When liquid is 
poured into the container, none of it goes beneath the solid, which remains closely in 
contaet with the base. Is there a buoyant force on the solid? Explain. i 

18. Estimate with some care the buoyant force exerted by the atmosphere on you. 

19. An open: tnbe manometer has one tube twice the diameter of the other. Explain 
how this would affect the operation of the manometer. Does it matter which end is 
connected io the chamber whose pressure is to be measured? 

. 20, An open bucket of water is on a smooth plane inclined at an angle a to the hori- 
zontal. Find the equilibrium inclination to the horizontal of the free surface of the 
water when (a) the bucket is held at rest, a = (0 nnd v = 0; (b) the bucket is allowed to 
slide down at constant speed, a = 0, v = constant; (c) the bucket slides down without. 
restraint, a = constant. If the plane is curved so that a æ constant, what will 
happen? 

21. If a U-tube containing water is rotated about a vertical axis through the center of 
one limb, the water level will fall in one limb and rise in the other compared to the rest 
position. Explain carefully. See Problem 22. 

22. Explain how it can be that pressure is a scalar quantity when forces, which are 
vectors, can be produced by the action of pressures, 


PROBLEMS 


1. (a) Find the pressure, in Ib /in.?, 500 ft below the surface of the ocean. The rela- 
tive density of sea water is 1.03. (b) Find the pressure in the atmosphere 10 miles 
above sen level, 

2. A simple U-tube contains mercury. When 13.6 em of water is poured into the 
right arm, how high does the mercury rise in the left arm from its initial level? 

3. In 1654 Otto von Guericke, burgomeister of Magdeburg and inventor of the air 
pump, gave a demonstration before the Imperial Diet in which two teams of eight horses 
could not pull apart two evacuated brass hemispheres, (a) Show that the force F 
required to pull apart the hemispheres is F = +R?P where R is the (outside) radius of 
the hemispheres and P is the difference in pressure outside and inside the sphere (Fig. 
17-12). (b) Taking R equal to 1 ft and the inside pressure as 0.1 atm, what force would 
the team of horses have had to exert to pull apart the hemispheres? (c) Why were two 
teams of horses used? Would not one team prove the point just as well? 


Fig. 17-12 
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4. The height at which the pressure in the atmosphere is just 1/e that at sea level is 
called the scale height of the atmosphere at sea level. (a) Show that the scale height H at 
sea level is also the height of an atmosphere that has the same density everywhere as at 
sea level and that will exert the same pressure at sea level as the actual infinite atmos- 
phere does. (b) Show that the scale height at sea level is 8.6 km. 


5. Water stands at a depth D behind the vertical upstream face of a dam, as shown in 
Fig. 17-13. Let W be the width of the dam. (a) Find the resultant force exerted on 


Fig. 17-13 
"i 


the dam by the water and the torque exerted about O by this force. (b) What is the 
line of actión of the equivalent resultant force? 

6. A swimming pool has the dimensions 80 ft X 30 ft X 8.0 ft. When it is filled with 
water, what is the force on the bottom? On the ends? On the sides? 

7. A U-tube is filled with a single homogeneous liquid. The liquid is temporarily 
depressed in one side by a piston. The piston is removed and the level of the liquid in 
each side oscillates. Show that the period of oscillation 
is V 2L/g where L is the total length of the liquid in 
the tube. 

8. A cylindrical wooden rod is loaded with lead at one 
end so that it floats upright in water as in Fig. 17-14. 
The length of the submerged portion isl = 8.0 ft.. The 
rod is set into vertical oscillation. (a) Show that the 
oscillation is simple harmonic. (b) Find the period in 
seconds of the oscillation. Neglect the fact that the 
water has a damping effect on the motion. 

9, Two identical cylindrical vessels with their bases 
at the same level each contain a liquid of density p. 
The area of either base is A, but in one vessel the liquid Fig. 17-14 
height is hı and in the other A». Find the work done by 
gravity in equalizing the levels when the two vessels are 
connected. D 

10. The surface of contact of two fluids of different densities that are at rest and do 
not mix is horizontal. Prove this general result (a) from the fact that the potential 
energy of a system must be a minimum in stable equilibrium; (b) from the fact that at 
any two points in a horizontal plane in either fluid the pressures are equal. 

11. A piston of small cross-sectional aren a is used in the hydraulic press to exert a 
small force f on the enclosed liquid. A connecting pipe leads to a larger piston of cross- 
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sectional area A (Fig. 17-15). (a) What force F will the larger piston sustain? (b) If 
the small piston has a diameter of 1.5 in. and the large piston one of 21 in., what weight 
on the small piston will support 2.0 tons on the large piston? 


Fig. 17-15 


12. What is the minimum area of a block of ice 1.0 ft thick floating on water that will 
hold up an automobile weighing 25001b? Does it matter where the car is placed on the 
block of ice? 

13. An iron casting weighs 60 Ib in air and 40 Ib in water. What is the volume of 
cavities in the casting? : 

14. A'hollow spherical iron shell floats almost completely submerged in water. If the 
outer diameter is 2.0 ft and the relative density of iron is 7.8, find the inner diameter. 

15. A block of wood floats in water with two-thirds of its volume submerged. In oil 
it has 0.90 of its volume submerged. Find the density of the wood and the oil. 

16. A block of wood weighs 8.0 Ib and has a relative density of 0.60. It is to be 
loaded with lead so that it will float in water with 0.90 of its volume immersed. What 
weight of lead is needed (a) if the lead is on top of the wood? (b) if the lead is attached 
below the wood? 

17. A cube floating on mercury has one-fourth of its volume submerged. If enough 
water is added to cover the cube, what fraction of its volume will remain immersed in 
mercury? Does the answer depend on the shape of the body? 

18. A long uniform wooden bar with Square cross section floats on water. Show 
that (a) if the relative density of the wood is 0.50, the bar will float with all four faces 
making an angle of 45° with the water surface but (b) if the relative density of the wood 
is 0.20 or 0.80, the bar will float with two faces parallel to the water surface. (Hint: The 
bar floats in the equilibrium position for which the potential energy is a minimum.) 

19. Assume the density of brass weights to be 8.0 gm /em? and that of air to be 0.0012 
gm/em?. What per cent error arises from neglecting the buoyancy of air in weighing 
an object of mass m gm and relative density p on a beam belance? 

20. (a) Consider a container of fluid subject to a vertical upward acceleration a. Show 
that the pressure variation with depth in the fluid is given by 


p = ph(g - a), 


where h is the depth and Pis the density. (b) Show also that if the fluid as a whole 
undergoes a vertical downward acceleration a, the pressure at a depth h is given by 


p = ph(g — a). 
(c) What is the state of affairs in free fall? 
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21. (a) Consider the horizontal acceleration of a mass of liquid in an. open tank. 
Acceleration of this kind causes the liquid surface to drop at the front of the tank and to 
rise at the rear. Show that the liquid surface slopes at an angle 6 with the horizontal, 
| where tan 0 = a/g, a being the horizontal acceleration. (b) How does the pressure vary 
with depth? y 

22. (a) A fluid mass is rotating at constant angular velocity w about the central 
vertical axis of a cylindrical container. Show that the variation of pressure in the 
radial direction is given by 


(b) Take p = pe at the axis of rotation (r = 0) and show that the pressure p at any 


point 7 is 
p = pe + door? 


(c) Show that the liquid surface is of paraboloidal form (Fig. 17-16); that is, a vertical 
cross section of the surface is the curve y = w?r?/2g. (d) Show that the variation of 
pressure with depth is dp — pg dh. 


Fig. 17-16 


Fluid Dynamics 


CHAPTER 18 


18-1 General Concepts of Fluid Flow 


.. One way of describing the motion of a fluid is to divide the fluid into 
infinitesimal volume elements, which we may call fluid particles, and to 
follow the motion of each of these particles. This is a formidable task. 
We would give coordinates z, y, z to each such fluid particle and would 
specify these as functions of the time t The coordinates x, y, z at the 
time ¢ of the fluid particle which was at zo, yo, zo at the time tọ would be , 
determined by functions £(,Y0,20,t0,t), y(10,)0,20,l0,D) , 2(x0,90,20,10,!) , which 
then describe the motion of the fluid. "This procedure is a direct generali- 
-zation of the concepts of particle mechanies and was first developed by ` 
Joseph Louis Lagrange (1736-1813). F 
There is a treatment, developed by Leonhard Euler (1707-1783), which 
is more convenient for most purposes. In it we give up the attempt to 
specify the history of each fluid particle and instead specify the density 
and the velocity of the fluid at each point in space at each instant of time. 
This is the method we shall follow here. We describe the motion of the 
fluid by specifying the density p(x,y,z,t) and the velocity v(x,y,z,t) at the 
point (x,y,z) at the time t, We thus focus our attention on what is hap- 
pening at a particular point in space at a particular time, rather than on 
what is happening to a particular fluid particle. Any quantity used in 
describing the state of the fluid, for example the pressure p, will have a 
definite value at each point in space and at each instant of time. Although 
this description of fluid motion focuses atiention on a point in space rather 
than on a fluid particle, we cannot avoid following the fluid particles them- 
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selves, at least for short time intervals dt. For it is the particles, after all, 
and not the space points, to which the laws of mechanics apply. 

In order to understand the nature of the simplifications we shall make, 
let us consider first some general characteristics of fluid flow. 

Fluid flow can be steady or nonsteady. When the fluid velocity v at any 
given point is constant in time, the fluid motion is said to be steady. That 
is, at any given point in a steady flow the velocity of each passing fluid 
particle is always: the same. At some other point a particle may travel 
with a different velocity, but every other particle which passes this second 
point behaves there just as this particle did when it passed this point. 
These conditions can be achieved at low flow speeds; a gently flowing 
stream is an example. In nonsteady flow, as in a tidal bore, the veloci- 
ties v are a function of the time. In 
the case of turbulent flow, such as 
rapids or a waterfall, the velocities vary 
erratically from point to point as well 
as from time to time. 1 

Fluid flow can be rotational or irrota- 
tional. If the element of fluid at each 
point has no het angular velocity about 
that point, the fluid flow is irrotational. 
We can imagine a small paddle wheel 
immer: in the moving fluid (Fig. 

135) cd "De pite To des P er A ge peddle bon 
fe y ee t placed in a flowing liquid rotates 

rotating, the motion 15 irrotational; in rotational flow and does not. 

otherwise it is rotational. Irrotational rotate in irrotational flow. 

flow is important chiefly because it 

yields fairly simple mathematical prob- 

lems. Angular momentum will play no role here and v is relatively simple. 

Rotational flow includes vortex motion, such as whirlpools or eddies, and 

motion in which tbe velocity vector varies in the transverse direction. 

Fluid flow ean be compressible or incompressible. Liquids can usually 
be considered as flowing incompressibly. But even a highly compressible 
gas may sometimes undergo unimportant changes in density. Its flow is 
then practically incompressible. In flight at speeds much lower than the 
speed of sound in air (described by subsonic aerodynamics), the motion of 
the air relative to the wings is one of nearly incompressible flow. In such 
cases the density p is a constant, independent of z, y; 2, and t, and the 
mathematical treatment of fluid flow is thereby greatly simplified. 

Finally, fluid flow can be viscous or nonviscous. Viscosity in fluid motion 
is the analog of friction in the motion of solids. In many cases, such as 
in lubrication problems, it is extremely important. Sometimes, however, 
it is negligible. Viscosity introduces tangential forces between layers of 
fluid in relative motion and results in dissipation of mechanical energy. 

We.shall confine our discussion of fluid dynamics for the most part to 
steady, irrotational, incompressible, nanviscous flow. The mathematical 
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simplifications resulting should be obvious. We run the danger, however, 
of making so many simplifying assumptions that we are no longer talking 
about a meaningfully real fluid.* Furthermore, it is sometimes difficult 
to decide whether a given property of a fluid—its viscosity, say—can be 
neglected in a particular situation. In spite of all this the restricted analy- 
sis that we are going to give has wide application in practice, as we shall see, 


18-2 Streamlines 


In steady flow the velocity v at a given point is constant in time. Con- 
sider the point P (Fig. 18-2) within the fluid. Since v at P does not change 
in time, every particle arriving at P will pass on with the same speed in 
the same direction. The same is true about the points Q and R. Hence, 
if we trace out the path of the particle, as is done in the figure, that curve 
will be the path of every particle arriving at P. This curve is called a 
streamline. A streamline is parallel to the velocity of the fluid particles 
atevery point. No two streamlines can ever cross one another, for if they 
did, an oncoming fluid particle could go either one way or the other, and 


the flow could not be steady. In steady flow the pattern of streamlines’ 


in a flow is stationary with time. 


Pry 


Fig. 18-2 A particle passing 
> through points P, Q, and R 
ROW 2 traces out a streamline, assum- 
ed ing steady flow. Any other 
particle passing through P must 


be traveling along the same 
streamline in steady flow. 


In principle we can draw a streamline through every point in the fluid. 
Let us assume steady flow and select a finite number of streamlines to 
form a bundle, like the streamline pattern of Fig. 18-3. This tubular 
region is called a tube of flow. The boundary of such a tube consists of 
streamlines and is always parallel to the velocity of the fluid particles. 
Hence, no fluid can cross the boundaries of a tube of flow and the tube behaves 


somewhat like a pipe of the same shape. The fluid that enters at one end 
must leave at the other. 


.," Richard Feynman has pointed out that the late John von Neuman called this 
idealized fluid “dry water." 

; t The family of st:eamlines in a fluid is so drawn that, at any point in the fluid, the 
direction of the instantaneous velocity v for the fluid particle at that point is tangent to 
the Streamline at that point. In nonsteady flow the pattern of streamlines in the fluid 
changes as time goes on and the path of an individual fluid particle through the fluid 
does Dot coincide with a streamline of a given instant. The streamline and the line of 
motion of the particle touch each other at the point, locating the particle at the instant 
In question. The path or line of motion and the streamline coihcide only for steady 
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Fig. 18-3 A tube of flow made up of 
a bundle of streamlines. 


18-3 The Equation of Continuity 


In Fig. 18-4 we have drawn a thin tube of How. The velocity of the 
fluid inside, although parallel to the tube at any point, may have different 
magnitudes at different points. Let the speed be v; for fluid particles at 
P and v; for fluid particles at Q. Let 4; and 4» be ‘the cross-sectional 
areas of the tubes perpendicular to the streamlines at the points P and Q, 
respectively. In the time interval At a fluid element travels approximately 
the distance v At. Then the mass of fluid Am; crossing 4; in the time 


interval At is approximately 
Am; = pid oi At 


or the mass fluc Ami/A is approximately p1Aiv1. We must take At small 
enough so that in this time interval neither v nor A varies appreciably 
over the distance the fluid travels. In the limit as At — 0, we obtain the 


precise definitions: 

mass flux at P = piA1"1, and 

mass flux at Q = p2A2ve, 
where p; and pz are the fluid densities at P and Q respectively. Since no 
fluid can leave through the walls of the tube and there are no "sources" 


or “sinks” wherein fluid can be created or destroyed in the tubé, the mass 
crossing each section of the tube per unit time must be the same. In par- 


Fig. 18-4 A tube of flow used in 2 
proving the equation of continuity. 
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tieular, the mass flux at P must equal that at Q: 
piAiv: = pÅ W2, 
or pAv = constant. (18-1) 


This result (Eq. 18-1) expresses the law of conservation of mass in fluid 


dynamics, : 
Would you expect Eq. 18-1 to hold when the flow is viscous? When 


it is rotational? 


In the more general case in which sources or sinks are present and in which the 
density varies with time as well as position, mass must still be conserved and we 
can write down (without proof) an equation of continuity that expresses this fact. 
It is 

9(pv.) , (pry) , O(pv.) , Op 
dV a LA E A cat LU Bla i 2 Ect 18-2 
oz x oy d dz * ài B ( ) 


in which vs, vy, and v, are the velocity components of the fluid; like the density p 
they vary both with position and with time.* 


Let us consider a small volume element in such a fluid. It can be shown that: 


1. The sum of the first three terms of Eq. 18-2 gives the net outflow, per unit 
volume, of mass from the volume element. 

2. The fourth term gives the rate, per unit volume, at which mass is accumu- 
lating within the volume element. . 

3. The last term, S, gives the rate, per unit volume, at which mass is being 
introduced into volume element from a “‘source” (if S is positive) or is disappear- 
ing from the volume element into a "sink" (if S is negative). 


_ tis clear that, with these interpretations of its terms, Eq. 18-2 is a statement 
of the conservation of mass for fluid flow. Is this equation dimensionally correct? 
If S = 0 in Eq. 18-2, there are no sources or sinks. If the sum of the first three 
terms is negative there is a net inflow of mass to the volume element. Thus the 
mass contained in the element must increase with time as fluid “piles up." This 
is in agreement with Eq. 18-2 because, for the conditions stated, Op/dt must be 
positive, which means that the density of the fluid (and thus the mass of the fluid) 
in the volume element is increasing as time goes on. 


1f the fluid is incompressible, as we shall henceforth assume, then p; = p2 
and Eq. 18-1 takes on the simpler form 


Ay, = AW. 


or Av = constant (18-3) 


The product Av gives the volume flux or flow rate, as it is often called. 
Notice that it predicts that in steady incompressible flow the speed of 
flow varies inversely with the cross-sectional area, being larger in narrower 
parts of the tube. The fact that the product Av remains constant along 


* Because these four quantities are functions of more than one variable we have 
pen the derivatives in Eq. 18-2 as partial derivatives. See, for example, Physical 
echanics, Section 12.3, by R. B. Lindsay, D. Van Nostrand Company, 1961, for a 
derivation of Eq. 18-2. ame z 
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a tube of flow allows us to interpret the streamline picture somewhat. In 
a narrow part of the tube the streamlines must crowd closer together than 
in a wide part. Hence, as the distance between streamlines decreases, the 
fluid speed must increase. "Therefore, we conclude that widely spaced 
streamlines indicate regions of low speed, and closely spaced streamlines 
indicate regions of high speed. 

We can obtain another interesting result by applying the second law of 
motion to the flow of fluid between P and Q (Fig. 18-4). A fluid particle 

_ at P with speed v, must be decelerated in the forward direction in acquir- 
ing the smaller forward speed v2 at Q. Hence the fluid is decelerated in 
going from P to Q. The deceleration can come about from a difference 
in pressure acting on the fluid particle flowing from P to Q or from the 
action of gravity. Ina horizontal tube of flow the gravitational force does 
not change. Hence we can conclude that in steady horizontal flow the 
pressure is greatest where the speed is least. 

Were you ever in a crowd when it started to push its way through a small 
opened door? Outside in the back of the crowd the cross-sectional area 
was large, the pressure was great, but the speed of advance rather small. 
Through the door of small cross section the pressure was relieved and the 
speed of advance gratifyingly increased. This particular “human fluid” 
is compressible and viscous, of course, and the flow is sometimes turbulent 


and rotational. 


18-4 Bernoulli's Equation 


Bernoulli's equation is a fundamental relation in fluid mechanics. Like 
all equations in fluid mechanics it is not a new principle but is derivable 
from the basic laws of Newtonian mechanics. We will find it convenient 

derive it from the work-energy theorem (see Section 7—4), for it is essen- 
tially a statement of the work-energy theorem for fluid flow. 
| Consider the nonviscous, steady, incompressible flow of a fluid through 
he pipeline or tube of flow in Fig. 18-5. The portion of pipe shown in 
the figure has a uniform cross section ‘A, at the left. It is horizontal there 

‘at an elevation yı above some reference level. It gradually widens and 
rises and at the right has a uniform cross section A ». It is horizontal there 
at an elevation ys. Let us concentrate our attention on the portion of 
fluid represented by both cross-shading and horizontal shading and call 
this fluid the "system." Consider then the motion of the system from 
the position shown in (a) to that in (6). At all points in the narrow part 
of the pipe the pressure is p; and the speed vı; at all points in the wide 
portion the pressure is p» and the speed v». 

The work-energy theorem (see Eq. 7-14) states: The work done by the 
resultant force acting on a system is equal to the change in kinetic energy of 
the system. In Fig. 18-5 the forces that do work on the system, assuming 
that we can neglect viscous forces, are the pressure forces piA, and p34» 
that act on the left- and right-hand ends of the system, respectively, and 
the force of gravity. As fluid flows through the pipe the net effect, as a 
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Fig. 18-5 A portion of fluid (cross-shading and horizontal shading) moves through a 
section of pipeline from the position shown in (a) to that shown in (6). 


comparison of Figs. 18-5a and b shows, is to raise an amount of fluid rep- 
resented by the crosshatched area in Fig. 18-5a to the position shown in 
Fig. 18-5b. The amount of fluid represented by the horizontal shading ' 
is unchanged by the flow. 

We can find the work W done on the system by the resultant force as 
HOLD ve: 


| 1. The work done on the system by the pressure force p141 is p141 Al. 
| 2. The work done on the system by the pressure force p Azis —p2A2 Ala. - 
, Note that it is negative, which means that positive work is done by the 
system. A 
3. The work done on the system by gravity is associated with lifting 
the crosshatched fluid from height y; to height y» and is —mg(y2 — ys) in 
‘which m is the mass of fluid in either crosshatched area. It too is negative 
because work is done by the system against the gravitational force. 


The work W done on the system by the resultant force is found by adding 
these three terms, or 


W = p1A1 Alı — pa3A2 Ale — mg(y2 — yı). 


Now. A; Al\(= As Al) is the volume of the crosshatched fluid element, 
Which we can write as m/p, in whieh p is the (constant) fluid density. 
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Recall that the two fluid elements have the same mass, so that in setting 
A; Alı = As Al; we have assumed the fluid to be incompressible. "With 
this assumption we have 


ND p2)(m/p) — mg(ys — yı). (18-4a) 


The change in kinetic energy of the fluid element is 
AK = Yo? — mu? (18-46) 


From the work-energy theorem (Eq. 7-14) we then have 


W = aK 
or (pi — B2)(m/p) — mg(ys — yı) = 4mvs? — dmvi*, — (18-5a) 
which can be rearranged to read 
Di + ipei! + pgyi = pa + dps! + ogys- (18-50) 


Since the subscripts 1 and 2 refer to any two locations along the pipeline, 
we can drop the subscripts and write 


p + ip? + pgy = constant. (18-6) 


Equation 18-6 is called Bernoulli’s equation for steady, nonviscous, incom- 
pressible flow. It was first presented by Daniel Bernoulli (1700-1782) in 
his Hydrodynamica in 1738. 

Bernoulli's equation is strictly applicable only to steady flow, the quanti- 
ties involved being evaluated along a streamline. In our figure the stream- 
line used is along the axis of the pipeline. If the flow is irrotational, how- 
ever, it can be shown (see Problem 21 for a special case) that the constant 
in Eq. 18-6 is the same for all streamlines. 


In a nonviscous incompressible fluid we cannot change the temperature of the 
fluid by mechanical means. Hence, Bernoulli's equation, as stated above, refers 
to isothermal (constant temperature) processes. It is possible, however, to change 
the temperature of a nonviscous compressible fluid by mechanical means. We 
can generalize this equation to include a compressible fluid by adding to the left 
of Eq. 18-6 a term u, which represents the internal energy per unit volume of the 
fluid. This term (and the pressure p) will have a value that depends on the 
temperature. 

If the flow is viscous, forces of a frictional nature act on the fluid so that some of 
the work done that appeared as a change in kinetic energy in the nonviscous case 
appears now as heat energy in the fluid. We must then write Eq. 18-54 as 


(pi — p3)(m/p) — mg(ys — yr) = mv? — Amn? + Q 


where Q represents the heat energy generated in the viscous flow from point 1 to 
point 2. In practice, Bernoulli's equation can be modified accordingly by use of 
empirical corrections for conversion of mechanical energy to heatenergy. However, 
if the pipe is smooth and the diameter is large compared to the length, and if the 
fluid flows slowly and has a small viscosity, the heat generated is negligible. 
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Just as thé staties of a particle is a special case of particle dynamics, so 
fluid statics is a special case of fluid dynamics. It should come as no 
surprise, therefore, that the law of pressure change with height in a fluid 
at rest is included in Bernoulli’s equation as a special case. For let the 
fluid be at rest; then v; = v= 0 and Eq. 18-5b becomes ý 


pı egyi = pa + pgye 
or p2 — pı = —pg(y2 — y»), 


which is the same as Eq. 17-3. 

In Eq. 18-6 all terms have the dimension of a pressure (check this). 
The pressure p + pgh, which would be present even if there were no flow — 
(v = 0), is called the static pressure; the term }pv? is called the dynamic 
pressure. ! 


18-5 Applications of Bernoulli's Equation and the Equation of Continuity 


. Bernoulli’s equation can be used to determine fluid speeds by means 
of pressure measurements. "The principle generally used in such measuring 
devices is the following: The equation of continuity requires that the speed 

of the fluid at a constriction increase; Bernoulli's equation then shows that 
the pressure must fall there. That is, for a horizontal pipe $v” + p equals - 
a constant; if v increases and the fluid is incompressible, p must decrease. - 
This result was also deduced from dynamic considerations in Section 18-3. 


1. The Venturi meter i 

This (Fig. 18-6) is a gauge put in a flow pipe to measure the flow speed 
of aliquid. A liquid of density p flows through a pipe of cross-sectional — 
area A. At the throat the area is reduced to a and a manometer tube is 
attached, as shown. Let the manometer liquid, such as mercury, have a — 
density p. By applying Bernoulli’s equation and the equation of con- 
tinuity at points 1 and 2, the student can show that the speed of flow at 


Fig. 18-6 The Venturimeter, 
used to measure the speed of 
flow of a fluid. 
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Ua uA RU. cs UM. 
p(A?— a?) . 
If we want the volume flux or flow rate R, which is the volume of liquid 
transported past any point per second, we simply compute 


R = vA. 


A is 


2. The Pitot tube 

This device (Fig. 18-7) is used to measure the flow speed of a gas. Con- 
sider the gas, say air, flowing past the openings at a. These openings are 
parallel to the direction of flow and are set far enough back so that the 
velocity and pressure outside the openings have the free-stream values. 
The pressure in the left arm of the 
manometer, which is connected to 
these openings, is then the static 
pressure in the gas stream, pa. 
The opening of the right arm of 
the manometer is at right angles 
to the stream. The velocity is 
reduced to zero at b and the gas is 
stagnant at that point. The pres- 
sure at b is the full ram pressure, 
ps. Applying Bernoulli’s equa- 
tion to points a and 6, we obtain 


Fig. 18-7 Cross-sectional diagram of a 


+ 4p? = ps 
Pa j Pitot tube. 


where, as shown in the figure, pe 
is greater than pa. If h is. the 
difference in height of the liquid in the manometer arms and p’ is the 


density of the manometer liquid, then 
Pa + p'gh = pv. 
Comparing these two equations, we find 


lp? = p'gh 


; 2ghp' 
or nea IRE 
p 


which gives the gas speed. This device can bé calibrated to read v directly 
and is then known as an air-speed indicator. 


3. Dynamic Lift 
Dynamic lift is the force that acts on a body, such as an airplane wing. 
a hydrofoil, or a spinning baseball, by virtue of its motion through a fluid. 
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a. TT mmaaMħÃħĂÅÝ 
Fig. 18-8 (a) Streamlines for air 
"s o 2 <r x moving past a (nonrotating) base- 
ball. The velocity v is shown for 
l vr 


typical corresponding points 1 and 2. 


(b) Streamlines for airflow around 
a rotating baseball, showing the 
(5) velocities vg and —vg at points 1 
and 2 respectively. (c) the super- 


position of (a) and (b). The veloc- 
YR <2 ities at points 1 and 2 are shown 


F~ along with the dynamic lift F. 


(c) 


We must distinguish it from static lift, which is the buoyant force that acts 
on an object, such as a balloon, in accord with Archimedes' principle. 

Figure 18-8a shows the streamlines around a (nonspinning) baseball as 
it moves through the air. ` For convenience, we examine the situation from : 
a reference frame in which the baseball is at rest and the air moves past it; 
this reference frame can be realized in practice by mounting a baseball in a 
wind tunnel. From the symmetry of the streamlines it is clear that the 
velocity of the air is the same at corresponding points above and below the 
ball, such as 1 and 2 in Fig. 18-8a. From Bernoulli's equation we then 
deduce that the pressures at such corresponding points are equal and that 
the air exerts no upward or downward force on the ball by virtue of its 
motion; the dynamic lift is zero. : 

In a separate experiment let us spin a resting baseball about an axis that 
is perpendicular to the plane of Fig. 18-8b. -Since the ball is not perfectly | 
smooth, it drags some air around with it, the streamlines associated with 
this motion being shown in the figure. 

Finally, let us combine both motions by throwing a baseball and spinning 
it at the same time. Figure 18-8c shows the resulting streamlines from a 
reference frame in which the center of mass of the ball is at rest. These 
Strearalines represent a distribution of velocities found by adding (vec- 
torially) at every point the velocities in Figs. 18-8a and b. The velocities 
at point 1 add numerically while those at point 2 subtract.- Thus iE: 
speed at point 1 in Fig. 18-8¢ is greater than the speed at point 2 gs, indeed 
the crowding of the streamlines suggests. From Bernoull’s principle, then, 
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the pressure at point 1 is less than- the pressure at point 2, so that there is a 
net upward force (a dynamic lift) on the spinning baseball. Such forces 
on actual spinning baseballs and tennis balls are well known in practice.* 


When dynamic lift on an object oceurs it is always associated with an unsym- 
metrical set of streamlines relatively close together on one side and relatively far 
apart on the other, like those of Fig. 18-8c, that correspond, as Fig. 18-8) shows, 
to circulation of fluid around the object. For the spinning baseball the circula- 
tion is obtained by actually spinning the object; in other cases of dynamic lift, of 
which the airplane wing is a good example, streamline patterns that contain the 
necessary circulation are obtained by properly shaping the object and properly 
orienting it in the moving fluid. Figure 18-9 shows streamlines around an air- 
plane wing. As required, they are closer together above the wing than they are 
below so that (compare Fig. 18-8c) Bernoulli’s principle prediets the observed 


upward dynamie lift. 


Fig. 18-9 ireamlines about 
an airfoil. 


4. Thrust on a Rocket 

As our final example let us compute the thrust on a rocket produced by 
the escape of its exhaust gases. Consider a chamber (Fig. 18-10) of eross- 
sectional area A filled with a gas of density p at a pressure p. Let there be 
a small orifice of cross-sectional area 4 at the bottom of the chamber. We 
wish to find the speed vọ with which the gas escapes through the orifice. 

Let us write Bernoulli's equation (Eq. 18-55) as 


pi = ps = paly2 — yr) + delve” — (n). 


For 1 gas the density is so small that we can neglect the variation in pres- 
sur¢ with height iu 2. chamber (see Section 17-3). Hence, if p represents 
the pressure p; in the chamber and po represents the atmospheric pressure 
* See The Flettner Ship: in article by Albert Einstein in his hook Essays in Science, 
Philosophical Library. New York. ‘The Flettner ship. like a sailboat, derives its motive 
power irom the wind. | Instead of a sail it has a large cylinder that is caused to rotate 
about a vertical axis by a small motor. The resulting dynamie "lift" (in this case, 
^ofrizontal) propels the vessel. 
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p» just outside the orifice, we have 
P — po = àp(v? — v?) 


2 _ Xp — po) 
p 


2 


or vo T, (18-7) 
where v is the speed of the flowing gas inside the chamber and vy is the speed © 
of eflur of the gas through the orifice, 
Although a gas is compressible and the flow 
may .become turbulent, we can treat the 
flow as steady and incompressible for 
pressure and efflux speeds that are not too 
high. 

Now let us assume continuity 'of mass 
flow (in a rocket engine this is achieved 
when the mass of escaping gas equals the 
mass of gas ereated by burning the fuel), so 
that (for an assumed constant density) 

t Av = Aguo. 

If the orifice is very small so that Ao <A, 
then vo > v, and we can neglect v? compared 
to v9” in Eq. 18-7. Hence, the speed of 
efflux is 


BYE i 
Fig. 18-10 Fluid streaming vo = 2(p — po). (18-8) b 


out of a chamber. p 


If our chamber is the exhaust chamber 

of a rocket, the thrust on the rocket- 

(Section 9-7) is vo dM/dt. But the mass of gas flowing out in time 
diis dM = pAwo dt, so that 


aM 
i os m VopA qo = pA wo”, 


and from Eq. 18-8 the thrust is 
2A o(p — po). (18-9) 


18-6 Conservation of Momentum in Fluid Mechanics 


In Newtonian particle mechanics the derivation of the laws of conservation of 
linear momentum and angular momentum makes explicit use of Newton’s third 
law of motion. The internal forces and torques in a mechanical system cancel 
one another because of this third law, leaving only the external forces and torques 
_to contribute to the momenta. In the case of a fluid the internal forces are rep- 
resented by the pressure within the fluid. But the very concept of pressure itself 
contains Newton’s third law implicitly. The force produced by pressure exerted 
in (ne direction across any surface element is equal and oppesite to the force 
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exerted in the opposite direction across the same surface element. Also, each ot - 
these two forces is applied at the same place, namely at the surface element. Both 
forces must have the same line of action. Hence, in the equations for the time rate 
of change of linear momentum or of angular momentum of a fluid, the internal pres- 
sures will cancel out: We can conclude then that the time rate of change of the 
total linear momentum in a volume V of moving fluid is equal to the total external 
force acting on it. Likewise, the time rate of change of the total angular momentum 
in a volume V of moving fluid is equal to the total external torque acting on it. 
‘The conservation laws of linear and angular momentum follow. 


18-7 Fields of Flow 


In the chapter on gravitation we saw how to summarize the physical state 
of affairs near masses by use of a field. Each point in the field can be 
regarded as having a vector associated with it, namely g, the gravitational 
foree per unit mass at that point. Or, alternately, we can associate a 
scalar quantity with each point in space, namely the gravitational potential 
V. We can then draw a surface, called an equipotential surface, through 
all points that have the same potential. We draw several such surfaces, 
the potential on one differing by a constant amount from that on the next 
one, etc. The gravitational force at any point is then directed along a line 
passing through this point perpendicular to these surfaces, and its magni- 
jude is determined from the rate of change of potential with distance in 
this direction, as indicated by the spacing and orientation of the equi- 
potential surfaces. By drawing in lines of force we can picture vividly 
how space is affected by the presence of mass. : 

Likewise, in fluid dynamics we can summarize the physical state of 
affairs within a moving fluid by means of a field of flow. In general, the 
field of flow is a vector field. We associate a vector quantity with each 
point in space, namely the flow velocity vat that point. Fora steady flow 
the field of flow is stationary. Of course, even in this case a particular 
fluid particle may still have a variable velocity as it moves from point to 
point in the field. The field gives the properties of the space from which 
we deduce the behavior of particles in that space. If the flow is irrota- 
tional, as well as steady, we call it potential flow. Then the flow velocity v 
can be related to a velocity potential y, just as in gravitation g can be 
related to the gravitational potential V. Tf we draw in surfaces of ae 
velocity potential, as we drew in surfaces of equal gravitational potential, 
we can deduce v from the equipotential flow surfaces just as g 18 deduced 
from the equipotential gravitational surfaces. Hence, a field for potential 
flow is analogous to a conservative force field. 


A flowing fluid mass can always be divided into tubes of flow. Waen m an 
is steady, the tubes remain unchanged in shape and the fluid that a id ne ^ 
in a tube remains inside this tube thereafter. We have seen eni e AT js Y 
inside s tube of low js parallel to the tuhe a TSS I ien such coe seo 
tional to the area of the cross section (Eq. 16-417. 47 7 z rs d 
tions to the tubes that the constant of proportionality is the ‘and lin is hom 
if possible we take this constant to be unity. That is, the n Bow M. 2 ie od 
for all tubes, namely unit flux. Then the magnitude of the flow velocity c e 
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Fig. 18-11 Streamlines (horizon- 
tal) and surfaces of equal velocity 
potential (vertical) for a homogene- 
ous field of flow. 


Fig. 18-12. (a) Uniform en Kc 
E ational field " 
of flow. (b) Variati i ‘ Fig. 18- 
from the center. Hon of fluid velocity. (b) PAR 
rs : center, 


13 (a) Vortical’ field of flow. 
ation of fluid velocity from thc 
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In Fig. 18-11 we have drawn a homogeneous field of flow. Here all the stream- 
lines are parallel and the flow velocity v is the same at all points. We have seen 
that there are two equivalent ways of deriving the relative magnitudes of the flow 
velocities from such fields of flow: (a) from the widths of the tubes of flow and (6) 
from the distances between lines of equal velocity potential. The latter method 
applies to steady irrotational flow only. For such flows we draw in the lines of 
equal velocity potential as dashed lines. 

In Fig. 18-12 we show the field for a uniform rotation (see Problem 22, Chapter 
17). Here v is proportional to r. In Fig. 18-13 we draw the field of flow of a 
vortex. In this ease v is proportional to 1/r (see Problem 19). Notice that both 
uniform rotation and vortex motion are represented by circular streamlines but, 
are entirely different kinds of flow. Obviously, the shapes of the streamlines give 
only limited information; their spacing is needed too. 

Figure 18-14 represents the field of flow for a source. All streamlines are 
directed radially outward. The source is a line through the center perpendicular 
to the paper emitting a mass per unit time Q. ‘The field of flow around a linear 
sink is the same as the souree except for the sign of the flow, which is directed 
radially inward. 

For a linear source and linear sink which have the same strengths, Q and —Q, 
and are slightly separated, we obtain the combined field called linear dipole flow, 
shown in Fig. 18-15. 

As we shall see later th 
flow for an electric current are a 


e electrostatic field, the magnetic field, and the field of 
Iso vector fields. In this connection, the homo- 


(a) 


Fig. 18-14 (a) Flow from a linear point source. (b) Fluid flow map of the same, 
The map in this figure is made by allowing water to flow between a horizontal layer of 
plate glass and a horizontal layer of plaster. In (b) the water comes up through a hole 
in the center of the plaster and flows out toward the edges. The direction of the flow 
is made visible by sprinkling the plaster with potassium permanganate erystals which 
dissolve and color the water a deep red. (The fluid flow map was made and photo- 
graphed by Professor A. D. Moore at the University of Michigan, and is taken from 


Introduction to Electric Wields, by W. E- Rogers, MeGraw-Hill Book Co., 1954.) 
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Fig. 18-15 (a) Linear dipole flow. The source is on the left, the sink on the right. 
(b) A fluid flow map of the same. (The fluid flow map was made and photographed 
by Professor A. D. Moore at the University of Michigan, and is taken from Introduction 
lo Electric Fields, by W. E. Rogers, MeGraw-Hill Book Co., 1954.) 


me 


geneous field (Fig. 18-11) corresponds to the électric field of a plane capacitor, the 
source field or sink field (Fig. 18-14) correspond to the electric field of a cylindrical 
capacitor or straight wire of positive or negative charge respectively, and the linear 
dipole field (Fig. 18-15) corresponds to the electric field of two oppositely charged 
wires. In all these the field of flow is potential flow and the electric fields are 
conservative. 

The homogeneous field of Fig. 18-11 also represents the magnetic field inside a 

.Solenoid. The vortex field of Fig. 18-13 represents the magnetic field around a 
straight current-carrying wire. This last is an example of a field that is rotational 
(about the vortex axis). 

Because of these analogies between fluid and electromagnetic fields, we can often 
determine a field of flow, which is impossible to calculate by present mathematical 
methods, by experimental measurements on appropriate electrical devices. 

- As we have seen throughout this chapter, the basic field ideas and conservation 
principles find application in many areas of physics. We shall encounter them 
many times again. 


QUESTIONS 


1. Can you assign a coefficient of static friction between two surfaces, one of which is 
a fluid surface? 


. 2. Describe the forces acting on an element of fluid as it flows through a pipe of non- 
uniform cross section. < 


3. The height of the liquid in the standpipes indicates that the pressure drops along 
the channel, even though the channel has a uniform cross section and the flowing liquid 
38 Incompressible (Fig. 18-16). Explain. 
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Fig. 18-16 


4. It is found that liquid will flow faster and more smoothly from a sealed can when 
two holes are punctured in the can than when one hole is made. Explain. 

5. In a lecture demonstration a ping-pong ball is kept in midair by a vertical jet 
of air. Is the equilibrium stable, unstable, or neutral? Explain. 

6. (a) Explain how a pitcher can make a baseball curve to his right or left. Justify 
your answer by drawing a diagram of the streamlines and applying Bernoulli’s equation. 
(b) Why is it easier to throw a curve with a tennis ball than with a baseball? 

7. Two rowboats moving parallel to one another in the same direction are pulled 
toward one another. Two automobiles moving parallel are also pulled together. 
Explain such phenomena on the basis of Bernoulli’s equation. 

8. Can the action of a parachute in retarding free fall be explained by Bernoulli’s 
equation? 3 

9. Liquid is flowing inside a horizontal pipe which has a constriction along its length 
Vertical tube manometers are attached at both the wide portion and the narrow portion 
of the pipe. If a stopcock at the exit end is closed, will the liquid in the manometer 
tubes rise or fall? Explain. ; 

10. Can you explain why water flows in a continuous stream down a vertical pipe, 
whereas it breaks into drops when falling freely? ; 

11. Can you explain why an object falling from a great height reaches a steady 
terminal speed? E 

12. On take off would it be better for an airplane to move into the wind or with the 
wind? On landing... ? : 

13. Does the difference in pressure between the lower and upper surfaces of an air- 
plane wing depend on the altitude of the moving plane? Explain. 

14. The accumulation of ice on an airplane wing may change its shape in such a way , 
that its lift is greatly reduced. Explain. 

15. How is an airplane able to fly upside down? 

16. Why does the factor “2” appear in Eq. 18-9, rather than "q"? One might 
naively expect that the thrust would simply be the pressure difference times the area, 
that is, Ao(p — po). 

17. The destructive effect of a tornado “(twister 
turbance than near the edge. Explain. M l 

18. When a stopper is pulled from a filled basin, the water drains out while circulating 
like a small whirlpool. The angular velocity of a fluid element about a vertical axis 
through the orifice appears to be greatest near the orifice. Explain. : 

19. Use the criterion of the paddle wheel (Fig. 18-1) to determine which flow fields 
(Figs. 18-11 through 18-15) are rotational. 

20. In steady flow the velocity vector v at any point is constant. Can there then be 
accelerated motion of the fluid particles? Discuss. — ae 

21. How can we justify applying Bernoulli's equation to the spinning baseball of 
Fig. 18-&c? Points 1 and 2 are not on the same streamline. 


) is greater near the center of the dis- 
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PROBLEMS 


1. A garden hose having an internal diameter of 0.75 in. is connected to a lawn 
sprinkler that consists merely of an enclosure with 24 holes, each 0.050 in. in diameter. 
If the water in the hose has a speed of 3.0 ft/sec, at what speed does it leave the sprinkler 
holes? 

2. Models of torpedoes are sometimes tested in a pipe of flowing water, much asa 
wind tunnel is used to test model airplanes. Consider a circular pipe of internal diam- 
eter 10 in. and a torpedo model, aligned along the axis of the pipe, with a diameter of 
2.0in. The torpedo is to be tested with water flowing past it at 8.0 ft/sec. (a) With 
what speed must the water flow in the unconstricted part of the pipe? (b) What will 
the pressure difference be between the constricted and unconstricted parts of the pipe? 

3. How much work is done by pressure in forcing 50 ft? of water through a 0.50-àm. 
pipe if the difference in pressure at the two ends of the pipe is 15 lb /in.?? 

4. Water falls from a height of 60 ft àt the rate of 500 ft?/min and drives a wates 
turbine. What is the maximum power that can be developed by this turbine? 

5.. By applying Bernoulli's equation and the equation of continuity to points 1 and 2 
of Fig. 18-6, show that the speed of flow at the entrance is 


BNET 
p(A? — a?) 


6. A Venturi meter has a pipe diameter of 10 in. and a throat diameter of 5.0 in. If 
the water pressure in the pipe is 8.0 Ib /in.? and in the throat is 6.0 lb /in.?, determine the 
rate of flow of water in ft?/sec (volume flux). 

7. Consider the Venturi tube of Fig. 18-6 without the manometer. Let A equal 5a. 
Suppose the pressure at A is 2.0 atm. Compute the values of v at A and v' at a that 
would make the pressure p' at a equal to zero. Compute the corresponding volume 
flow rate if the diameter at A is 5.0 cm. The phenomenon at a when p' falls to nearly 
zero is known as cavitation. The water vaporizes into small bubbles. 

8. In a horizontal oil pipeline of constant cross-sectional area the pressure decrease 
between two points 1000 ft apart is 5 lb/in.?. What is the energy loss per cubic foot of 
oil per unit distance? 

9. Figure 18-17 shows liquid discharging from an orifice in a large tank at a distance 
h below the water level. (a) Apply Bernoulli’s equation to a streamline connecting 

points 1, 2, and 3, and show that the speed 


of efflux is 
v= M 2gh. 


This is known as Torricelli's law. (b) If the 
orifice were curved directly upward, how 
high would the liquid stream rise? (c) How 
would viscosity or turbulence affect the 
analysis? 

10. Suppose that two tanks, each with a 
large opening at the top, contain different 
liquids. -A small hole is made in the side of 
each tank at the same depth h below the 
liquid surface, but one hole has twice the 
cross-sectional area of the other. (a) What 
is the ratio of the densities of the fluids if it 
Fig. 18—17 is observed that the mass flux is the same for 
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each hole? (b) How do the flow 
rates 
Could the flow rates be made equal? mer ae ee cuperet, (e) 


11. A tank is filled with water to a hei 
; eight H. A i i 
Aaaa h below the water surface (Fig. 18-18). Mur meon <i lage, 
of the wall at which the stream strikes the floor: (b) Could piri d Bari 
punc at 


another depth so that this seco: stream would hav ? 
nd 
ates have the same range? If so, at what 


Fig. 18-18 


12. The upper surface of water in a standpipe is a height H above level ground. At 
what depth h should a small hole be put to make the emerging horizontal water stream 
strike the ground at the maximum distance from the base of the standpipe? What is _ 


this maximum distance? 

13. Calculate the speed of efflux of a liquid from an opening in a tank, taking into 
account the velocity of the top surface of the liquid, as follows. (a) Show, from 
Bernoulli’s equation, that Md 

Zgh 
1 — v!/vo? 
where v is the speed of the top surface. (b) Then consider the flow as one big tube of flow 
and obtain v/vo from the equation of continuity, so that 


d, Ret REESS 
vo = N/ 2gh/{1 — (49/1 

and Ao is the tube cross section at the open- 
ll compared to the area of the surface, 


vo? "E 


where A is the tube cross section at the top 
ing. (c) Then show that if the hole is sma 


vo = 39h [1 + $(A0/A)?I. 


to determine the speed of the plane 


14. A Pitot tube is mounted on an airplane wing 3 1 
ndicates a level difference of 4.9 in. 


relative to the air. The tube contains alcohol and i 
What is the plane’s speed in miles/hr relative to the air? 

15. Air streams horizontally past an airplane wing of area 36 ft? weighing 540 Ib. 
The speed over the top surface is 200 ft/sec and 150 ft/sec under the bottom surface. 
What is the lift on the wing? The net force on it? 

16. If the speed of flow past the lower surface of a wing i 
flow over the upper surface will give à lift of 20 Ib/ft?? 


s 350 ft/sec, what speed of, 
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Me (a) Consider the stagnant air at the front edge of a wing and the air rushing over 
the wing surface “at a speed v. Find the greatest value possible for v in streamline flow, 
assuming air is incompressible and using Bernoulli's equation. Take the density of air 
to be 1.2 X 107? gm/cm?. (b) How does this compare with the speed of sound of 

y 770 miles/hr? Can you explain the differ- 

id 3 ence? Why should there be any connection 
between these quantities? 

18. A hollow tube has a disk DD attached 
to its end. When air is blown through the 
tube, the disk attracts the card CC. Let 
the area of the card be A and let v be the 
average airspeed between CC and DD (Fig. 
18-19); calculate the resultant upward force 
on CC. Neglect the card’s weight. 

19. Before Newton. proposed his theory of 
gravitation, a model of planetary motion 
proposed by René Descartes was widely 

Fig. 18-19 accepted. In Descartes’ model the planets 
were caught in and dragged along by a whirl- 
pool of ether particles centered around the 

= sun. Newton showed that this vortex scheme contradicted observations, for: (a) The 
speed of an ether particle in the vortex varies inversely as its distance from the sun. 

(b) The period-of revolution of such a particle varies 

directly as the square of its distance from the sun. 

(c) This result contradicts Kepler's third law. Prove 

(a), (b), and (c). 

20. Consider a uniform U-tube with a diaphragm at 
the bottom and filled with a liquid to different heights 
in each arm (see Fig. 18-20). Now imagine that the 
diaphragm is punctured so that the liquid flows from 
left to right. (a) Show that application of Bernoulli's 
principle to points 1 and 3 leads to a contradiction. 
(b) Explain why Bernoulli's principle is not applicable 
here. (Hint: Is the flow steady?) 

Fig. 18-20 — 21. Show that the constant in Bernoulli's equation 
(Eq. 18-6) is the same for all streamlines in the case 
of the steady, irrotational flow of Fig. 18-11. 

22. (a) Consider a stream of fluid of density p with speed v1 passing abruptly from a 
cylindrical pipe of cross-sectional area a; into a wider cylindrical pipe of cross-sectional 
area a; (see Fig. 18-21). The jet will mix with the surrounding fluid and, after the 
mixing, will flow on almost uniformly with an average speed v». Without referring to 
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the details of the mixing, use momentum ideas to show that the increase in pressure due 
to the mixing is approximately | A 

p2 — pı = pv2(v1 — v2). 
(b) Show from Bernoulli’s principle that in a gradually widening pipe we would get 

pa — Pr = $p? — v?) 
and explain the loss of pressure [the difference is 4p(vı — v2)?] due to the abrupt enlarge“ 
ment of the pipe. Can you draw an analogy with elastic and inelastic collisions in 


particle mechanics? 

23. A force field is conservative if f F:ds =0. The circle on the integration sign 
means that the integration is to be taken along a closed curve (a round trip) in the field. 
A flow is a potential flow (hence irrotational) if $ v* ds = 0 for every closed path in 


the field. A 
Using this criterion, show that the fields of Figs. 18-11 and 18-14 are fields of poten- 


tial flow. 4 : 

24. The so-called Poiseuille field ‘of flow is shown in Fig. 18-22. The spacing of the 
streamlines indicates that although the motion is rectilinear, there is a velocity gradient 
in the transverse direction. Show that such a flow is rotational. 


Fig. 18-22 


25. In flows that are sharply curved centrifugal effects are appreciable. Consider an 
element of fluid which is moving with speed v along a streamline of a curved flow in a 


horizontal plane (Fig. 18-23). 
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(a) Show that dp/dr = pv?/r, so that the pressure increases by an amount pv? /r per unit 
distance perpendicular to the streamline as we go from the concave to the convex side of 
the streamline. 

(b) Then use Bernoulli's equation and this result to show that vr equals a constant, so 
that speeds increase toward the center of curvature. Hence, streamlines that are uni- 
formly spaced in a straight pipe will be crowded toward the inner wall of a curved 
passage and widely spaced toward the outer wall. This problem should be compared 
to Problem 17-22 in which the curved motion is produced by rotating a container. 
There the speed varied directly with r, but here it varies inversely. 

(c) Show that this flow is irrotational. 


Waves in Elastic Media 


CHAPTER 19 


19-1 Mechanical Waves 
Wave motion appears in almost every branch of physics. We are all 
as well as light 


familiar with water waves. There are also sound waves, 
waves, radio waves, and other electromagnetic waves. One formulation 
of the mechanics of atoms and subatomic particles is called wave mechan- _ 


ics. Clearly the properties and behavior of waves are very important in 


physics. 

In this chapter and the next we confine our attention to waves in deform- 
able or elastic media. These waves, among which ordinary sound waves 
in air are one example, might be called mechanical waves. They originate 
in the displacement of some portion of an elastic medium from its normal 
position, causing it to oscillate about an equilibrium position. Because of 
the elastic properties of the medium, the disturbance is transmitted from 
one layer to the next. This disturbance, or wave, consequently progresses 
through the medium. Note that the medium itself does not move as a 
whole along with the wave motion; the various parts of the medium oscil- 
late only in limited paths. For example, in water waves small floating 
objects like corks show that the actual motion of various parts of the water 
is slightly up and down and back and forth. Yet the water waves move 
steadily along the water. As they reach floating objects they set them in 
motion, thus transferring energy to them.* Energy can be transmitted 
over considerable distances by wave motion. The energy in the waves is 
the kinetic and potential energy of the matter, but the transmission of the 


* See “Ocean Waves,” by Willard Bascom, Scientific American, August 1957. 
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energy comes about by its being passed along from one part of the matter to 
the next, not by any long-range motion of the matter itself. Mechanical 
waves are characterized by the transport of energy through matter by the 
motion of a disturbance in that matter without any corresponding bulk 
motion of the matter itself. 

It is necessary to have a material medium to transmit mechanical waves. 
We do not need such a medium, however, to transmit electromagnetic 
waves, light passing freely, for example, through the near vacuum of space 
from the stars. The properties of the medium that determine the speed of 
a wave through that medium, as we will see in Section 19-5, are its inertia 
and its elasticity. All material media, including, say, air, water and steel, 
possess these properties and can transmit mechanical waves. It is the 
elasticity that gives rise to the restoring forces on any part of the medium 
displaced from its equilibrium position; it is the inertia that tells us how 
this displaced portion of the medium will respond to these restoring forces. 
Together these two factors determine the wave speed. - 


19-2 Types of Waves 


In listing water waves, light waves, and sound waves as examples of wave 
motion, we are classifying waves according to their broad physical proper- 
ties. Waves can be classified in other ways. 

We can distinguish different kinds of waves by considering how the 
motions of the particles of matter are related to the direction of propagation 
ofthe waves themselves. If the motions of the matter particles conveying 
the wave are perpendicular to the direction of propagation of the wave 
itself, we then have a transverse wave. For example, when a vertical string 
under tension is set oscillating back and forth at one end, a transverse wave 
travels down the string; the disturbance moves along the string but the 
string particles vibrate at right angles to the direction of propagation of the 
disturbance (Fig. 19-1a). 

Light waves are not mechanical waves. The disturbance that, travels. 
along is not a motion of matter but an electromagnetic field (Chapter 40). 
But because the electric and magnetic fields are perpendicular to the direc- 
tion of propagation, light waves are also transverse waves. 

If, however, the motion of the particles conveying a mechanical wave is 
back and forth along the direction of propagation, we then have a longi- 
tudinal wave. For example, when a vertical spring under tension is set 

. oscillating up and down at one end, a longitudinal wave travels along the 
spring; the coils vibrate back and forth in the direction in which the dis- 
turbance travels along the spring (Fig. 19-1b). Sound waves in a gas are 
longitudinal waves. We shall discuss them in greater detail in Chapter 20. 

Some waves are neither purely longitudinal nor purely transverse. For 
example, in waves on the surface of water the particles of water move both 
up and down and back and forth, tracing out elliptical paths as the water 
waves move by. : 

Waves can also-be classified as one-, two-, and three-dimensional waves, 
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Fig. 19-1 (a) In a transverse wave the particles of the medium (string) vibrate at 
right angles to the direction in which the wave itself is propagated. (b) In a longi- 
tudinal wave the particles of the medium (spring) vibrate in the same direction as that 
in which the wave itself is propagated. d 
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according to the number of dimensions in which they propagate energy. 
Waves moving along the string or the spring of Fig. 19-1 are one-dimen- 
sional. Surface waves or ripples on water, caused by dropping a pebble 
into a quiet pond, are two-dimensional. Sound waves and light waves 
which emanate radially from a small source are three-dimensional. 

Waves may be classified further according to the behavior of a particle of 
the matter conveying the wave during the course of time the wave propa- 
gates. Forexample, we can produce a pulse or a single wave traveling down 
a taut rope by applying a single sidewise movement at its end. Each 
particle remains at rest until the pulse reaches it, then it moves during a 
short time, and then it again remains at rest. If we continue to move the 


end of the rope back and forth (Fig. 19-1a), we produce a train of waves . 


traveling along the rope. If our motion is periodic, we produce a periodic 
train of waves in which each particle of the rope has a periodic motion. The 
simplest special case of a periodic wave is a simple harmonic wave which 
gives each particle a simple harmonic motion. 

Consider a three-dimensional pulse. We can draw a surface through 
all points undergoing a similar disturbance at a given instant. As time 
goes on, this surface moves along showing how the pulse propagates. We 
can draw similar surfaces for subsequent pulses. For a periodic wave we 
can generalize the idea by drawing in surfaces, all of whose points aren 
ihe same phase of motion. "These surfaces are called wavefronts. if the 
medium is homogeneous and isotropic, the direction of propagation is 
always at right angles to the wavefront. A line normal to the wavefronts, 
indicating the direction of motion of the waves, is called a ray. 

Wavefronts can have many shapes. -If the disturbarces are propagated 
in a single direction, the waves are called plane waves: At. a given instant 
conditions are the same everywhere on any plane perpendicular to the 
direction of propagation. The wavefronts are plane and the rays are 
parallel straight lines (Fig. 19-2a). Another simple case is that of spherical 
waves. Here the disturbance is propagated out in all directions from a 


Fig. 9-2 (a) A plane wave. The planes represent wavefronts spaced a wavelength 
apart, and the arrows represent rays. (b) A spherical wave. The rays are radial and 


/ source, however, small portions of the wavefronts become nearly plane. 


the wavefronts, spaced a wavelength apart, form spherical shells. Far out from the - 
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point source of waves. The wavefronts are spheres and the rays are 
radial lines leaving the point source in all directions (Fig. 19-25). Far 
from the source the spherical wavefronts have very small curvature, and 
over a limited region they can often be regarded as plane. Of course, 
there are many other possible shapes for wavefronts. 

We shall refer to all these wave types as we progress through the wave 
phenomena of physies. In this chapter we often use the transverse wave 
in a string to illustrate the general properties of waves. In the next chap- 
ter we shall see the consequences of these properties for sound, a longi- 
tudinal mechanical wave. Later in the text we will discuss the properties 
of nonmechanical waves such as light and matter waves. " ~ 


19-3 Traveling Waves ^ 


Let us consider a long string stretched in the z-direction along which a 
transverse wave is traveling. Atsome instant of time, say t = 0, the shape 


of the string can be represented by 
y-fo t-9 wen (19-1) 


where y is the transverse displacement of the string at the position z. In 
Fig. 19-3a we show a possible waveform (a pulse) on the string at t = 0. 
Experiment shows that as time goes on such a wave travels along the string 


without changing its form, provided internal frictional losses are small 


enough. At some time t later the wave has traveled a distance vt to the 
umed constant. The 


right, where v is magnitude of the wave velocity, ass 
equation of the curve at the time t is therefore - ihe: 

y-fz-w t-t (19-2) 
r= vt at time t as we 


This gi waveform about the point 
O Equation 19-2 is the 


had about z = 0 at the time ¢ —'0 (Fig. 19-30). 


Fig. 19-3 (a) The shape of a string (in this case a pulse) at ! 2.0.7 (b) At a later 
time t the pulse has traveled to the right a distance 7 = vt. 
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general equation representing a wave of any shape traveling to the right. To 
describe a particular shape we must specify exactly what the function f is,* 

Let us look more carefully at this equation. If we wish to follow a par- 
ticular part (or phase) of the wave as times goes on, then in the equation 
we look at a particular value of y (say, the top of the pulse just described). 
Mathematically this means we look at how x changes with ¢ when (x — vt) 
has some particular fixed value. We see at once that as ¢ increases z must 
increase in order to keep (x — vt) fixed. Hence, Eq. 19-2 does in fact 
represent a wave traveling to the right (increasing z as time goes on). If 
we wished to represent a wave traveling to the left, we would write 


y = f(z + vt), (19-3) 


for here the position z of some fixed phase (z + vt) of the wave decreases as 
time goes on. The velocity of a particular phase of the wave is easily 
obtained. For a particular phase of a wave traveling to the right we 
require that 

rz — vi = constant. 


Then differentiation with respect to time gives 


se ee d or ==, (19-4) 


so that v is really the phase velocity of the wave. For a wave traveling to 
the left we obtain —v, in the same way, as its phase velocity.t 

The general equation of a wave can be interpreted further. Note that 
for any fixed value of the time ¢ the equation gives y as a function of z. 
This defines a curve, and this curve represents the actual shape of the 
string at this chosen time. It gives us a snapshot of the wave at this time. 
Suppose, on the other hand, we wish to focus our attention on one point of 
the string, that is, a fixed value of z. Then the equation gives us y as a 
function of the time t. This describes how the transverse position of this 
point on the string changes with time. 

The argument just presented holds for longitudinal waves as well as for 
transverse waves. The analogous longitudinal example is that of a long 
straight tube of gas whose axis is taken as the z-axis, and the wave or pulse 
is a pressure change traveling along the tube. Then the same reasoning 
leads us to an equation, having the form of Eqs. 19-2 and 19-3, which gives 
the pressure variations with time at all points of the tube. (See Section 
20-3.) 


* When we say that “‘y is a function of (z — vt)," we mean that the variables z and t 
occur only in the combination z — vt. For example, sin k(z — vt), log (z — vt), and 
(x — vt)? are functions of z — vt, but z? — vi? is not. 

T In disturbances that can be represented as a group of waves, the energy may be 
transported with a velocity different from the phase velocity of uny individual wave. 
This group velocity will be considered in Chapter 39 in connection with electromagnetic 
Miis Until then whenever we use the term wave velocity we mean tue phase velocity 

e wave. : 
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Fig. 19-4 At t = 0, the string has a shape y = Ym sin 2zz/A (solid line)... At a later 
time ¢ the sine wave has moved to the right a distance z = vt, and the string has a shape 
given by y = Ym Sin 2r(z — vi) /: . 


Let us now consider a particular waveform, whose importance will soon 
become clear. Suppose that at the time t = 0 we have a wavetrain along 
the string given by * ÁN 

Y = Ym sna -~ (19-5) 
The wave shape is a sine curve (Fig. 19-4). The maximum displacement 
Ym is the amplitude of the sine curve. The value of the transverse displace- 
ment y is the same at z as it is at x +d, x + 2A, ete. The symbol A is 
called the wavelength of the wavetrain and represents the distance between 
two adjacent points in the wave having the same phase. As times goes on 
let the wave travel to the right with a phase velocity v. Hence, the equa- 


tion of the wave at the time t is 


(19-6) 


2r 
y= Ym sin S" (2 — vi). - 


Notice that this has the form. required for a traveling wave (Eq. 19-2). 
The period T is the time required for the wave to travel a distance of one 


wavelength A, so that | 
j = oF. (19-7) 


Putting this relation into the equation of the wave, we obtain i | 


z 


i ey ENT 
J y = meinte (o i (19-8) 
From this form it is elear that y, at any given time, has the same value at 


xz +n, 2+ 2h, ete, as it does at x, and that y, at any given position, has 


the same value at the imet T tT 2T, etc., as it does at the time t. 
‘a more compact form, we define two quantities, 


ular frequency w (see Eq. 15-12). They arg 
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given by 
2r * 

d ==. 19-9 
an w T { ) 
In terms of these quantities, the equation of a sine wave traveling to the 
right is 


2w 
IX 


y- Ym sin (kx — wt). (19-10a) 
For a sine wave traveling to the left, we have 
; Y = Ym Sin (kx + wt). (19-10b) 


Comparing Eqs. 19-7 and 19-9, we see that the phase velocity v of the wave 
is given by 
EA Dub 


TUR 


In the traveling waves of Eqs. 19-10a and 19-10b we have assumed that 
the displacement y is zero at the position z = 0 at the timet = 0. This, of 
vourse, need not be the case. The general expression for a sinusoidal wave- 
train traveling to the right is 


(19-11) 


Y = Ym sin (kx — wt — 4), 


where ¢ is called the phase constant. For example, if ¢ = —90°, the dis- 
placement y at z = 0 and t = O is ym. This particular example is 


Y = Ym cos (kr — ot), 


for the cosine function is displaced by 90? from the sine function. 
If we fix our attention 9n a given point of the string, say x = r/k, the 


displacement y at that point can be written* as 
V = Ym Sin (wt + ¢). 


This is similar to Eq. 15-29 for simple harmonic motion. Hence, any par- 
ticular element of the string undergoes simple harmonic motion about ite 
equilibrium position as this wavetrain travels along the string. 


19-4 The Superposition Principle 


It is an experimental fact that for many kinds of waves two or more waves 
can traverse the same space independently of one another. The fact that 
waves act independently of one another means that the displacement of 
any particle at a given time is simply the sum of the displacements that 
the individual waves alone would give it. This process of vector addition 
of the displacements of a Particle is called superposition. For example, 
radio waves of many frequencies pass through a radio antenna; the electric 


utrents set up in the antenna by the superposed action of all these waves - 


© Very complex. Nevertheless, we can still tune to a particular station, 


* Using the fact that sin (x — 6) = sin 8. 


— 
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the signal that we receive from it being in principle the same as that which 
we would receive if all other stations were to stop broadcasting. Likewise, 
in sound we can listen to notes played by individual instruments in an 
orchestra, even though the sound wave reaching our ears from the full 


orchestra is very complex. 

For waves in deformable media the superposition principle holds when- 
ever the mathematical relation between the deformation and the restoring 
force is one of simple proportionality. Such a relation is expressed mathe- 
matically by a linear equation. For electromagnetic waves the superposi- 
tion principle holds because the mathematical relations between the elec- 


tric and magnetic fields are linear. 


e seems so obvious that it is worthwhile to point out 


The superposition principl 2 
on fails when the equations governing 


that it does not always hold. Superpositi 
wave motion are not linear. Physically this happens when the wave disturbance 
is relatively large and the ordinary linear laws of mechanical action no longer hold. 
For example, beyond the elastic limit Hooke’s law no longer holds and the linear 
relation F = —Ez can no longer be used. 

As for sound, violent explosions create shock waves. Although shock waves are 
longitudinal elastic waves in air, they behave differently from ordinary sound 
waves. The equation governing their propagation is quadratic, and superposition 
does not hold. With two very loud notes the ear hears something more than just 
the two individual notes. Those familiar with high-fidelity apparatus will know 
that “intermodulation distortion” between two tones arises when the system fails 
to combine the tones linearly, and that this distortion is more apparent when the 
amplitude of the tones is high. A more obvious physical example is water waves. 
Ripples cannot travel independently across breakers as they can across gentle 


swells. 


The importance of the superposition principle physically is that, where 
mplicated wave motion as a 


it holds, it makes it possible to analyze a co 
combination of simple waves. In fact, as was shown by the French mathe- 
matician J. Fourier (1768-1830), all that we need to. build up the most 
general form of periodic wave are simple harmonic waves.* Fourier 
showed that any periodic motion of a particle can be represented as a 


combination of simple harmonie motions. For example, if y(t) represents 
the motion of a source of waves having a period T, we can analyze y(t) as 
follows: 
y(t) = Ao + A sin ot + As sin 2ot + Assin3et + ^c 

+ B1 cos wt + By cos 2wt + B; cos 80t + ^ ^ * 


on is called a Fourier series. The A’s and 
B’s are constants which have definite values for any particular periodic 
motion y(t). (See Fig. 19-5, for example.) If the motion 1s not periodic, 
as a pulse, the sum is replaced by an integral, the so-called Fourier integral: 
Hence, any motion of a source of waves can be represented in terms of 
simple harmonic motions. Since the motion of the source creates the 


where w = 2r/T. This expressi 


* See, for example, Thomas, Calculus and Analytic Geometry, Addison-Wesley, second 


edition, 1953, pp. 596-599. 
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Fig. 19-5 (a) The dashed line is a sawtooth "wave" commonly encountered in elec- 
tronics. It can be written y(t) = (v/2r)t — ifo0 <t< 2r/w, as y(t) = (v/2x)t — $ 
for 2r/w «t < 4r/w, etc. The Fourier series for this function is y(t) = — sin wt — 
$5in2o( — $ sin 34 — .... The solid line is the sum of the first six terms of this 
series and can be seen to approximate the sawtooth quite closely, except for overshooting 
near the discontinuities. As more terms of the series are included, the approximation 
becomes better and better. (6) Here are shown the first six terms of the Fourier series 
which, when added together, yield the solid curve in (a). 


waves, it should come as no surprise that the waves themselves can be 
analyzed as combinations of simple harmonie waves. Herein lies the 
importance of simple harmonie motion and simple harmonie waves, 


19-5 Wave Speed PES 


Given the characteristics of the medium it should be possible to caleulate 
the wave speed from the basic principles of Newtonian mechanics. In this 
section we continue to focus our attention on transverse-waves in a string 
and in Supplementary Topic III we show how to calculate the speed of such 
waxes in the most general way. Here we consider two other approaches— 
a treatment based on dimensional analysis and a somewhat less general 
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mechanical analysis in which we compute the speed of a transverse pulse 
along a stretched string. 

We stated in Section 19-1 that the wave speed for a medium depends on 
the elasticity of the medium and on its inertia. For a stretched string the 
elasticity is measured by the tension F in the string; the greater the tension 
the greater will be the elastic restoring force on an element of the string 
that is pulled.sideways. The inertia characteristic is measured byy, the 
mass per unit length of the string. Assuming, then, that the wave speed v 
depends only on F and p, we can use dimensional analysis to find how v 
depends on these quantities. In terms of mass M, length L, and time T, 
the dimensions of F are MLT-? and the dimensions of u are ML™'. The 
only way these dimensions can be combined to get a velocity (which has 
the dimensions Z7!) is to take the square root of F/u. That is, /u has 


the dimensions L277? and V/F/u has the dimensions LT} of a velocity. 
Dimensional analysis cannot account for any dimensionless quantities, so 


that the result 
p= y (19-12) 
m 


may or may not be complete. The most we can say is that the wave speed 
is equal to a dimensionless constant times A/F/u. The value of the con- 
stant can be obtained from a mechanical analysis of the problem or from 
experiment. These methods show that the constant is equal to unity and 


that Eq. 19-18 is correct as it stands. i 
pulse in a stretched string by a mechanical 
pulse proceeding from right to left in the 


stri o . We can imagine the entire string to be moved from left to 
string with a speed v i Ise remains fixed in space, whereas 


right with this same speed so that the wave pu v 
the particles composing the string successively pass through the re ‘an 
simply means that, instead of taking ovr reference frame to be the walls be vee 
which the string is stretched, we choose a reference frame which is in Tn 
motion with respect to that one. Because Newton's laws involve only acce! NT 
lions, which are the same in both frames, we can use them in either frame. e 
just happen to choose a more convenient frame. i 

We consier a small section of the pulse of length A? to form an "ik 1 " circle of 
radius R, as shown in the diagram. If is the mass per unit lengt zs one m 
the so-called linear density, then p AL is the manol this “pene Ee apnd : 
in the string is a tangential pull at each end of this sma’ 3 l 
The honon components cancel and the vertical components are each equal to 


Now let us derive the velocity of a 
analysis. In Fig. 19-6 we show a wavé 


Fig. 19-6 Derivation of wave 
speed by considering the forces 
on a section of string of length - 
Al. 
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F sin 0. Hence, the total vertical force is 2F sin 6. Since 0 is small, we can take 
sin 0 > 0 and 3 
HER ep (Al/2) _ 7, Al 
2F sin 0 = 2F0 = 2F R aip 


This gives the force supplying the centripetal acceleration of the string particles 
directed toward O. Now the centripetal force acting on a mass u Al moving in a 
circle of radius R with speed v is u Al v?/R; see Section 6-3. Notice that the 
tangential velocity v of this mass element along the top of the arc is horizontal and 
is the same as the pulse phase velocity. Combining the equivalent expressions 
just given we obtain 


N 
or pm =. 
. B 


If the amplitude of the pulse were very large compared to the length of the string, 
we would not have been able to use the approximation sin @= 0. Furthermore, 
the tension F in the string would be changed by the presence of the pulse, whereas 
we assumed F-to be unchanged from the original tension in the stretched string. 
Therefore, our result, like superposition, holds only for relatively small transverse 
displacements of the string—which case, however, is widely applicable in practice. 
Notice also that the wave speed is independent of the shape of the wave, for no 
particular assumption about the actual shape of the pulse was used in the pzoef. 


The frequency of a wave is naturally determined by the frequency of the 
source. The speed with which the wave travels through a medium is 
determined by the properties of the medium, as illustrated before. Once 
the frequency v and speed v of the wave are determined, the wavelength A 
is fixed. In fact, from Eq. 19-7 and the relation, v = 1/T, we have 


ou (19-13) 
v 


> Example l. A transverse sinusoidal wave is generated at one end of a long 
horizontal string by a bar which moves the end up and down through a distance 
of $ ft. The motion is continuous and is repeated regularly twice each second. 

(a) If the string has a linear density of 0.0050 slug/ft and is kept under a ten- 
sion of 2.0 lb, find the speed, amplitude, frequency, and wavelength of the wave 
motion. 

The end moves ł ft away from the equilibrium position, first above it, then 
below it, for a total displacement of 3 ft. Therefore, the amplitude ym is + ft. 

The entire motion is repeated twice each second so that the frequency is 2. 0 
vibrations per second. 


The wave speed is given by ù = vV F/u. ButF = 2.01b and u = 0.0050 slug/ft, 


so that 
2.0 Ib 
= {20 _ _ 90 ft/sec. 
0.0050 slug/ft lise 


The wavelength is given by \ = v/», so that 


_ 20 ft/sec 


220 vibes. ES 
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(b) Assuming the wave moves from left to right and that, at ¢ = 0, the end of 
the string described by z = Ois in its equilibrium position y = 0, write the equation 
of the wave. : 

The general expression for a transverse sinusoidal wave moving from left to 


right is 
y.— ym Sin (kr — wt — 4). 


Requiring that y = 0 for the conditions z = 0 and t = 0 yields 
0 = ym sin (— 9), 
which means that the phase constant $ must be zero.* Hence for this wave 
y = Ym Sin (kz — ot), 


and with the values just found, 
Ym = Ẹ ft = 0.25 ft, 


A210 of kem arii, 
5 
v — 20 ft/sec or ^ w = vk = 4r sec 


we obtain as the equation for the wave 


y = 0.25 sin (0.2z — 4nt), 


where x and y are in feet and ¢ is in seconds. 


Example 2. As this wave passes along the string, each particle of the string 
moves up and down at right angles to the direction of the wave motion. Find the 


velocity and acceleration of a particle 10 ft from the end. 


"The general form of this wave is ` 
ey = y» sin (kx — wt) = y» sin k(z — vt). 

tant horizontal velocity of the wavetrain. What 
f a particle in the string through which this wave 
ther horizontal nor constant. In fact, each par- 
ticle moves vertically, that is, in the y-direction. In order to determine the par- 
ticle velocity, which we shall designate by the symbol u, let us fix our attention on 
a particle at a particular position z—that is, z is now a constant in this equation— 
and ask how the particle displacement y changes with time. With z constant we 


obtain 


The v in this equation is the cons 
‘wd are after now is the velocity o! 
moves; this particle velocity is nei 


oy 
= FY — —ymw cos (ka — wt), 
u at ymo 


in which the partial derivative notation dy/dt reminds us that although in general 
y is a function of both z and t, we here assume that z remains constant so that t 
becomes the only variable. The acceleration a of the particle at this (constant) 

* It could also be x, 27, 3r, etc., but these values for ġ will not change our final results. 
as the student should show. 
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value of z is 

a = — = — = —y,o* sin (kx — wt) = —wy. 
This shows that for each particle through which this transverse sinusoidal wave 
passes we have precisely SHM (simple harmonic motion), for the acceleration a 


is proportional to the displacement y, but oppositely directed. 
For a particle at z = 10 ft with the wave of Example 1, in which 


Ym = 0.25 ft, k= HD w = 4r sec" !, 
we obtain wu = —Ymw cos (kx-— wt) 


or u = —(0.25) L cos = - snt)| = —T cos (2r — 4rt), 
and a= —o*y 
or a = —(4m)?0.25 sin (0.2rz — 4vt) = —4r? sin (2r — 4rt), 


where f is expressed in seconds u in ft/sec and a in ft/sec? 
Can you describe the motion of this particle at the time £ = 4 sec? 4 


19-6 Power and Intensity in Wave Motion 


In Fig. 19-7 we draw an element of the stretched string at some position z and 
at a particular time &. The transverse component of the tension in the string 
exerted by the element to the left of x on the element of the right of z is 


Fan = —F' = 


F is the tension in the string; dy/dx gives the tangent of the angle made by the 
direction of F with the horizontal at the time ¢ in question and, because we assume 
small displacements, this can be taken equal also to the sine of the angle. The 
transverse force is in the direction of increasing y; in the figure the slope is nega- 
tive, so the transverse force is positive. The transverse velocity of the particle 
at x is dy/dt, which may be positive or negative. The power being expended by 


Fig. 19-7 The transverse compo- 
nent of the tension in the string at 
each point z is F (dy/dzx). 
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the force at z, or the energy passing through the position z per wit tine in tics 
positive z-direction (see Section 7-6), is à T 


Spree Z 
p=( ZJE 


Suppose that the wave on the string is the simple sine wave 
y = Ym sin (kx — ot). 
Then the magnitude of the slope at z is 


è = kym cos (kx — wt), [i = constant] 


and the transverse force is 


mi = —Fkym cos (kx — ot). à 
~ Ox 


The transverse velocity of a particle of the string at 2 is 


u =?! = wyn cos (kz = at), [z constant]. 


Hence, the power transmitted through 7 is 
P = (—Fkym)(—0Ym) c08? (kx — 90, 
= yn?koF cos? (ke — ot). 


flow of energy is not constant. The power is not 


sta input oscillates. As the energy is passed along the 
Wee a combination of kinetie energy of 


string, it is stored in each element of string as bination | c ‘ 
motion and potential energy of deformation. The situation 1s Ba like ae in 
an alternating current cireuit; there energy 1S stored both in the in p an > i 
the capacitor and the power input oscillates. For a string the power 1s or! 

by internal friction and viscous effects and appears as heat; in the circuit vs ena 
is expended in the resistor and appears as heat. The power input to the $ m: 
or the circuit is often taken to be'the average over one period of motion. e 


average power delivered is 


Notice that the power or rate of 


ih 1 +T ' 
P-2- P di, 
TJ. 
where T is the period. Using the fact that the average value of si 
over one cycle is 4, we obtain for the st'ing t 


n? z or cos? z 


a result which does not depend on x or 1. For the string, however, v = V F/m, 
so that ls ‘ 
P= Qn Ym V HV. 
nds on the square of the wave 


The fact that the rate of transfer of energy depends o ; 
Mens and nicks of the wave frequency is true 1n general, holding for all 
t f : ; 5 i ing i 
T he student should confirm the fact that, if we had picked a wave traveling i n; 
the negative z-direction, we WO d have obtained the negative of this result. 
That is, the wave delivers power in.the direction of wave propagation: 
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In a three-dimensional wave, such as a light wave or a sound wave from a point - 
source, it is more significant to speak of the intensity of the wave. Intensity is | 
defined as the power transmitted across a unit area normal to the direction in which | 
the waveis traveling: Just as with power in the wave in a string, the intensity of 
a space wave is always proportional to the square of the amplitude. 

As & wave progresses through space, its energy may be absorbed. For example, 
in à viscous medium, such as syrup or lead, mechanical waves would rapidly decay 
in amplitude and disappear, owing to absorption of energy by internal friction. 
In most cases of interest to us, however, absorption will be negligible. Through- 
out this chapter we have assumed that there is no loss of energy in a given wave 
no matter how far it travels. 


> Example 3.. Spherical waves travel "ffoi & source of waves whose power 
output is P; see Fig. 19-8. Find how the wave intensity depends on the distance 
from the source. We assume that the medium is isotropic and that the source radi- 
‘ates uniformly in all directions, that is, that its emission is spherically symmetrical. 


Fig. 19-8 Example 3. : 


The intensity of a 3-dimensional wave is the power transmitted across a unit 
area normal to the direction of propagation. As the wavefront expands from a 
distance r, from the source at the center to a distance rs, its surface area increases. 
from 4-r;* to 4vr??. If there is no absorption of energy, the total energy trans- 
ported per second by the wave remains constant at the value P, so that 


si éd 


P = Acryl, = Anre?Is, 


where J; and J» are the wave intensities at rı and ro respectively. Hence, 


and the wave intensity varies inversely as the square of its distance from the 
source. Since the intensity is proportional to the square of the amplitude, the 
amplitude of the wave must vary inversely as the distance from the source. <4 


19-7 interference of Waves 


Interference refers to the physical effects of superimposing two or more 
wave trains. Let us consider two waves of equal frequency and amplitude 
traveling with the same speed in the same direction (+s) but with a phase ; 


ee E ee ee ee ee 
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. difference ¢ between them. The equations of the two waves will be 
Yr = Ym Sin (kx — wt — ¢) (19-14) 
amd Yo = Ym Sin (ke — wt). Hin (19-15) 


We can rewrite the first equation in two equivalent forms 


Yi = Ym Sin L (2 = 3 — «| (19-14a) 


ed Yı = Ym Sin [i =w ( + 2). (19-14b) 


Equations 19-14a and 19-15 suggest that if we take a "snapshot" of the 
two waves at any time ¢, we will find them displaced from one another 
along the x-axis by the constant distance ¢/k. Equations 19-14) and 
19-15 suggest that if we station ourselves at any position æ the two waves 
will give rise to two simple harmonic motions having a constant time differ- 
ence ġ/w.` This gives some insight into the meaning of the phase difference 
$. : 
Now let us find the resultant wave, which, on the assumption that super- 
position occurs, is the sum of Eqs. 19-14 and 19-15 or 


Y = yı + Yo = Ymisin (kz — wt — $) + sin (ka — ot)]. 
From the trigonometric equation for the sum of the sines of two angles 


sin B + sin C= 2 sin 4(B + C) cos 4(C — B) (19-10 
; d j $Y $ 
we obtain y = Vm [2 sin (io ei as A i di 


ps (21m Bod $) Nu (t: AE um $) (19-17) 


This resultant. wave corresponds to a new wave having the same fre- 
quency but with an amplitude 2y4 cos (6/2). If pis very small (compared 
to 180°), the resultant amplitude will be nearly ym That is, when ¢ is 
very small, cos (¢/2) = cos 0° = 1. When ¢ is zero, the two waves vain 
the same phase everywhere. The crest of one corresponds to the crest 0 
the other and likewise for the troughs. The waves are then said to inter- 
fere constructively. The resultant amplitude is just twice that of sal 
wave alone. If ¢ is near 180°, on the other hand, the resultant amplitu e 
will be nearly zero. That is, when ¢ = 180°, cos (¢/2) = cos 90° = 5 
When ¢ is exactly 180°, the crest of one wave corresponds exactly to n e 
trough of the other. The waves are then said to interfere destructively. 

l itude is zero.- i 
peu M rs superposition of two wavetrains almost, in 
phase (¢ small) and in Fig. 19-95 the superposition of two wavetrains 
almost 180° out of phase ($ & 180°). Notice that in these figures the 
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(b) 


Fig. 19-9 (a) The superposition of two waves of equal frequency and amplitude that 
are almost in phase results in a wave of almost twice the amplitude of either com- 
ponent. (b) The superposition of two waves of equal frequency and amplitude and 
almost 180° out of phase results in a wave whose amplitude is nearly zero. Note that 
in both the resultant frequency is unchanged. (The drawings correspond to the 
instant ¢ = 0.) 


algebraic sum of the ordinates of the thin (component) curves at any value 
of x equals the ordinate of the thick (resultant) curve. The sum of two 
waves can, therefore, have different values, depending on their phase 
relations. i 4 
The resultant wave will be a sine wave, even when the amplitudes of the 
component sine waves are unequal. Figure 19-10, for example, illustrates 
the addition of two sine waves of the same frequency and velocity but 
different amplitudes. The resultant amplitude depends on the phase dif- 
ference, which is taken as zero in this figure. The result for other phase 
differences could be obtained by shifting one of the component waves side- 
ways with respect to the other and would give a smaller resultant ampli- 
tude. The smallest resultant amplitude would be the difference in the 
amplitudes of the components, obtained when the phases differ by 180°. 
However, the resultant is always a sine wave. The addition of any 
number of sine waves having the same frequency and velocity gives à 
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Fig. 19-10 The addition of 
two waves of same frequency 
and phase but differing ampli- 
tudes (light lines) yields a 
third wave of the same fre- ; x 
quency and phase (heavy line). 


similar result. The resultant waveform will always have a constant ampli- 
tude because the component waves (and their resultant) all move with the 
same velocity and maintain the same relative position. The actual state 
of affairs can be pictured by having all the waves in Figs. 19-9 and 19-10 
move toward the right with the same speed. 

In practice, interference effects are obtained from wavetrains which 
originate in the same source (or in sources having a fixed phase relationship 
to one another) but which follow different paths to the point of interference. 
The phase difference @ between the waves arriving at a point can be 
calculated by finding the difference between the paths traversed by them 
from the source to the point of interference. The path difference is $/k or 
(@/2m)\. When the path difference is 0, à, 2A, 3A, etc., so that $ = 0, , 
2m, 4r, etc., the two waves interfere constructively. For path differences 
of 4A, 2A, £A, etc., $ ism, 37, 5r, etc., and the waves interfere destructively. 
We shall return to these matters later in more detail. 


19-8 Complex Waves ' 


The waves we have considered so far have been of the simple harmonic type, in 
which the displacements at any time are represented by a sine curve. We have 
seen that superposition of any number of such waves having the same frequency 


d i i amplitudes and phases, still gives rise to a resultant 
IAS l se waves that have different 


wave of this simple type. - If, however, we superimpo: c 
frequencies, the resulting wave is complex. In a complex wave the motion of a 
particle is no longer simple harmonic motion, and the wave shape is no longer a sine 
curve. In this section we consider only the qualitative aspects of complex waves. 
The analytical treatment of such waves will be given when we encounter physical 
situations described by them. We will look at the results of adding graphically 
two or more waves traveling with the same ha in the same direction but having 
vari i uencies, amplitudes, and phases. — ; 

ie Figs pue 19-118 e add two waves having the same um P but 
having frequencies in the ratio 3 to 1; the phase relation is changed em a ti an : 
we see how changing the phase relation may produce a resultant of very 3 eren 
form. If these represent sound waves, our eardrums will vibrate in a way mee 
sented by the resultant in each case, but we will hear and interpret these as the two 
original frequencies, regardless of their phase relation. If the resultant waves 


represent visible light, our eyes will receive the same sensation of a mixture of two 


: relation of the components. : ; 
egt. Dee E E different frequencies, and amplitudes are TUM 
The resultant complex wave is quite different from a simple periodic wave and, n 
this respect resembles waveforms normally generated by Am maine nts, n 
Fig. 19-13 a wave of very high frequency 1s added to one of very low frequency. 
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(5) 


Fig. 19-11 The addition, of two waves with frequency ratio 3:1 (light lines) yields a 
wave whose shape (heavy line) depends on the phase relationship of the components 
Compare (a) and (b). 


Fig. 19-12 The addition of three waves (top) of differing frequencies yields a complex 
waveform (bottom). 


Fig. 19-13 The addition (heavy li f i ifferi ) 
E, vy line) of two waves of widely differing frequency 
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Fig. 19-14 The addition (bottom) of two waves with nearly the same| frequency 
(top), illustrating the phenomenon of beats. (see Chapter 20.) 


Each component frequency is clearly discernible in the resultant. In Fig. 19-14 
two waves of nearly the same frequency are added. The resultant wave consists 
of groups which, in the ease of sound, produce the familiar phenomenon ‘of beats 
(Section 20-6). 

In all of these figures the resultant wave is obtained under the assumption that 
the principle of superposition holds, by simply adding the displacements caused by 
the individual waves at every point. Because all the component waves travel with 
the same velocity, the resultant-waveform moves with this same velocity und the 


wave shape is unchanged. : Í ; 
The cathode-ray oscilloscope (Chapter 27) gives the simplest, way of observing 
how complex waves can be synthesized and analyzed in terms of simple harmonic 


waves. 
19-9 Standing Waves 

In a one-dimensional body of finite size, such as a taut string held by two 
clamps a distance / apart, traveling waves in the string are reflected from 
the boundaries of the body, that is, from the clamps. Each such. reflection 
gives rise to a wave traveling in the string in the opposite direction, The 
reflected waves add to the incident waves according to the principle of 


superposition. : ; 
Consider two wavetrains of the same frequency, speed, and amplitude 


which are traveling in opposite directions along a string. ‘Two such waves 
may be represented by the equations s 

yi = Ym Sin (ka — al), 

yo = Ym Sin (kz + at). 


Hence, the resultant may be written as ' 
y = yı + ya Ym sin (kx — wt) + Ym sin (ka + wt) (19-18a) 


or, making use of the trigonometric relation of Eq. 19-16, as 


y = 2ym sin ka cos ot. (19-180) 


Equation 19-18) is the equation of a standing wave.* Notice that a 


* Standing waves may also be produced in finite bodies of two or three dimensions; 


see Sections 20-5 and 38-5 respectively for examples. 
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particle at any particular point z executes simple harmonie motion as time 
goes on, and that all particles vibrate with the same frequency. In a 
traveling wave each particle of the string vibrates with the same amplitude. 
Characteristic of a standing wave, however, is the fact that the amplitude is not 
the same for different particles but varies with the location x of the particle.* 
In fact, the amplitude, 2y,, sin kx, has a maximum value of 2y,, at positions 
where 


3r 5r 

kx - = z etc. 
A 3A 5A 

or > g= = — — ete. 
44 4 


These points are called antinodes and are spaced one-half wavelength apart. 
The amplitude has a minimum value of zero at positions where 


kx = r, 2r, 3r, etc. 


A. BX 
or t= 9' À, 7! 2h, ete. 


These points are called nodes and are spaced one-half wavelength apart. 
The separation between a node and an adjacent antinode is one-quarter 
wavelength. 

It is clear that energy is not transported along the string to the right or 
to the left, for energy cannot flow past the nodal points in the string which 
are permanently at rest. Hence, the energy remains "standing" in the ` 
string, although it alternates between vibrational kinetic energy and elastic 
potential energy. We call the motion a wave motion because we can think 
of it as a superposition of waves traveling in opposite directions (Eq. 
19-182). We can equally well regard the motion as an oscillation of the 
string as a whole (Eq. 19-18b), each particle oscillating with SHM of 
angular frequency w and with an amplitude that depends on its location. 
Each small part of the string has inertia and elasticity, and the string as & 
whole can be thought of as a collection of coupled oscillators. Hence, the 
vibrating string is the same in principle} as a spring-mass system, except 
that a spring-mass system has only one natural frequency, and a vibrating 
string has a large number of natural frequencies (Section 19-10). 

In Fig. 19-15, in (a), (b), (c), and (d), we show a standing wave pattern 
separately at intervals of one-quarter of a period in the lower figures, 3. 
The traveling waves, one moving in the positive z-direction and the other 
moving in the negative z-direction, whose superposition can be considered 


* The combining waves moving in opposite directions along the string will still pro- 
duce standing waves even if their amplitudes are unequal. We consider only the equal- 
amplitude case here; see Problem 25, however. 3 

S For a general discussion see “On the Teaching of ‘Standing Waves,’ ” J. Rekveld, 
American Journal of Physics, March 1958, p. 159. 
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Fig. 19-15 Standing waves as the superposition of left- and right-going waves; 1 and 
2 are the components, 3 the resultant. 


shown for the same quarter-period 


to give rise to the standing w? ve, are 
Standing waves can also be pro- 


intervals in the upper figures 2 aad 1. 
duced with electromagnetic waves apd with sound waves. 

In Fig. 19-16 we show how the energy associated with the oscillating 
string shifts back and forth between kinetic energy of motion K and 
potential energy of deformation U during one cycle. The student should 
compare this with Fig. 8-4, which shows the same thing for a mass-spring 
oscillator. Oscillating strings often vibrate so rapidly that the eye per- 
ceives only a blur whose shape is that of the envelope of the motion; see 
Fig. 19-17. 

The superposition of an incident wave and a reflected wave, being the 
sum of two waves traveling in opposite directions, will give rise to & stand- 
ing wave. We shall now consider the process of reflection of a wave more 
closely. Suppose a pulse travels down a stretched string which is fixed at 
one end, as shown in Fig. 19-184. When the pulse arrives at that end, it 
exerts an upward force on the support. The support. is rigid, however, 
and does not move. By Newton's third law the support exerts an equal 
but oppositely directed force on the string. This reaction force generates 
a pulse at the support, which travels back along the string in a direction 
opposite to that of the incident pulse. We say that the incident pulse has 
been reflected at the fixed end point of the string. Notice that the reflected 
pulse returns with its transverse displacement reversed. Ifa wavetrain is 
incident on the fixed end point, a reflected wavetrain is generated at that 
point in the same Way. The displacement of any point along the string is 
the sum of the displacements caused by the incident and reflected wave. 
Since the end point is fixed, these two waves must always interfere destruc- 
int so as to give zero displacement there. Hence, the 


tively at that po : 
reflected wave is always 180? out of phase with the incident wa ve-nt a fixed 


y OO 
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je An edi rs later the displacement is reduced and the string is in motion. The 
ANUS show a velocities of the string particles at the positions shown. K and U 
EN ER AEN i (c) The string is mot displaced, but its particles have their 

mum speeds; the energy is all kinetic. The motion continues until the initial 
condition (a) is reached after which the cycle continues to repeat itself 


Antinode Antinode Antinode 
Node Node 


Fig. 19-17 The envelope 
of a standing wave, cor- 
responding to a time expo- 
sure of the motion, and 
showing the patterns of 
nodes and antinodes. 


N 
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FERTIG 


Fig. 19-18 (a) Reflection of a 
pulse at the fixed end of a string. 
The drawings are spaced uni- 
formly in time. The phase is 
changed by 180° on reflection. 
(b) Reflection of a pulse at an 
end free to move in a transverse 
direction. (The string is at- 
tached to a ring which slides ver- 
tically. without. friction.) The 
phase is unchanged on reflection. VAS 


MR 


> 


1i 


(a) (6) 


boundary. We say that on reflection from a fixed end a wave undergoes : 
hase change of 180°. 
E Let us d pac. the reflection of a pulse at a free end of a'stretched 
string, that is, at an end that is free to move transversely, This can be 
achieved by attaching the end to a very light ring free to slide Mea 
friction along a transverse rod, or (see later) to a long and very muc 
lighter string. When the pulse arrives at the free end, it exerts a force on 


i i its inertia 
th i ere. This element is accelerated and i 
E hoots” and exerts a reaction 


carries it past the equilibrium point; it “overs 
force on the Mero This generates 2. pulse which travels back along the 
string in a direction opposite to that of the incident pulse. i Once senm xe 
get reflection, but now at a free end. The free end will obviously suffer the 
maximum displacement of the particles on the string; an incident an a 
reflected wavetrain must interfere constructively at that point if we are 2 
have a maximum there. ' Hence, the reflected wave is always in pb ase wit 
the incident wave at that point (see a We say that at a free 

) ilhoul change of phase. r ! 
ee sta Ee ina string, there will bea ne y 
a fixed end and an antinode at a free end. These ideas will be applie 
sound waves and electromagnetic waves in subsequent chapters. 
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In the treatment just given we have assumed that there is total reflection at the 
boundary. In general, at a boundary there is partial reflection and partial trans- 
mission. For example, suppose that instead of being attached to a rigid wall the 
string is attached to another string. At the boundary joining the strings the 
incident wave will be partly reflected and partly transmitted. The amplitude of 
the reflected wave will-be less than that of the incident wave because a transmitted 
wave continues along the second string and carries away some of the incident 
energy. If the second string has a greater linear density than the first, the wave 
reflected back into the first will still suffer a phase shift of 180? on reflection. But 
because its amplitude is léss than the incident wave, the boundary point will not 
be a node and will move. Thus a net energy transfer occurs along the first string 
into the second. If the second string has a smaller linear density than the first, 
partial reflection oceurs without change of phase, but once again energy is trans- 
mitted to the second string. In practice the best way to realize a “free end” fora 
string is to attach it to a long and very much lighter string. The energy trans- 
pired is negligible, and the second string serves to maintain the tension in the 

t one. 

It is of interest to note that the transmitted wave travels with a different speed 
than the incident and reflected waves. The wave speed is determined by the 
relation v = 4//T/u; the tension is the same in both strings, but their densities are 
different. Hence, the wave travels more slowly in the denser string. The fre- 
quency of the transmitted wave is the same as that of the incident and reflected 
waves. Waves having the same frequency but traveling with different speeds 
have different wavelengths. Hence, from the relation à = v/v we conclude that in 
the denser string, where v is less, the wavelength is shorter. This phenomenon of 
change of wavelength as a wave passes from one medium to another will be encoun- 
tered frequently in our study of light waves. 


19-10. Resonance 


In general, whenever a system capable of oscillating is acted on by & 
periodic series of impulses having a frequency equal or nearly equal to one 
of the natural frequencies of oscillation of the system, the system is set into 
oscillation with a re tively large amplitude. This phenomenon is called 
resonance (see Section 15-10) and the system is said to resonate with the 
applied impulses. 

Consider a string fixed at both ends. Oscillations or standing waves can 
be established in the string. The only requirement we have to satisfy is 
that the end points be nodes. There may be any number of nodes in 
between or none at all, so that the wavelength associated with the stand- 
ing waves can take on many different values. The distance between 
adj acent nodes is \/2, so that in a string of length / there must be exactly an 
integral number n of half wavelengths, \/2. That is, 


mr 
gs! 
z 2l 
s DES NT LEsS 


tA = v/v and im "V F/u, so that the natural frequencies of oscillation 
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of the system are 


n |F ‘ > 
p E ps n= 1,2, SS (19-19) 


If the string is set vibrating and left to itself, the oscillations gradually 
die out. The motion is damped by dissipation of energy through the 
elastic supports at the ends and by the resistance of the air to the motion. 
We can pump energy into the system by applying a driving force. If the 
driving frequency is near that of any natural frequency of the string, the 
string will vibrate at that frequency with a large amplitude. Because the 
string has a large number of natural frequencies, resonance can occur 
at many different frequencies. A mass-spring system, by contrast, has 
only one resonant frequency. The difference is associated with the fact 
that in the mass-spring system the inertia characteristic is concentrated 
(“lumped”) in one part of the system—the mass—and the elastic character- 
istic is concentrated in a separate part of the system—the spring. We say 


istics. In the mass-spring system, 
energy between kinetic and potential: 
in kinetic form must 
potential form must be associated with the defo 
stretched string, however, masslike (inertia) and 
elements are distributed uni 3 
possible ways, rather than a single way, of exchangin 
kinetic and potential forms as the sys 


1 9. : 
ften demonstrated by attaching a string to a ' 
hed to it over a pulley, and connecting | 
in Fig. 19-19. The transverse oscil- 
in the string which is reflected | 
of the waves is that of the 
by \ = v/v. The fixed end P 


the other end to a vibrator, as shown i 
lations of the vibrator set up 8 traveling wave 
back from the fixed end. The frequency 
vibrator, and the wavelength is determined 


Fig. 19-19 Standing waves in 
a driven string when the nat- 
ural and driving frequencies 
are very nearly equal. 7 
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is a node, but the end Q vibrates and is not. If we now vary the tension 
. in the string by changing the hanging weight, for example, we can change 
the wavelength. Changing the tension changes the wave velocity, and 
the wavelength changes in proportion to the velocity, the frequency being 
constant. Whenever the wavelength becomes nearly equal to 2//n, where 
lis the length of the string, we obtain standing waves of great amplitude, 
The string now vibrates in one of its natural modes and resonates with.the 
vibrator. The vibrator does work on the string to maintain these oscilla- 
tions against the losses due to damping. The amplitude builds up only to 
the point at which the vibrator expends all its energy input against, damp- 
ing losses. The point Q is almost a node beeause the amplitude of the 
. vibrator is small compared to.that of the string. 


Hence, with damping, the resonant frequency is almost, but not quite, a natural 
frequency of the string. One end point is a node, the other almost a node. In 
between there are points that-are almost nodes, points at which the amplitude is 
very small. These points cannot be true nodes, for energy must flow along the 
string past them from the vibrator. This situation is analogoüs to the resonance 
condition for a damped harmonic oscillator with driving force, discussed in Section 
15-10. ' There, too, the resonant frequeney was almost the same as the natural fre- 
quency of the system, and the amplitude was large but not infinite, If no damping 

, Were present, the resonant frequency would be exactly a.natural frequency... Then 
the amplitude would build up to infinity as the energy is pumped in. In practice, 

- the system would cease to obey Hooke's law, or the small-oscillations condition, as 
the amplitude becomes large and the system would break. This happens even 
with damping, when the damping is small or the driving force is large (as in the 
Tacoma Bridge disaster, Fig. 15-21). 


"If the frequency of the vibrator is much different from a natural fre- 
quency of the system, as given by Eq. 19-19, the wave reflected at P on 
returning to Q may be much out of phase with the vibrator, and it can do 
* work on the vibrator. That is, the string can give up some energy to the 
` Vibrator just as well as receive energy from it. The "standing" wave 
pattern is not fixed in form but wiggles about. On the average the ampli- 
tude is small and not much different from that of the vibrator. This 
situation is analogous to the erratic motion of a swing being pushed 
periodically with a frequency other than itsnaturalone. The displacement 

of the swing is rather small. : 
Hence, the string absorbs peak energy from the vibrator at resonance. 
Tuning a radio is an analogous process. By tuning a dial the natural fre- 
-quency of an alternating current in the receiving circuit is made equal to 
the frequency of the waves broadcast by the station desired. The circuit 
Tesonates with the transmitted signals and absorbs peak energy from the 
signal. We shall encounter resonance conditicns again in sound, in electro- 
agnetism, in optics, and jn atomic and nuclear physics, In these areas, 
as In mechanics, the system will absorb peak energy from the source at 

resonance and relatively little energy off resonance. 


> Example 4. In a demonstretion- with the apparatus just described, the 
vibrator has a frequency » = 20 cycles/sec, and the string has a linear density 


` 
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u = 1.56 X 107* slug/ft and a length 1 = 24ft. The tension F is varied by pulling 
down on the end of the string over the pulley. If the demonstrator wants to show 
resonance, starting with one loop and then with two, three, and four loops, what 
force must he exert on the string? 

At resonance, 


n E 
Vo dp E add 
201 VN. 
Hence, the tension Æ is given by : 
252 
F= Alv! 


For one loop, n = 1, so that St in ^ 
P, = Altytg = 4(24 ft)(20 sec) (1.50 X 10-* slag/ft) = 144 Ib. 


For two loops, n = 2, and 


ON MR AP 
e --—23801. ' 
sed ASI MEN k 
Likewise, for three and four loops — 
E Fi j " 
F; = — = 161b 
3, (3)? y 
Fi F 
Tam = 9 hb. 
fugite 


Hence, the demonstrator gradually relaxes the tension to obtain resonance with 
an increasing number of loops. Although the resonant frequency is always the 
acne under these circumstances, the speed of propagation and the wavelength at 
resonance decrease proportionately. f 

Taking damping into account, are 

If the tension were kept fixed, giving 
more than one resonance condition by varying the frequency 


the tensions given exactly correct? 
a definite wave speed, would we obtain 
ofthe vibrator. <€ 


| QUESTIONS 


1. How could you prove experimentally that energy is associated with a wave? 


2. Energy can be transferred by particles as well as by waves. How can we dis- 
tinguish experimentally between these methods of energy transfer? A cn ; 
3. Can a wave motion be generated in-whieh the particles of the medium yibrate with 
angular simple harmonic motion? If so, explain how and describe the pavo 

4. Are torsional waves transverse Or longitudinal? Can they be considered as a 
superposition of two waves, Which are either transverse or longitudinal? 

5. How can one create plane waves? ‘Spherical waves? 

6. The following functions in which Æ is a constant are of the form f(z + vt): 


yr Ae, y AG 
y=4A "2 — vl y= Àln(z +). 


Explain why these functions are not useful jn wave motion. 
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17. How do the amplitude and the intensity of surface water waves vary with the 
distance from the source? 
8. The inverse square law does not apply exactly to the decrease in intensity of 
sounds with distance. Why not? 
9. When two waves interfere, does one alter the progress of the other? 
10. When waves interfere, is there a loss of energy? Explain your answer. 


11. Why don't we observe interference effects between the light beams emitted from 
two flashlights or between the sound waves emitted by two violins. 

12. If two waves differ only in amplitude and are propagated in opposite directions 
through a medium, will they produce standing waves? Is energy transported? Are 
there any nodes? (See Problem 25.) 

13. The partial reflection of wave energy by discontinuities in the path of trans- 
mission is usually wasteful and'ean be minimized by insertion of "impedance matching" 
devices between the sections of the path bordering on the discontinuity. For example, 
a megaphone helps match the air column of mouth and throat to the air outside the 
mouth. Give other examples and explain qualitatively how such devices minimize 
reflection losses (see Problem 25). 

14. Is an oscillation a wave? Explain. 

15. Consider the standing waves in a string to be a superposition of traveling waves 
and explain, using superposition ideas, why there are no true nodes in the resonating 
string of Fig. 19-19, even at the “fixed” end. (Hint: Consider damping effects.) 

16. In the discussion of transverse waves in a string we have dealt only with displace- 
ments in a single plane, the z-y plane. If all displacements lie in one plane the wave is 
said to be plane polarized. Can there be displacements in a plane other than the single 
plane dealt with? If so, can two differently plane-polarized waves be combined? 
What appearance would such a combined wave have? 

17. A wave transmits energy. Does it transfer momentum? Can it transfer 
angular momentum? (See Question 16.) ^ 


PROBLEMS 
1. Show that y = ym sin (kr — wt) may be written in the alternative forms 


Y = Ymsin k(x — vt), Y = Ym Sin 2r (: — 2! 


3 z t 
-) (aeria (5-7) 


2. The speed of electromagnetic waves in vacuum is 3 X 108 meters/sec. (a) Wave- 
lengths in the visible part of the spectrum (light) range from about 4 x 1077 meter in 
the violet to about 7 X 1077 in the red.. What is the range of frequencies of light 
waves?- (b) The range of frequencies for shortwave radio (for example, FM radio and 
VHF television) is 1.5 megacycles/sec to 300 megacycles/sec. What is the correspond- 
ing wavelength range? (c) X-rays are also electromagnetic. Their wavelength range 


extends from about 5 X 10-9 meter to 1.0 X 10-11 meter. What is the frequency 
range for X-rays? 


EESTI 


y = msina( 


3. The equation of a transverse wave traveling in a rope is given by 


y = 10 sin z(0.01z — 2.002), 
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where y and z are expressed in centimeters and ¢ in seconds. (a) Find the amplitude, 
frequency, velocity, and wavelength of the wave. (b) Find the maximum transverse 
speed of a particle in the rope. 


4. Write the equation for a wave traveling in the negative direction along the z-axis 
and having an amplitude 0.010 meter, a frequency 550 vib/sec, and a speed 330 meters/ 
sec, 

5. A wave of frequency 500 cycles/sec has a phase velocity of 350 meters/sec. 
(a) How far apart are two points 60° out of phase? (b) What is the phase difference 
between two displacements at a certain point at times 107? sec apart? 


6. (a) A continuous sinusoidal longitudinal wave is sent along a coil spring from a 
vibrating source attached to it. The frequency of the source is 25 vib/sec, and the 
distance between successive rarefactions in the spring is 24cm. Find-the wave speed. 
(b) If the maximum longitudinal displacement of a particle in the spring is 3.0 cm and 
the wave moves in the —z direction, write the equation for the wave. Let the source 
be at z = 0 and the displacement at z = 0 and t = 0 be zero. 


7. What is the speed of a transverse wave in a rope of length 2.0 meters and mass 
0.060 kg under a tension of 500 nt? 

8. Prove that the slope of a string at any point z is numerically equal to the ratio of 
the particle speed to the wave speed at that point. 

9. A uniform circular hoop of string is rotating clockwise in the absence of gravity 
(see Fig. 19-20). ‘Phe tangential speed is vo. - Find the speed of waves traveling on this 
string. (Hint: The answer is independent of the radius of the circle and the mass per 
unit length of the string!) $ 

10. (a) From Example 2 show that the mazimum speed of a 
perticle in a string through which a sinusoidal wave is passing is 
V = ymw. (b) In Example 2 we saw that the particles in the 
string oscillate with simple harmonie motion. The mechanical ) 
energy of each particle is the sum of its potential and kinetic en- 
ergies and is always equal to the mazimum value of its kinetic 7 
energy. Consider an element of string of mass « 47 and show ) 
that the energy per unit length of the string is given by Fig. 19-20 


E- 2x uy ym. 
(c) Show finally that the average power or average jus yt rares cnl 
product of the energy per unit length and the wave speed. (d) 
only for a sinusoidal wave? 


11. Spherical waves are emitted from 
medium. What is.the wave intensity 1 
12. (a) Show'that the intensity J (the en! 
product of the energy per unit volume e and the ae 
turbance. (b) Radio waves travel at a speed of 3.0 X 1 
density in a radio wave 300 miles from & 50,000-watt source, 
spherical and the propogation to be isotropic. : ; 
; i the medium 
13. A line source emits a cylindrical eps ey ot Rouen ud. on the 
absorbs no energy, find how the amplitude and intensity © 
distance from the source i i 
j : s j 
Determine de ample f eene Bo ae pantie, di 
having the same frequency and traveling in the op E d aiani. , 
amplitudes are 3.0 cm and 4.0 cm and they differ in p ce 
1 es are & 
15. A k tor Dof high-frequency wav S 
ground. Ee um bacc. S is found to be in phase at D with the wave from S 
n 


a 1.0-watt source in an isotropic nonabsorbing 


.0 meter from the source? 

g unit area per unit time) is the 
of propagation v of a wave dis- 
8 meters/sec. Find the energy 
assuming the waves to be 


ergy crossin| 
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that is reflected from a horizontal layer at an altitude H (Fig. 19-21). The incident 
and reflected rays make the same angle with the reflecting layer. When the layer rises 
a distance h, no signal is detected at D. Neglect absorption in the atmosphere and 
find the relation between d, h, H, and the wavelength \ of the waves. 

16. Three: component  sinusoidal 
waves have the same period, but their 
amplitudes are in the ratio 1, 1/2, and 
1/3 and their phase angles are 0, 7/2, 
and x respectively. Plot the result- 
ant waveform and discuss its nature. 

17. ‘Four component sine wwayes 
have frequencies in the ratio 1, 2, 3, 
and 4 and amplitudes in the ratio 1, 
1/2, 1/3, and 1/4, respectively. The 
first and third components are 180° 
out of phase with the second and 
fourth components. Plot the result- 
ant waveform and discuss its nature. 


18. A string vibrates according to 
7 the equation 
Fig. 19-21 ; e 
.oTI 
y=5 sin m cos 401, 
where z and y are in centimeters and fis in seconds. (a) What are the amplitude and 
velocity of the component waves whose superposition can give rise to this vibration? 
(b) What is the distance between nodes? © What is the velocity of a particle of the 
string at the position z = 1.5 cm when t = § sec? 
19. Two pulses are traveling along a Put in opposite direction, as shown in Fig. 
19-22. (a) If the wave velocity is 2.0 cm/sec and the pulses are 6.0 cm apart, sketch 
„the patterns after 0.5, 1. 9, 1.5, 2.0, 2.5 sec. (b) What has happened to the energy at 
t 15 sec? a 


20. Two transverse sinusoidal waves travel in opposite directions along a string. 
Each has an amplitude of 3.0 em and a wavelength of 6.0 em. The speed of a transverse 
wave in the string is 0.50 cm/sec. Plot the shape of the string at each of the following 
times: ¢ =-0 (arbitrary), ( = 1.5, t = 3.0, t = 6.0, t = 7.5, and t = 9.0 sec. 


21. The equation of a transverse wave traveling in a rope is given by 


y = 60 cos 5 (0.00502 — 8.0t — 0.57), 


in which z and y are expressed in centimeters and t in Seconda. Write down the equa- 


tion of a wave that, when added to the given ane; would produce standing waves on the 
rope. 
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22. In a laboratory experiment on standing waves a string 3.0 ft long is attached to 
the prong of za electrically driven tuning fork which vibrates perpendicular to the 
length of the string at a frequency of 60 vib/sec. The weight of the string is 0.096 Ib. 
(a) What tension must the string be under (weights are attached to the other end) if it is 
to vibrate in four loops? (b) What would happen if the tuning fork is turned so as to 
vibrate parallel to the length of the string? ! 

23. A wave travels out uniformly in all directions from a point source. Justify the 
following expression for the displacement y of the medium at any distance r from the 
source: i ^ ni r 


y = sin kir =). 


What are the dimensions of the constant Y? > 

24. Consider two point sources S; and 82 in Fig. 19-23 which emit waves of the same 
frequency and amplitude. The waves start in the same phase, and this phase relation at 
the sources is maintained throughout time. Consider points P at which r1 is nearly 


Consider the speed, direction of propagation, periodicity, and intensity of the wave. 


ur 
equal to rz. (a) Show that the superposition of these two waves gives a wave whose 
amplitude varies with the position T approximately according to 


n 


E FAT (ry — r), 
ro 2 x 


i i IS 2. (b) Then show that total annulment occurs when rı = rs = 
mic n bie and that total re-enforcement occurs when ri — ra = nM 
The locus of points "whose difference in distance from two fixed points is a-constant is 
a hyperbola, the fixed points being the foci. Hence each value of n gives a hyperbolic 
line of constructive interference and a hyperbolic line of destructive interference. i At 
points at which rı and rz are not approximately equal (as near the sources), the ampli- 
tudes of the waves from S; and S» differ and the. aves wy only oe i 
PA raveling wave is only partially reflected from a boundary, the 
me pisse jp» waves having different amplitudes and traveling in 
opposite-directions gives a standing wave pattern of waves whose envelope is shown in 
Fig, 19-24. ‘The standing wave ratio (SWR) is defined as (Ay + Ax) /(As — Ar) = 
AE. Aa. (a) Show that for 100% reflection SWR = « and that for no reflection 
SWR = 1. (b) Show that a measurement of the SWR just before the boundary reveals i 
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outward from the source as a wave. Upon entering the ear, these waves 
produce the sensation of. sound. Waveforms which are approximately 
` periodic or consist of a small number of approximately periodic components 
give rise to a pleasant sensation (if the intensity is not too high), as, for 
example, musical sounds. Sound whose waveform is nonperiodic is heard 
as noise. Noise can be represented as a superposition of periodic waves, 
but the number of components is very large. 
In this chapter. we deal with the properties of longitudinal mechanical 
waves, using sound waves as the prototype. 


20-2 Propagation and Speed of Longitudinal Waves 


Sound waves, if unimpeded, will spread out in all directions from a 
source. It is simpler to deal with one-dimensional propagation, however, 
than with three-dimensional propagation, so that we consider first the 
transmission of longitudinal waves in a tube. 

Figure 20-1 shows a piston at one end of a long tube filled with a com- 
pressible medium. The vertical lines divide the compressional (fluid) 
“medium into thin ‘‘slices,” each of which contains the same mass of fluid. ' 
Where the lines are relatively close together the fluid pressure and density 
are greater than they are in the normal undisturbed fluid, and conversely. 
We shal) treat the fluid as a continuous medium and ignore for the time 
being the fact that it is made up of molecules that are in continual random 

motion. 

If we push the piston of Fig. 20-1 forward, the fluid in front of it is com- 
pressed, the fluid pressure and density rising above their normal undis- 
turbed values. The compressed fluid moves forward, compressing the 
fluid layers next to it, and a compressional pulse travels down the tube. 
If we then withdraw the piston, the fluid in front of it expands, its pressure 
and density falling below their normal undisturbed values; a pulse of 
rarefaction travels down the tube. These pulses are similar to transverse 
pulses traveling along a string, except that the oscillating fluid elements are 


- Fig. 20-1 Sound waves gener- 
ated in a tube by an oscillating 
piston. The vertical lines divide 
the compressible medium in the 
tube into layers of equal mass. 
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displaced along the direction of propagation (longitudinal) instead of at 
right angles to this direction (transverse). If the piston oscillates back 
and forth, a continuous train of compressions and rarefactions will travel 
along the tube (Fig. 20-1). As for transverse waves in a string (see 
Section 19-5) we should be able, using Newton's laws of motion, to express 
the speed of propagation of this longitudinal wave in terms of an elastic 
and an inertial property of the medium. We now do so. 


For the moment, let us assume that the tube is very long so that we can ignore 
reflections from the other end. As for the string of Fig. 19-6, we will consider not 
an extended wave but a single (compressional) pulse that; we might generate by 
giving the piston in Fig. 20-1 a short, rapid, inward stroke, 

Figure 20-2 shows such a pulse (labeled “compressional zone") traveling at 
speed v along the tube from left to right. For simplicity we have assumed this 
pulse to have sharply defined leading and trailing edges and to have a uniform fluid 
pressure and density in its interior. When we analyzed the motion of a transverse 
pulse in a string, we found it convenient to choose a reference frame in which the 
pulse remained stationary; we will do this here also. In Fig. 20-2, then, the com- 
pressional zoné remains stationary in our reference frame while the fluid moves 
through it from right to left with speed v, as shown. 

Let us follow the motion of the element of fluid contained between the vertical 
lines at P in Fig. 20-2. This element moves forward at speed v until it strikes the 
compressional zone. While it is entering this zone it encounters a difference of 
pressure Ap between its leading and its trailing edges. The element is compressed 
and decelerated, moving with a lower speed v + Av within the zone, the quantity 
Av being negative. The element eventually emerges from the left face of the zone 
where it expands to its original volume and the pressure differential Ap acts to 
accelerate it to its original speed v. The figure shows the element at point R, having 
passed through the compressional zone and moving again with speed v, as at P. 

Let us apply Newton’s laws to the fluid element while it is entering the com- 
pressional zone. The resultant force acting during entry points to the right in 
Fig. 20-2 and has magnitude 


F = (p + Ap)A — pA = ApA 


in which A is the cross-sectional area of the tube. 

The length of the element outside the compressional zone (at P, say) is v At, 
where At is the time required for the element to move past any given point. The 
volume of the element is thus vA At and its mass is povA At, where po is the density 
of the fluid outside the compressional zone. The deceleration a experienced by the 


Comipressional 
zone 


Fig. 20-2 A compressional pulse travels along a gas-filled tube. In a reference frame 
in which the undisturbed gas is at rest the pulse moves from left to right with speed v. 
We view the pulse, however, from a reference frame in which the pulse is stationary; in 
such a frame the gas outside the pulse streams through the tube from right to left 
with speed v, as shown. Note that Av is negative. 
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element as it enters the zone is —Av/At; because Av is inherently negative, a is 
positive, which means that, like the force ApA in Fig. 20-2, it points to the right. 
Thus Newton's second law 
F = ma 
yields 
Y —Av 
ApA = (pw At) M 


which we may write as 


Now the fluid that would occupy a volume V = Av At at P is compressed by an 
amount A (Av) At = AV on entering the compressional zone. Hence, 

AV  AAbAL Av 

AS LT E 


AV/V. 

The ratio of the change in pressure on a body, Ap, to the fractional change 
in volume resulting, —AV/V, is called the bulk modulus of elasticity B of 
the body. "Thatis B = —V Ap/AV. Bis positive because an increase in 
pressure causes a decrease in volume. In terms of B, the speed of the 
longitudinal pulse in the medium of Fig. 20-2 is 


= V B/po. (20-1) 


; A more extended analysis than given above shows that Eq. 20-1 applies 
not.only to rectangular pulses of the type displayed in Fig. 20-2 but also 


and we obtain pov? = 


Table 20-1 
SPEED OF SOUND 


T Speed 
Medium Tempera- 
ture, °C 
/ Meters/sec Ft/sec 
ee AS 
= e 0 331.3 1,087 
ydrogen 0 1,286 4,220 
SA LR 0 317.2 1,041 
ater 152a. 1,450 4,760 
Lead 20 1,230 4,030 
Aluminum 20 5,100 16,700 
pepper . 20 3,560 11,700 
Iron 20 5,130 16,800 
Extreme values 
Granite d 
e 6,000 9, 
Vulcanized rubber 0 * 54 } m 


Sec. 20-3 TRAVELING LONGITUDINAL WAVES 501 


to pulses of any shape and to extended wave trains. N otice that the speed 
of the wave is determined by the properties of the medium through which 
it propagates, and that an elastic property B and an inertial property po are 
involved. Table 20-1 gives the speed of longitudinal (sound) waves in 
various media. 

If the medium is a gas, such as air, it is possible to express B in terms of 
the undisturbed gas pressure po. For a sound wave in a gas we obtain 


v = V Ypo/Po, 


where y is a constant called the ratio of specific heats for the gas (Chapter 
23). 

If the medium is a solid, for a thin rod the bulk modulus is replaced by a 
stretch modulus (called Young’s modulus). If the solid is extended, we 
must allow for the fact that, unlike a fluid, a solid offers elastic resistance 
to tangential or shearing forces and the speed of longitudinal waves will 
depend on the shear modulus as well as the bulk modulus. 


20-3 Traveling Longitudinal Waves 


Consider again the continuous train of compressions and rarefactions 
traveling down the tube of Fig. 20-1. As the wave advances along the 
tube, each small volume element of fluid oscillates about its equilibrium 
position. The displacement is to the right or left along the z-direction of 
propagation of the wave. For convenience let us represent the displace- 
ment of any such volume element (or layer of elements that move in the 
same way) from its equilibrium position at x by the letter y. It is to be 
understood that the displacement y is along the direction of propagation for 
a longitudinal wave, whereas for a transversé wave the displacement y is 
at right angles to the direction of propagation. Then the equation of a 
longitudinal wave traveling to the right may be written as 


y = f(x — vi). 


For the particular case of a simple harmonic oscillation we may have 
2 
y= Ym cos — (2 — vt). - 


In this equation v is the speed of the longitudinal wave, Ym is its amplitude, 
and is its wavelength; y gives the displacement of a particle at time ¢ from 
its equilibrium position at z. As béfore, we may write this more com- 
pactly as 

y = Ym cos (ka — wt). (20-2) 


It is usually more convenient to deal with pressure variations in a sound 
wave than with the actual displacements of the particles conveying the 
wave. Let us therefore write the equation of the wave in terms of the ' 
pressure variation rather than in terms of the displacement. 
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From the relation 


IA Ko aug e 
we have à p y 


Just as we let y represent the displacement from the equilibrium position z, 
80 we now let p represent the change from the undisturbed pressure po: 
Then p replaces Ap, and 


AV 
peine 


Tf a layer of fluid at pressure Po has a thickness Az and cross-sectional area 
A, its volume is V = A Az, When the pressure changes, its volume will 
change by A Ay, where Ay is the amount by which the thickness of the 
layer changes during compression or rarefaction. Hence, 


3 | 
As we let Az — 0 so as to shrink the fluid layer to infinitesimal thickness, 
we obtain i ; 


pip (20-3) 


We bave used partial derivative notation because (see Eq. 20-2) y is à 
function of both z and t and we take the latter quantity as constant in this 


discussion. If the particle displacement is simple harmonic, then, from 
Eq. 20-2, we obtain 


oy : 
MEC — kym sin (ke — wt), 


and from Eq. 20-3 P = Bkym sin (ke — wt). (20-4) 


Hence, the pressure variation at e 


ach position z is also simple harmonic. 
Since v = V B/po, 


we can write Eq. 20-4 more conveniently as 
P = [kpov"ym] sin (ka — wt). 


Recall that p represents the change from standard pressure po. The term 
in brackets represents the maximum change in pressure and is called the 
pressure amplitude. If we denote this by P, then 


pP = Psin (kr — wl), (20-5) 
‘where P = kow?y,,. > (20-6) 


Hence, a sound wave may be con: 


sidered either as 4 disolacement wave or 
a pressure wave. If the former 


is written as a cosine function, the latter 
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will be a sine function and vice versa. The displacement wave is thus 90° 
out of phase with the pressure wave. That. is, when the displacement 
from equilibrium at & point is a maximum or a minimum, the excess 
pressure there is zero; when the displacement at a point is zero, the excess 
or deficiency of pressure there is a maximum. Equation 20-6 gives the 
relation between the pressure amplitude (maximum variation of pressure 
from equilibrium) and the displacement amplitude (maximum variation of 
position from equilibrium). The student should check the dimensions of 
each side of Eq. 20-6 for consistency. What units may the pressure 
amplitude have? $ : 

The interisity of a wave is proportional to the square of the displacement ampli- 
tude of the wave; see Section 19-6. We have just shown that for sound waves the 
pressure amplitude is proportional to the displacement amplitude. Hence, the 
intensity of a sound wave is proportional to the square of the pressure amplitude. 
In fact, when the intensity is expressed in terms of the pressure amplitude, the fre- 
quency does not appear explicitly in the expression (see Problem 9). Hence, by 
measuring pressure changes, the intensities of sounds having different frequencies 
can be compared directly. For this reason instruments that measure pressure 
changes are preferred to those that measure displacement amplitude. As we shall 
see in Example 1, the displacement amplitudes would be difficult to measure in 
any case. j , 5 
(a) The maximum pressure variation P that the ear can tolerate 


ut 28 nt/meter?. Normal atmospheric pressure is about 
for a sound 


> Example l. 
in loud sounds is abo 
100,000 nt/meter?. Find the corresponding maximum displacement 
wave in air having a frequency of 1000 cycles/sec. 
From Eq. 20-6 we have : 
P. 


Um = Aog 


From Table 20-1, v = 331 meters/sec so that 


pee 
Ze) ore ee 10° eter"! = 19 meter. 


he ene 


A v 


The density of air po is 1.22 kg/meter*. Hence, for P = 28 nt/meter? we obtain 


Ym = MAC UR d meter = 1.1 X 1075 meter. 
(19) 1.22) (331)? 
The displacement amplitudes for the loudest sounds are about 10-5 meter, a very 
small value indeed. ] 
(b) In the faintest soun r 
amplitude is about 2.0 X 10-5 nt/meter?. | Find the correspon 


d that can be heard at 1000 cycles/sec the pressure 
ding displacement 


amplitude. : Wigs 
From ym = P/kpov®, using these values for k, v, and po, we obtain, with P = 
2.0 X 1075 nt/meter?, - dy f 


Ym £8 X10 12 meter £ 107?! meter. 


"This is smaller than the radius of an atom, which is about 10-!? meter! How can 


it be thet the ear responds to such & small displacement? 4 
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In our analysis we have ignored the molecular structure of matter and treated 
the fluid as a continuous medium. In gases, however, the spaces between mole- 
cules are large compared to the diameters of the molecules. The molecules move 
about at random. The oscillations produced by a sound wave passing through are 
superimposed on this random thermal motion. An impulse given to one molecule 
is passed on to another molecule only after the first one has moved through the 
empty space between them and collided. with thé second. From this brief discus- 
sion, would you ever expect the speed of sound to exceed the average molecular 
speed in a fluid? 


20-4 Standing Longitudinal Waves 


Longitudinal waves traveling along a tube are reflected at the ends of the 
tube, just as transverse waves in a string are reflected at its ends. Inter- 
ference between the waves traveling in opposite directions gives rise to 
standing longitudinal waves. Y 

If the end of the tube is closed, the reflected wave is 180? out of phase 
with the incident wave. ‘This result is a necessary consequence of the fact 
that the displacement of the small volume elements at a closed end must 
always be zero. Hence, a closed end is a displacement node. If the end 
of the tube is open, the fluid elements there are ffee to move. However, 
the nature of the reflection there depends on whether the tube is wide or 
narrow compared to the wavelength. If the tube is narrow compared to 
the wavelength, as in most musical instruments, the reflected wave has 
nearly the same phase as the incident wave. Then the open end is almost 
a displacement antinode. The exact antinode is usually somewhere near 
the opening, but the effective length of the air columns of a wind instru- 
ment, for example, is not as definite as the length of a string fixed at both 
ends. 

Standing longitudinal waves in a gas column can be dramatically demon- 
strated by means of the apparatus shown in Fig. 20-3. A source of longi- 
tudinal waves, such as the speaker of an audio oscillator at S, sets up vibra- 
tions in a flexible diaphragm at one end of the tube. Gas fills the tube from 
the inlet and passes slowly out through regularly spaced small openings 
along the top. The escaping gas is lit, giving a series of flames. When a 
frequency is found at which the gas column is in resonance, the amplitude 
of the standing longitudinal waves becomes rather large and we can see a 
wavelike variation in the height and width of the gas flames along the tube. 
The interval between nodes or antinodes is clearly visible. By varying 


exible diaphragm 


A ] 
Gas inlet | 


Fig. 20-3. Flames show the presence of standing waves in a tube filled with illuminat- 
ing gas. “A and N refer to displacement antinodes and nodes, respectively. 


+ 
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the frequency we can pass from one resor: op? Han to another. The 
natural modes of oscillation of the gas column ure .. _ „mined by the effec- 
tive les. th of the column and the wave spe:d. The wavelength A at 
resonsnce can be taken to be twice the distance between adjacent nodes 
(or antirodes), and knowing the frequency v of the source at resonance, 
we can determine the wave speed in the gas under these conditions from 

'v = ps. In practice there are more flexible and accurate ways to measure 
the speed of sound in gases. (See Problem 17 and Example 2.) 

In Fig. 20-3 the nodes and antinodes, N and A, refer to the particle dts- 
placements in the standing wave. At a displacement node, the pressure 
variations (above and below the average) are a maximum. Hence, a dis- 
placement node corresponds to a pressure antinode. At a displacement 
antinode the pressure remains constant with time. Hence, a displacement 
antinode corresponds to a pressure node. 

This can be understood physically by realizing that two small volume 
elements of gas on opposite sides of a displacement node are vibrating in 
opposite phase. Hence, when they approach each other, the pressure at 
this node is a maximum, and when they recede from each other, the 
pressure at this node is a minimum. Two small elements of gas which are 
on opposite sides of a displacement antinode vibrate in phase and therefore 
give rise to no pressure variations at the antinode. 


20-5 Vibrating Systems and Sources of Sound 


If a string fixed at both ends is bewed, transverse vibrations travel along 
the string; these disturbances are reflected at the fixed ends, and a standing 
wave pattern is formed. The natural modes of vibration of the string are 
excited and these vibrations give rise to longitudinal waves in the sur- 
rounding air which transmits them to our ears as à musical sound. 

We have seen (Section 19-10) that 4 string of length J, fixed at both ends, 
can resonate at frequencies given by 


non iF Í 
d whe SOEUR BOR (20-7) 
"aS oye hal Nin s 


Here v is the speed of the transverse waves in the string whose superposition 
can be thought of as giving rise to the vibrations; the speed v (= V F/u) is 
the same for all frequencies. At any one of these frequencies the string 
will contain a whole number n of loops between its ends, and the condition 
that the ends be nodes is met (Fig. 20-4). 

The lowest frequency, V F'/u/2l, is called the fundamental frequency vı 
and the others are called overtones. Overtones whose frequencies are 
integral multiples of the fundamental are said to form 'a harmonic series. 
The fundamental is the first harmonic. The frequency 2», is the first 
cvertone or the second harmonie, the frequency 3», is the second over- 


tone or the third harmonie, and so on. | 
If the string is initially distorted so that its shape is the same as any on. 
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Ay = 21 
Fig. 20-4 ‘The first four modes 
-of vibration of a string fixed at 
i! both ends. Note that »4A, = 
v= VF /u. 


M 41 


M2 


of the possible harmonics, it will vibrate at the frequency of that particular 
harmonie, when released. The initial conditions usually arise from strik- 
ing or bowing the string, however, and in such cases not only the funda- 
mental but many of the overtones are present in the resulting vibration. 
We have a superposition of several natural modes of oscillation. ‘The 
actual displacement is the sum of the several harmonies with various 
amplitudes; see Fig. 19-12. The impulses that are sent through the air to 
the ear and brain give rise to one net effect which is characteristic of the 
particular stringed instrument. The quality of the sound of a particular 
note (fundamental frequency) played by an instrument is determined by 
the number of overtones present and their respective intensities. Figure 
20-5 shows the sound spectra and corresponding waveforms for the violin 
and piano.* + 

An organ pipe is a simple example of sound originating in a vibrating 
air column. If both ends of a pipe are open and a stream of air is directed 
against an edge, standing longitudinal waves can be set up in the tube. 


* See “The Physics of the Piano" by E. Donnell Blackham in Scientific American, 
December 1965. ij , = 


diel, Fig. 20-5 Waveform and sound 
10 
= = = 


spectrum ‘for two stringed instru- 
ments, the violin and the piano. 


| 


0 50 100 TES 2500 3000 3500 4000 The fundamental frequency in both 
Tequency 


cases is 440 cycles/sec (concert A). 
In each diagram we show only four 
cycles of the wave. The sound 
spectrum shows the relative ampli- 
tude of the various harmonie com- 
ponents of the wave. Notice thé 
presence of loud higher harmonics 
O 500 1000 1500 2000 2500 3000 3500 4000 (especially the fifth) in the violin 
: FIMUey spectrum. 7 


Piano 
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Ja] 


Sec. 20-5 VIBRATING SYSTEMS AND SOURCES OF SOUND 507 


The air column-will then resonate at its natural frequencies of vibration, 
given by i Se RR : SS 


Yn -a" : tpm 1,2, 3, ete y 
Here v is the speed of the longitudinal waves in the column whose super- 
position can be thought of as giving rise to the vibrations, and n is the 
number of half wavelengths in the length / of the column. As with the 
bowed string, the fundamental and overtones are excited at the same time. 
In an open pipe the fundamental frequency corresponds (approximately) 
to a displacement antinode at each end and a displacement node in the 
middle, as shown in Fig. 20-6a. The succeeding drawings of Fig. 20-6a 
show three of the overtones, the second, third, and fourth harmonics. 
Hence, in an open pipe the fundamental frequency is v/2/ and all har- 
monies are present. ` ARA EA d 


(a) (b) 


Fig. 20-6 (a) The first four modes of an open organ pipe. The distance from the 
center line of the pipe to the light lines drawn inside the pipe shows the displacement. 
amplitude at each place. N and A mark the locations of the displacement nodes and 
antinodes. Note that both ends of the pipe are open. (b) The first four modes of 
vibration of a closed organ pipe. Notice that the even-numbered harmonies are 


absent and the upper end of the pipe is closed. 
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In a closed pipe the closed end is a displacement node. Figure 20-6) 
shows the modes of vibration of a closed pipe. The fundamental frequency 
is v/4l (approximately), which is one-half that of an open pipe of the same 
length. The only overtones present are those that give a displacement 
node at the closed end and an antinode (approximately) at the open end. 
Hence, as is shown in Fig. 20-6b, the second, fourth, ete., harmonics are 
missing. In a closed pipe the fundamental frequency is v/4J, and only the 
odd harmonics are present. The quality of the sounds from an open pipe 
is therefore different from that from a closed pipe. 

Vibrating rods, plates, and stretched membranes also give rise to sound 
waves. Consider a stretched flexible membrane, such as a drumhead. If 
it is struck a blow, a ‘two-dimensional pulse travels outward from the 
struck point and is reflected again and again at the boundary of the mem- 
brane. If some point of the membrane is forced to vibrate periodically, 
continuous trains of waves travel out along the membrane. Just as in the 
one-dimensional case of the string, so here too standing waves can be set 
up in the two-dimensional membrane. Each of these standing waves has 
a certain frequency natural to (or characteristic of) the membrane. Again 
the lowest frequency is called the fundamental and the others are over- 
tones. Generally, a number of overtones are present along with the funda- 
mental when the membrane is vibrating. These vibrations may excite 
sound waves of the same frequency. 

The nodes of a vibrating membrane are lines rather than points (as in a 
vibrating string) or planes (as in a pipe). Since the boundary of the 
membrane is fixed, it must be a nodal line. For a circular membrane fixed 
at its edge, possible modes of vibration along with their nodal lines are 
shown in Fig. 20-7. The natural frequency of each mode is given in terms 
of the fundamental »;. Notice that the frequencies of thé overtones are 
nol harmonies, that is, they are not integral multiples of »;. Vibrating 
rods also have a nonharmonie set of natural frequencies. Rods and plates 
have limited use as musical instruments for this reason. 


In general, we find that all elastic bodies will vibrate freely with a definite set of 
frequencies for a given set of boundary or end conditions. ‘These frequencies are 
called proper frequencies, characteristic frequencies, or eigenfrequencies* of the 
system. In general, the eigenfrequencies do not form a harmonic series, although 
some of them may be related as the ratio of whole numbers, In all these cases we 
have standing waves, and certain regions of the bodies stay at rest all the time. 


ie nodes are curves in two-dimensional bodies and surfaces in thrée-dimensional 
odies. f 3 


Recall that for a vibratin, 
Eq. 19-18) is of the type 


g string the equation describing a standing wave (see 
E . mx 
. V = 2ys cos 2rvt sin su 

This holds for a string fixed at both ends (y = 0 at z = 0 and z = nX/2). The 


D NE : 
Eigen—from the German— meaning own, individual, characteristic. 
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Fig. 20-7 (a) The first six 
modes of vibration of a cir- 
cular drumhead clamped 
around its periphery. The 
lines represent nodes, the 
cireumference being a node 
injevery case. The + and 
— signs represent opposite 
displacements; at an instant 
when the + areas are raised, 
the — areas will be de- 
pressed. Note that the fre- 
quency of each mode is not 
an integral multiple of the 
fundamental v, as is the case 
for strings and tubes. (b) 
A sketch of a drum-head 
vibrating in mode ve. The 
displacement shown here is 
exaggerated for clarity. 


v5 = 2.657) 


v4 = 2.3071 


picture of the string at any time is determined by the equation 


y = C sin Ed = C sin s (t — constant), 
where C is a constant “scale factor," whose value varies with time; Lis the length 
of the string, and n is an integer specifying the mode of vibration (the harmonic). 
This function sin 2zz/A fixes the position of the nodes and is called the proper 
function, characteristic function, or eigenfunction of the string. 
Likewise, the nodes of any vibrating elastic body are fixed by certain functions of 
position which are called the eigenfunctions of the problem. “In general, these 
- functions are not sinusoidal functions but are functions that become zero for certain 
values of the coordinates. The determination of these functions and the cor- 
responding values of the eigenfrequencies is an important problem in atomic, 
nuclear, and solid-state physics. They characterize the behavior of such systems. 
It is in quantum mechanics that the procedure has been successfully worked out for 
microscopic systems. However, the results bear a striking analogy to the results 
of classical vibration and wave theory, as applied to macroscopic systems. 


> Example 2. Figure 20-8 shows a simple apparatus that can be used to 
measure the speed of sound in air by resonance methods. A vibrating tuning fork 
of frequency v is held near the open end of a tube. The tube is partly filled with 
water, ‘The length of the air column can be varied by changing the water level. 
It is found that the sound intensity is a maximum when the water level is gradually 
lowered from the top of the tube a distance a. Thereafter, the intensity reaches 
a maximum again at distances s, 2s, 3s, etc., below the level at a. Find the 
speed: of sound in air. D TOMUS 

The sound intensity reaches a maximum when the air column resonates with the 
tuning fork. The air column acts like a tube closed at one end. The standing . 
wave pattern consists of a node at the water surface and an antinode near the 
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Fig. 20-8 Example 2. Measuring the 
speed of sound in air. The water level 
in the tube canbe adjusted by raising 
or lowering the reservoir on the left 
which is connected to the tube by a 
rubber hose. 


open end. Since the frequency of the source is fixed and the speed of sound in the 
air column has a definite value, resonance occurs at one specific wavelength, 


yes 
v 


The distance s between successive resonance positions is therefore the distance 
between adjacent nodes. (See Fig. 20-8.) Hence, 


Combining equations we find 


v 
2s = — or v = 28v. 
v 


In an experiment with a fork of frequency v = 1080 cycles/sec, s is found to be 
15.3 cm. Hence, 


A = 2s = 30.6 cm 


' and v = y^ = (1080)(0. 306) meters/sec = 330 meters/sec. 
What significance does the distance a have? Could gases other than air be 
used conveniently in this apparatus? 4 
20-6 Beats 


When two wavetrains of the same frequency travel along the same line 
in opposite directions, standing waves are formed in accord with the 
up: of superposition. We may characterize these waves by drawing a 
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plot c of the amplitude of oscillation as a function of distance, as in Fig. 20-4. 
This illustrates a type of interference that we can call interference iè space. 

The same principle of superposition leads us to another type «i inter- 
ference, which we can call interference in time. It occurs when two wave- 
trains of slightly different frequency travel through the same region. With 
sound such a condition exists when, for example, two adjacent piano keys 
are struck simultaneously. 

Consider some onè point in space through which the waves are passing. 
In Fig. 20-9a we plot the displacements produced at such a point ny the 
two waves separately as a function of time. For simplicity we have 
assumed that the two waves have equal amplitude, although this is not 
necessary. The resultant vibration at that point as a function of time is 
the sum of the individual vibrations and is plotted in Fig. 20-9b. Wesee : 
that the amplitude of the resultant wave at the given point is not constant 
but varies in time. In the case of sound the varying amplitude gives rise to — 
variations in loudness which are called beats. . Two strings may be tuned 

‘to the same frequency by tightening one of them while sounding both 
until the beats disappear. 

Let us toeprosent the displacement at the point produced by one wave as 


Yı = Ym COS 2rvil, 


and the displacement at the poiat produced by the other wave of equal 


amplitude as 
Yz = Ym COS 2rv»l. 


By the superposition principle, the resultant displacement is 


y = y1 + ys = Ym(COS 2mvit + cos 2rvat), 


SET 
ong 


; * d. 
and since cos a + cos b = 2 cos 


Fig. 20-9 The beat phenomenon. Two waves of slightly different frequencies, shown 
in (a), combine in (b) to give a wave whose amplitude (dashed line) varies periodically 
with time. Compare with Fig. 19-14, which shows the same phenomenon displayed 
as a function of distance. = 
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this can be written às  ' 


y- [21 cos 2r (5 $ 2) | cos 2r (t) t- (20-8) 


The resulting vibration may then be considered to have a fre«quency 


vy + v2 
2 


pm H 


which is the average frequency of the two waves, and an amplitude given 
by the expression in brackets. Hence, the amplitude itself varies with 


` time with a frequency 


vi — va 
3 Vamp = 2 A 


If v, and v; are nearly equal, this term is small and the amplitude fluctuates 
slowly. This phenomenon is a form,of amplitude modulation which has a 
counterpart (side bands) in AM radio receivers. 

A beat, that is, a maximum of amplitude, will occur whenever 


td "T P4 
Qe) It 
jas (120 


equals 1 or —1. Since each of these values occurs once in each cycle (see 
Fig. 19-14), the number of beats per second is twice the frequency vamp OF 


.», — va. Hence, the number of beats per second equals the difference of 


the frequencies of the component waves. Beats between two tones can be 
detected by the ear up to a frequency of about seven per second. At higher 
frequencies individual beats cannot be distinguished in the sound produced. 


20-7 The Doppler Effect 


When `a listener is in motion toward a stationary source of sound, the 
pitch (frequency) of the sound heard is higher than when he is at rest. If 
the listener is in motion away from the stationary source, he hears a lower 
pitch than when he is at rest. We obtain similar results when the source is 
in motion toward or away from a stationary listener. The pitch of the 
whistle of the locomotive is higher when the source is approaching the 
hearer than when it has passed and is receding. 


Christian Johann Doppler (1803-1853), an Austrian, in a paper of 1842, . 


called attention to the fact that the:color of a luminous body, just as the 
pitch of a sounding body, must be changed by relative motion of the body 
and the observer. This Doppler effect, as it is called, applies to waves in 


, general. Let, us apply it now to sound waves. We consider only the 
‘Special ease in which the source and observer move along the line joining 


them. i 
Let us consider a reference frame at rest in the medium through which 


! 


the sound travels. Figure 20-10 shows a source of sound S at rest in this: 


¢ 
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Fig. 20-10 "The Doppler effect due to motion of the observer (ear). The source is at 


rest. 


frame and an observer O (note the ear) moving toward the source at a 
speed »,. The circles represent wavefronts, spaced one wavelength apart, 
traveling through the medium. If the observer were at rest in the medium 
he would receive vt/\ waves in time & where v is the speed of sound in the 


medium and A is the wavelength. B 


ecause of his motion toward the - 


source, however, he receives vot/A additional waves in this same time 1. 
The frequency »' that he hears is the number of waves received per unit 


time or : : i 
, 2 MÍN E vtn w Ew oo dem * 
VUE. t N v/v 
"That is, A i o: 
yo th (1+) (20-9a) 


The frequency »' heard by the observer is the ordinary frequency v heard at 
rest plus the increase v(vo/v) arising from the motion of the observer. 
When the observer is in motion away from the stationary source, there is a — 
decrease in frequency v(vs/v) corresponding to the waves that do not reach . 
the observer each unit of time because of his receding motion. Then 


ee w 
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Fig. 20-11. The Doppler effect due to motion of the source. The observer is at rest. 
Wavefront 1 was emitted by the source when it was at S1, wavefront 2 was emitted 
when it was at S», ete. At the instant the “snapshot” was taken, the source was at S. 


Hence, the general relation holding when the source is at rest with respect 
to the medium but the observer is moving through it is 


NE (=), (20-9) 


v 


where the plus sign holds for motion toward the source and the minus sign 
holds for motion away from the source. Notice that the cause of the 
change here is the fact that the obs@rver intercepts more or fewer waves 
each second because of his motion through the medium. 

When the source is in motion toward a stationary observer, the effect is a 
shortening of the wavelength (see Fig. 20-11), for the source is following 
after the approaching waves and the crests therefore come closer together. 
If the frequency of the source is v and its speed is v,, then during each 
vibration it travels a distance »,/v and each wavelength is shortened by this 
amount. Hence, the wavelength of the sound arriving at the observer is 


not A = v/v but A = v/v — ny. Therefore, the Írequency of the sound 
heard by the observer is increased, being 


" v v : v 
/-i- E (=) (20-10a) 


— a A SPI iit a 


4 
q 
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If the source moves away from the observer, the wavelength emitted is 
v/v greater than Á, so that the observer hears a decreased frequency, 


namely 
PiS v Iz 2 A 
P ‘at (v + 0,)/» ^ ( dE * SELLAM 


Hence, the general relation holding when the observer is at rest with 
respect to the medium but the source is moving through it is 


REP id PES i ps 
» v (; 7 -) (20-10) 


where the minus sign holds for motion toward the observer and the plus 
sign holds for motion away from the observer. Notice that the cause of 
the change here is the fact that the motion of the source through the 
medium shortens or increases the wavelength transmitted through the 
medium. : 
If both source and observer move through the transmitting medium, the 
student should be able to show that the observer hears a frequency 


y= 26:23] (20-11) 
pv, 

where the upper signs (+ numerator, — denominator) correspond to the 
‘Source and observer moving along the line joining the two in the direction 
toward the other, and the lower signs in the direction away from the other. 
Notice that Eq. 20-11 reduces to Eq. 20-9 when v, = 0 and to Eq. 20-10 
when v, — 0, as it must. 

If a vibrating tuning fork on its resonating box is moved rapidly toward 
a wall, the observer will hear two notes of different frequency. One is the 
note heard directly from the receding fork and is lowered in pitch by the 
motion. The other note is due to the waves reflected from the wall, and 
this is raised in pitch. The superposition of these two wave trains pro- 
duces beats. 


The Doppler effect is important in light. The speed of light is so great that 
only astronomical or atomic sources, which have high velocities,compared to ter- 
restrial macroscopic sources, show pronounced Doppler effects. The astronomical 
effect consists of a shift in the wavelength observed from light emitted by elements 
on moving astronomical bodies compared to the wavelength observed from these 
same elements on earth. (See Chapter 40.) An éasily observed consequence of 
the Doppler effect is the broadening (or ‘spread. in frequency) of the radiation 
emitted from hot gases. This broadening results from the fact that the émitting 
atoms or molecules move in all ‘ditections and with varying speeds relative-to the 
observing instruments, so that’a spread of frequencies isdetected: ^ ^^'^ 

There are differences, however, in the Doppler éffect formulasfor light.and for 
sound. In sound it is not just the relative motion-ọf source and observer that 
determines the frequency change. In fact, as we have seen, even when-the relative 
motion is the same (v, in Eo. 20-9a equals v, in Eq. 20-10a), we obtain different 
quantitative results, depending on whether the source or the observer is moving, 
This difference occurs becajise vo and v, are measured relative to the medium in 


. 516 SOUND WAVES Chap. 20 


which the sound wave is propagated and because this medium determines the wave 
speed. Light, however, does not.require a material medium for its transmission, 
and the speed of light relative to the source or the observer is always the same 
value c, regardless cf the motion of these bodies relative to each other. This is a 
basic postulate of the special theory of relativity. Hence, for light only the rela- 
tive motion of source and observer can lead to physical changes, there being no 
material medium to use as a reference frame. Although the Doppler formula for 
light (Chapter 40) differs from that for sound, the effects are qualitatively the same. 
We can apply Eq. 20-10 to light as a good approximation if v, is taken to mean the 
relative velocity of source and observer and if v, is very small compared to the 
veloeity of light. x 


b Example 3. Show that Eqs. 20-9 and 20-10 become practically identical 
when the speed of the sources and the observer are small compared to the speed,- 
of sound in the medium. 

Let», =v, =u. Thatis, let u represent the speed of observer or source. Then 
Eq. 20-9 becomes 


E : / (s?) 
v 


We must show then that Eq. 20-10, 


»-y : 
= = , 
vtu 


reduces to the previous form when u/v & 1. 
We can rewrite Eq. 20-10 as i 
/ = 1 . 
Ft Sale G Püh 
Now by the binomial expansion 
1 Ai Mad y xen u u\? 
pu^ (52) Sees) opes 


But if w/v is sufficiently small compared to unity that we may neglect (w/v)? and 
higher powers, then 
"ie u 
=; SUES 
(; F =) ae 


and Eq. 20-10 becomes y my (: t 3 
v 


the same as Eq. 20-9. 

Asa numerical example take w = 73.0 miles/hr. The speed of sound in air is 
about 730 miles/hr. Then .if the source has a speed v, = u = 73.0 miles/hr 
toward the stationary observer, the frequency heard by the observer is Eq.-20-10, 


var v -« 730 
win 730 = 73.0 


or 


x 
I 
= 
m 

ren 


If the observer has a speed v; = u = 73.0 miles/hr toward the stationary source, 
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the frequency heard by the observer is Eq. 20-9, 
J v+ vo 730 4- 73.0 
PATR =p 
v 730 


+ 
or E = 1.10. 
v 


Hence, when u/v = 73.0/730 = 1/10, the percentage difference in the frequency 
heard between that for the moving observer and that for the moving source, the 
relative motion being the same, is only 1%. 


When » or v, becomes comparable in magnitude to v, the formulas just given for 
the Doppler effect must be modified. The modification is required because the 
linear relation between restoring force and displacement assumed up until now no 
longer holds in the medium. The speed of wave propagation is no longer the 
normal phase velocity, and the wave shapes change in time. Components of the 
motion at right angles to the line joining source and observer also contribute to the 
Doppler effect at these high speeds. When vo or v, exceeds v, the Doppler formula 
clearly has no meaning. xp Se 

There are many instances in which the source moves through a medium at a 
speed greater than the phase velocity of the wave in that medium. In such cases 
the wavefront takes the shape of a cone with the moving body at its apex. Some 
examples are the bow wave from a speedboat on the water and the “shock wave" 
from an airplane or projectile moving through the air at a speed greater than the 


Fig. 20-12 Above, right, a 
group of wavefronts associ- 
ated with a projectile mov- 
ing with supersonie speed. 
The wavefronts are spher- 
ical and their envelope is a 
cone. The student should 
see the relation between this 
figure and the previous one. 
Below, right, a spark photo- 
graph of a projectile under- 
going this motion. (U.S. 
Navy Photograph.) 
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velocity of sound in that medium (supersonic speeds). The Cerenkov radiation 
consists'of light waves emitted by charged particles which move through a medium 
with a speed greater than the phase velocity of light in that medium.* 

In Fig. 20-12 we show the present positions of the spherical waves which origi- 
nated at various positions of the source during its motion. The radius of each 
sphere at this time is the product of the wave speed v and the time ¢ which has 
elapsed since the source was at its center. The envelope of these waves is a cone 
whose surface makes an angle 6 with the direction of motion of the source. From 


the figure we obtain the result 
Mg mes 
v, 
For water waves the cone reduces to a pair of intersecting lines. In aerodynamics 
the ratio v,/v is called the Mach number. 


QUESTIONS 


1. List some sources of infrasonic waves. Of ultrasonic waves. 

2. What experimental evidence is there for assuming that the speed of sound is the 
same for all wavelengths? i 

3. What quantity, if any, for transverse waves in a string corresponds to the pressure 
amplitude for longitudinal waves in a tube? 

4. A bell is rung for a short time in a school. After a while its sound is inaudible. 
Trace the sound waves and the energy they transfer from the time of emission until they 
become inaudible. 

5. How can we experimentally locate the positions of nodes and antinodes in a string? 
In an air column? On a vibrating surface? * 

6. Explain how a stringed instrument is “tuned.” 

7. Diseuss the factors that determine the range of frequencies in your voice and the 
quality of your voice. 

8. The bugle has no valves. How then can we sound different notes on it? To what 
notes is the bugler limited? Why? ; 

9. Would a plucked violin string oscillate for a longer or shorter time if the violin had 
no sounding board? Explain. 


10. Two ships with steam whistles of the same pitch sound off in the harbor. Would 
you expect this to produce an interference pattern with regions of high and low 
intensity? 

i 11. Suppose that, in the Doppler effect for sound, the source and receiver are at rest 
in some reference frame but the transmitting medium is moving with respect to this 


. frame. Will there be a change in wavelength, or in frequency, received? 


12. Is there a Doppler effect for sound when the observer or the source moves at right 
angles to the line joining them? How then can we determine the Doppler effect when 
the motion has a component at right angles to this line? 

13. A satellite emits radio waves of constant frequency. These waves are picked up 
on the ground and made to beat against some standard frequency. The beat frequency 
is then sent through a loudspeaker and one *'hears" the satellite signals. Describe how 


the sound changes as the satellite approaches, passes overhead, and recedes from the 
detector on the ground. ' h 


* See “Cerenkov Radiation: its Origin, Properties and Applications," by J. V. Jelley 


: in Contemporary Physics, October 1961. 
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14. Two identical tuning forks emit notes of the same frequency. Explain how you 
might hear beats between them. 

15. Transverse waves in a string can be polarized (see, for example, Question 16 of 
Chapter 19). Can sound waves be polarized? í 


PROBLEMS 


1. The lowest pitch detectable as sound by the average human ear consists of about 
20 vib/sec and the highest’ of about 20,000 vib/sec. What is the wavelength of each 
in air? 4 : 

2. A sound wave has a frequency of 440 vib/sec. What is the wavelength of this 
sound in air? In water? . 

3. Bats emit ultrasonic waves, The shortest wavelength emitted in air by a bat is 
about 0.13 in. What is the highest frequency a bat can emit? 

4. (a) A loudspeaker has a diameter of 6.0in. At what frequency will the wavelength 
of the sound it emits in air be equal to its diameter? Be ten times its diameter? Be 
one-tenth its diameter? (b) Make the same calculations for a speaker of diameter 
12.0in. If the wavelength is large compared to the diameter of the speaker, the sound 
waves spread out almost uniformly in all directions from the speaker, but when the 
wavelength is small compared to the diameter of the speaker, the wave energy is 
propagated mostly in the forward direction, 

5. A rule for finding your distance from a lightning flash is to count secoads from the 
time you see the flash until you hear the thunder and then divide the count by five. 
The result is supposed to give the distance in miles. Explain this rule and determine 
the per cent error in it at standard conditions. A i 

6. A stone is dropped into a well. The sound of the splash is heard at a time ¢ later. 
What is the depth d of the well? Find d when £ = 3.0 sec. : 

7. (a) The speed of sound in a certain metal is V. - One end of a pipe of that metal of 
length / is struck a blow. A listener at the other end hears two sounds, one from the 
wave that has traveled along the pipe and the other from the wave that has traveled 
through the air. If vis the speed of sound in* air,.what time interval t elapses between 
the two sounds? (b) Suppose t = 1.4 sec and the metal is iron. Find the length l. 


8. The pressure in a traveling sound wave is given by the equation 
‘p = 1.5 sin z(z — 3300, f 


where x is in meters, t in seconds, and p in nt/meter?. Find the pressure amplitude, 


frequency, wavelength, and speed of the wave. 
9. Show that the intensity of a sound wave (a) when expressed in terms of the 


pressure amplitude P, is given by 


È P? 


-——1 


pov 


/ 
where » is the speed of the wave and po is the standard density of air, and, (b) when 
expressed in terms of the displacement aynplitude Ym, is given by 


I = 2 *povym’v”, 


where v is the frequency of the wave. 

10. (a) If two sound waves, one in air and one in water, are equal in intensity, what is 
the ratio of the pressure amplitude of the wave in water to that of the wave in air? 
(b) If the pressure amplitudes ave equal instead, what is the ratio of the intensities of the 


waves? 
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11. A note of frequency 300 vib/sec has an intensity of 1.0 mierowatt/meter? Whut 
is the amplitude of the air vibrations caused by this sound? 


12. Two waves give rise to pressure variations at a certain point in space given by 


pi = P sin 2rvt, 
p» = P sin 2r(vt — 4). 


What is the amplitude of the resultant wave at this point when ¢ = 0,¢ = 1,6 = 4, 
$24 à : 

13. In Fig. 20-13 we show an acoustic interferometer, used to demonstrate the inter- 
ference of sound waves. S is a diaphragm that vibrates under the influence of an 
electromagnet. D is a sound detec- 
tor, such as the ear or a microphone. 
Path SBD can be varied in length, but 
path SAD is fixed. 

The interferometer contains air, 
and it is found that the sound inten- 
sity has a minimum value of 100 units 
at one position of B and continuously 
climbs to & maximum value of .900 
units at a second position 1.65 cm 
from the first. Find (a) the frequency 
of the sound emitted from the source, 
3 f and (b) the relative amplitudes of the 
two waves arriving at the detector. (c) How can it happen that these waves have 
different amplitudes, considering that they originate at the same source? 


14. Two loudspeakers, $1 and S2, each emit sound of frequency 200 vib/sec uni- 
formly in all directions. S; has an acoustic output of 1.2 X 10— watt and S2 one of 
7 1.8 X 10-5 watt. S;and Ss vibrate in phase. 
Consider a point P which is 4.0 meters from 
Sı and 3.0 meters from Ss. (a) How are the 
phases of the two waves arriving at P related? 
(b) What is the intensity of sound at P with 
both S:and S20n?' (c) What is the intensity 
of sound at P if S; is turned off (S2 on)? (d) 
What is the intensity of sound at P if S» is 
turned off (81 on)? 


15. A spherical sound source is placed at P1 
near a reflecting wall AB and a microphone is 
located at point, P», as shown in Fig. 20-14. 

Rig! 20 The frequency of the sound source P; is 

"o variable. Find two different frequencies for 

: i which the sound intensity, as observed at Ps, 
will be a maximum. The speed of sound in air is 1100 ft/see. 

16. The water level in a vertical glass tube 1.0 meter long can be adjusted to any 
position ‘in the tube. A tuning fork vibrating at 660 vib/sec is held just over the open 
top end of the tube. At what positions of the water level will there be resonance? 

17. In Fig. 20-15 a rod R is clamped at its center and a disk D at its end projects into 
a glass tube, which has cork filings spread over its interior. A plunger P is provided at 
the other end of the tube. The rod is set into longitudinal vibration and the plunger is 


Fig. 20-13 
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Fig. 20-15 ` 


determines the speed of sound v in the gas in the tube. Show that 
p 2vd. 


This is Kundt’s method for determining the speed of sound in various gases. is 

18. A tube 1.0 meter long is closed at.one end. A stretched wire is placed near ns 
open end. The wire is 0.30 meter long and has a mass of 0.010 kg. It is held fixed /at 
both ends and vibrates in its fundamental mode. It sets the air column in the t be 
into vibration at its fundamental frequency by resonance. Find (a) the frequency of 
oscillation of the air column and (6) the tension in the wire. = 

19. A tube can act like an acoustic filter, discriminating against the passage through it 
of sound of frequencies different from the natural frequencies of the tube. The muffler 
of an automobile is an example. (a) Explain how such a 
filter works. (b) How can we determine the cut-off fre- 
quency, below which frequency sound is not transmitted? 

20. An open organ pipe has a fundamental frequency of 
300 vib/sec. The first overtone of a closed organ pipe has 
the same frequency ds the first overtone of the open pipe. 
How long is each pipe? : 

21. S in Fig. 20-16 is a small loudspeaker driven by an 
audio oscillator and amplifier, adjustable in frequency from 
1000 to 2000 eycles/sec only. D is a piece of cylindrical 
sheet-metal pipe 18.0 in. long. If the velocity of sound in 
air is 1130 ft/sec at the existing temperature, at what fre- 
quencies will resonance occur when the frequency emitted by Fig. 20-16. 
the speaker is varied from 1000 to 2000 cycles /sec? Sketch 
the displacement modes for each. Neglect end effects. : 

22. A certain violin string is 50 em long between its fixed points and has a mass of 
2.0-gm. The string sounds an A note (440 vib/sec) when played without fingering. 
Where must one put one’s finger to play a C (528 vib /sec)? 

23. The strings of a cello have a length L. By what length | must they be shortened 
by fingering to change the pitch by a frequency ratio? Find J, if L. = 0.80 meter and 
r=6/5,...,7 = 3/2. n 

24. If a violin string is tuned to a certain note, by how much must the tension in the 
string be increased if it is to emit a note of double the original frequency (that is, a note 
one octave higher in pitch). 

25. An aluminum wire of length lı = 60.0 cm and of cross-sectional area 1.00 X 
10-2 em? is connected to a steel wire of the same cross-sectional area. The compound 

‘wire, loaded with a block m of mass 10.0 kg, is arranged as shown in Fig. 20-17, so that 
the distance /» from the joint to the supporting pulley is 86.6 cm. "Transverse waves are 
set-up in the wire by using an external source of variable frequency. (a) Find the 
lowest frequency of excitation for which standing waves are observed such that the 
joint in the wire is a node. (b) What is the total number of nodes observed at this fre- 
quency; excluding the two at the ends of the wire? The density of aluminum is 2.60 
gm /em?, and that of steel is 7.80 gm /om?. 


‘ 
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Fig. 20-17 


26. Two identical piano wires have a fundamental frequency of 600 vib/sec when 
kept under the same tension. What fractional increase in the tension of one wire will 
lead to the occurrence of six beats per second when both wires vibrate simultaneously ? 


27. A tuning fork of unknown frequency makes three beats per second with a stand- 
ard fork of frequency 384 vib/sec. The beat frequency decreases when a small piece of 
wax is put on a prong of the first fork. What is the frequency of this fork? ° 


28. Microwaves, which travel with the speed of light, are reflected from a distant 
airplane approaching the wave source. It is found that when the reflected waves are 
beat against the waves radiating from the source the beat frequency is 990 cycles/sec. 
If the microwaves are 0.10 meter in wavelength, what is the approach speed of the 
airplane? Í ] 


29. Could you go through a red light fast enough to have it appear green? Would 
you get a ticket for speeding? Take à = 6200 X 10-5 cm for red light, à = 5400 X 
107* em for green light, and c = 3 X 10!° cm/sec as the speed of light. 


30. A whistle of frequency 540 vib/sec rotates in a circle of radius 2.00 ft at an angular 
speed of 15.0 radians/sec. What is the lowest and the highest frequency heard by a 
listener a long distance away at rest with respect to the center of the circle? 


31. A siren emitting a sound of frequency 1000 vib/sec moves away from you toward 

2 cliff at a speed of 10 meters/sec. (a) What is the frequency of the sound you hear 

coming directly from the siren?- (b) What is the frequency of the sound you hear 

-reflected off the cliff? (c) What beat frequency would you hear? Take the speed of 
sound in air as 330 meters/sec. T^ : 


32. Trooper B is chasing speeder.A along a straight stretch of road. Both aremoving 
at a top speed of about 100 miles/hr, which is about 150 ft/sec. Trooper B, failing to 
catch up, sounds his siren again. Take the speed of sound in air to be 1100 ft/sec and 
the frequency of the source to be 500 cycles/sec. Demonstrate clearly whether there 
will be a Doppler shift in the frequency heard by speeder A and, if there is, what the 
frequency change is. 2 


33. A source of sound waves of frequency 1080 vib/sec moves to the right with a 
_ speed of 108 ft/sec relative to the ground. To its right is a reflecting surface moving to 

the left with a speed of 216 ft/sec relative to the ground. Take the speed of sound in 
air to be 1080 ft/sec and find (a) the wavelength of the sound emitted in air by the 
source, (b) the number of waves per second arriving at the reflecting surface, (c) the 
speed of the reflected waves, (d) the wavelength of the reflected waves, 


34. A bullet is fired with a speed of 2200 ft/sec. Find the angle made by the shock 
wave with the line of motion of the bullet. 


35. A jet plane passes overhead at a height of 5000 meters and a speed of Mach 1.5 


(that is, 1.5 times the speed of sound). (a) Find the angle made by the shock wave with 
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the line of motion of the jet. (b) How long after the jet has passed directly overhead 
will the shock wave reach the ground? 

36. The speed of light in water is about three-fourths the speed of light in vacuum. 
A beam of high-speed electrons from a betatron emits Cerenkov radiation in water, the 
wavefront being a cone of angle 60°. Find the speed of the electrons in the water. 


37. Calculate the speed of the projectile illustrated in the photograph in Fig. 20-12. 
Assume the speed of sound in the medium through which the projectile is traveling to 


be 380 meters /sec. 


Temperature 


CHAPTER 21 


71-1 Macroscopic and Microscopic Descriptions 


In analyzing physical situations we usually focus our attention on some 
portion of matter which we separate, in our minds, from the environment 
external to it. We call such a portion the system. Everything outside the 
system which has a direct bearing on its behavior we call the environment. 
We then seek to determine the behavior of the system by finding how it 
interacts with its environment. For example, a ball can be the system and 
the environment can be the air and the earth. In free fall we seek to find 
how the air and the earth affect the motion of the ball. Or the gas in a 
container can be the system, and a movable piston and a Bunsen burner 
can be the environment. We seek to find how the behavior of the gas is 
affected by the action of the piston and burner. In all such cases we must 
choose suitable observable quantities to describe the behavior of the sys- 
tem. We classify these quantities, which are gross properties of the sys- 
tem measured by laboratory operations, as macroscopic. For processes in 
which heat is involved the laws relating the appropriate macroscopic 
quantities (which include pressure, volume, temperature, internal energy, 
and entropy, among others) form the basis for the science of thermo- 
dynamics. Many of the macroscopic quantities (pressure, volume, and 
temperature, for example) are directly associated with our sense percep- 


tions. We can also adopt a microscopic point of view. Here we consider | 


quantities that describe the atoms and molecules that make up the system, 

their speeds, energies, masses, angular momenta, behavior during collisions, 

ete. These quantities, or mathematical formulations based on them, form 
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the basis for the science of statistical mechanics. The microscopic proper- 
ties are not directly associated with our sense perceptions. 

For any system the macroscopic and the microscopic quantities must be 
related because they are simply different ways of describing the same 
situation. In particular, we should be able to express the former in terms 
of the latter. The pressure of a gas, viewed macroscopically, is measured 
operationally using à manometer (Fig. 17-10). Viewed microscopically 
it is related to the average rate per unit area at which the molecules of the 
gas deliver momentum to the manometer fluid as they strike its surface. 
In Section 23-4 we will make this microscopic definition of pressure quanti- 
tative. Similarly (see Section 23-5), the temperature of a gas may be. 
related to the average kinetic energy of translation of the molecules, 

If the macroscopic quantities can be expressed in terms of the micro- 
scopic quantities, we should be able to express the laws of thermodynamics 
quantitatively in the language of statistical mechanics. We can, indeed 
do this. In the words of R. C. Tolman: 


The explanation of the complete science of thermodynamics in terms of the more 
abstract science of statistical mechanics is one of the greatest achievements of 
physics. In addition, the more fundamental character of statistical mechanical 
considerations makes it possible to supplement the ordinary principles of thermo- 
dynamics to an important extent. 


We begin our examination of heat phenomena in this chapter with a 
study of temperature. As we progress we shall try to gain a deeper under- 
standing of these phenomena by interweaving the microscopic and the 
macroscopic description—statistical mechanics and thermodynamics. The 
interweaving of the microscopic and the macroscopic points of view is 
characteristic of modern physics. 


21-2 Thermal Equilibrium—The Zeroth Law of Thermodynamics 


The sense of touch is the simplest way to distinguish hot bodies from 
cold bodies. By touch we can arrange bodies in the order of their hotness, 
deciding that A is hotter than B, B than C, etc. We speak of this as our 
temperature sense. "This is a very subjective procedure for determining 
the temperature of a body and certainly not very useful for purposes of 
science. A simple experiment, suggested in 1690 by John Locke, shows 
the unreliability of this method. Let a person immerse his hands, one in 
hot water, the other in cold. Then let him put both hands in water of 
intermediate hotness. This will seem cooler to the first hand and warmer 
to the second hand. Our judgment of temperature can be rather mis- 
leading. Further, the range of our temperature sense is limited. What 
we need is an objective, numerical, measure of temperature. 

To begin with, we should try to understand the meaning of temperature. 
Let an object A which feels cold to the hand and an identical object B . 
which feels hot be placed in contact with each other. After a sufficient 
length of time, A and B give rise to the same temperature sensation. 
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Then A and B are said to be in thermal equilibrium with each other. We 
can generalize the expression “two bodies are in thermal equilibrium” to 
mean that the two bodies are in states such that, if the two were connected, 
the combined systems would be in thermal equilibrium. The logical and 


` operational test for thermal equilibrium is to use a third or test body, 


such as a thermometer. This is summarized in a postulate often called 
the zeroth law of thermodynamics: If A and B are in thermal equilibrium with 
a third body C (the thermometer"), then A and B are in thermal equilibrium 
with each other. ‘ 

This discussion expresses the idea that the temperature of a system is 


- a property which eventually attains the same value as that of other sys- 


tems when all these systems are put in contact. This concept agrees with 
the everyday idea of temperature as the measure of the hotness or coldness 
of a system, because as far as our temperature sense can be trusted, the 
hotness of all objects becomes the same after they have been in contact 
long enough. The idea contained in the zeroth law, although simple, is 
not obvious. For example, Jones and Smith each know Green, but they 
may or may not know each other. Two pieces of iron attract a magnet 
but they may or may not attract each other. 


A more formal, but perhaps more fundamental phrasing of the zeroth law is: 
There exists a scalar quantity called temperature, which is a property of all thermo- 
dynamic systems (in equilibrium states), such that temperature equality is a necessary 
and sufficient condition for thermal equilibrium. This statement* justifies our use 
of temperature as a thermodynamic variable; the formulation given above is the 
corollary of this new statement. Speaking loosely, the essence of the zeroth law is: 
there exists a useful quantity called “temperature.” 


21-3 Measuring Temperature 


There are many measurable physical properties that vary as our physio- 


logical perception of temperature varies. Among these are the volume of , 


a liquid, the length of a rod, the electrical resistance of a wire, the pressure 
of a gas kept at constant volume, the volume of a gas kept at constant 
pressure, and the color of a lamp filament. Any of these properties can be 
used in the construction of a thermometer—that is, in the setting up of & 
particular “private” temperaturescale. Sucha temperature scale is estab- 
lished by choosing a particular thermometrie substance and a particular 
thermometric property of this substance. We then define the temperature 
scale by an assumed continuous monotonic relation between the chosen 
thermometric property of our substance and the temperature as measured 
on our (private) scale. For example, the thermometric substance may be 


_ a liquid in a glass capillary tube and the thermometric property can be the 


length of the liquid column; or the thermometric substance may be a gas 
kept in a container at constant volume and the thermometrie property 
can be the pressure of the gas; and so forth. We must realize that each 
s of. thermometric substance and property—along with the assumed rela- 


!7* See J. 3 
See J. S. Thomsen, American Journal of Physics, 30, 294, 1962 
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tion between property and vemperature—leads to an individual temperature 
scale whose measurements need not necessarily agree with measuremenis made 
on any other independently defined temperature scale. 

This apparent chaos in the definition of temperature is removed by uni- 
versal agreement, within the scientific community, on the use of a particu- 
lar thermometric substance, a particular thermometrie property, and a 
particular functional relation between measurements of that property and 
a universally accepted temperature scale. A private temperature scale 
defined in any other way can then always be calibrated against the uni- 
versal scale. We describe such a universal scale in Section 21-5 and an 
equivalent one in Section 25-6. 

Suppose that we have chosen a thermometric substance. Let us repre- 
sent by X the thermometric property that we wish to use in setting up a 
temperature scale. We arbitrarily choose the following linear function of 
the property X as the temperature T which the appropriate thermometer, 
and any system in thermal equilibrium with it, has: 


T(X) = aX. 5 (21-1) 


In this expression a is a constant which we must still evaluate. By choos- 
ing this linear form for T(X) we have fixed it so that equal temperature 
differences, or temperature intervals, correspond to equal changes in X. 
This means, for example, that every time the mercury. column in the 
mercury-in-glass thermometer changes in length by one unit, the tem- 
perature changes by a definite fixed amount, no matter what the starting 
temperature. It also follows that two temperatures, measured with the 
same thermometer, are in the same ratio as their corresponding X's, that is 


TX). Xi 
TX. X 


To determine the constant a, and hence to calibrate the thermometer, 
we specify a standard fixed point at which all thermometers must give the 
same reading for temperature T. This fixed point is chosen to be that at 
which ice, liquid water, and water vapor coexist in equilibrium and is 
called the triple point of water. This state can be achieved only at a defi- 
nite pressure and is unique (Fig. 21-1). The water vapor pressure at the! 
triple point is 4.58 mm-Hg. The temperature at this standard fixed point 
is arbitrarily * set at 273.16 degrees Kelvin and is abbreviated as 273.16? K. 
The Kelvin degree is a unit temperature interval. 

If we indicate values at the triple point by the subscript tr, then, for any 
thermometer, 

TAVERA, } 
T(X tr) X tr 


* Adopted in 1954 at the Tenth General Conference on Weights and Measures in 
Paris, 
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Fig. 21-1 "The National Bu- 
reau of Standards triple-point 
cell. It contains pure water 
and is sealed after all air hag. 
been removed. It is then im- 
mersed in a water-ice bath. 
The system is at the triple 
point when ice, water, and vapor 
are all present, and in equilib- 
rium, inside the cell. The 
thermometer to be calibrated is 
immersed in the central well. 


where, for all thermometers, 
T(X tr) 


273.16° K, 
so that T(X) = 273.16° K i (21-2) 


ir 
Hence, when the thermometric property has the value X, the temperature 
T, on the particular private scale selected, is given in ^K by T(X), when 
the value of X and X;, are inserted on the right-hand side of this equation. 
We can now apply Eq. 21-2 to several thermometers. For a liquid-in 
glass thermometer X is L, the length of the liquid column, and Eq. 21-2 
yields 


T(L) = 27316 K e 
Ly : 
For a gas at constant pressure, X is V, the volume of the gas, and 
y 
T(V) = 273.16° K Y. (constant P). 
tr 


For a gas at constant volume, X is P, the gas pressure, and 


P 
T(P) = 273.16° K P. (constant V). 
tr 
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For a platinum resistance thermometer, X is R, the electrical resistance, 
and 


T(R) = 213.16? ics 
Rir 


and likewise for other thermometrie substances and thermometric 
properties. 


> Example 1. A certain platinum resistance thermometer has a resistance R 
of 90.35 ohms when its bulb is placed in a triple-point cell like that of Fig. 21-1. 
What temperature is defined by Eq. 21-2 if the bulb is placed in an environment 
such that its resistance is 96.28 ohms? 

From Eq. 21-2, 


T(X) = 273.16? RS 
P.C 


i 96.28 
= (273.16° K) | —— | = 280.6° K. 
( ) (22) : 
Note that this temperature ison a private scale, defined by applying Eq. 21-2 to a 
particular device, the platinum resistance thermometer. 4 


The question now arises whether the value we obtain for the tempera- 
ture of a system depends on the choice of the thermometer we use to meas- 
ure it. We have insured by definition that all the different kinds of ther- 
mometers will agree at the standard fixed point, but what happens at other 
points? We can imagine a series of tests in which the temperature ofa 
given system is measured simultaneously with many different thermome- 
ters. Results of such tests show that the thermometers all read differ- 
ently. Even when different thermometers of the same kind are used, such 
as constant-volume gas thermometers using different gases, we obtain dif- 
ferent temperature readings for a given system in a given state. 

Hence, to obtain a definite temperature scale, we must select one par- 
ticular kind of thermometer as the standard. The choice will be made, 
not on the basis of experimental convenience, but by inquiring whether 
the temperature scale defined by a particular thermometer proves to be 
a useful quantity in the formulation of the laws of physics. The smallest 
variation in readings is found among different constant-volume gas ther- 
mometers, which suggests that we choose a gas as the standard thermometric 
substance. It turns out that as the amount of gas used in such a ther- 
mometer, and therefore its pressure, is reduced, the variation in readings 
between gas thermometers using different kinds of gas is reduced also. 
Hence, there seems to be something fundamental about the behavior of 
a constant-volume thermometer containing a gas at low pressure. 


21-4 The Constant Volume Gas Thermometer 


If the volume of a gas is kept constant, its pressure depends on the tem- 
perature and increases steadily with rising temperature. The constant-. 
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volume gas thermometer uses the pressure at constant volume as the 


thermometrie property. 


The thermometer is shown diagrammatically in Fig. 21-2. 


It consists 


of a bulb of glass, porcelain, quartz, platinum or platinum-iridium (depend- 


Fig. 21-2 A representation of a con- 
stant-volume gas thermometer. As 
long as the mercury in the left manom- 
eter tube remains at the same ‘position 
on! the seale (zero) the volume'of the 
eonfined gas will be constant. The 
meniscus ‘can always be brought to the 
zero position by raising or lowering 
reservoir E. 


corrected value of thé pressure at the 


ing on the temperature range over 
which it is to be used), connected 
by a capillary tube to a mercury 
manometer. The bulb containing 
some gas is put into the bath or 
environment: whose temperature is 
to be measured; by raising or low- 
ering the mercury reservoir the 
mercury in the left branch of the 
U-tube can be made to coincide 
with a fixed reference mark, thus 
keeping the confined gas at a con- 
stant volume. Then we read the 
height of the mercury in the right 
branch. The pressure of the con- 
fined gas is the difference of the 
heights of the mercury columns 
(times pg) plus the atmospheric 
pressure, as indicated by the ba- 
rometer. In practice theapparatus 
is very elaborate and we must make 
many corrections, for example, (1) 
to allow for the small volume 
change owing to slight contraction 
or expansion of the bulb and (2) to 
‘allow for the fact that not alF the 
eonfined gas (such as that in the 


capillary) has been immersed in the : 
bath. Assume that all corrections . 

' have been made, and let P be the 

temperature of the bath. "Then the 


temperature is given provisionally (see below) by 


T(P) = 27316 K s (constant V). 
tr : 


(21-3) 


The constant-volume thermometer, used as described below, is tbe ther- 
mometer which serves to establish the temperature scale used universally 


in scientifie work today. 


21-5 Ideal Gas Temperature Scale - 


Let a certain amount of gas be put into the bulb of a constant-volume 
gas thermometer so that when the bulb is surrounded by water at the 
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triple point the pressure P,, is equal to a definite value, say SU cm-Hg. 
Now surround the bulb with steam condensing at. 1-atm pressu. e and, with 
the volume kept constant at its previous value, measure the gas pressure 
P,, the pressure at the steam point, in this case, Pss» Then caleulate the 
temperature provisionally from T(P,,,) = 273.16? K (P,,,/80 em-Hg). 
Next remove some of the gas so that Pır has a smaller value, say 40 cm-Hg. 
Then measure the new value of P, and calculate another provisional tem- 
perature from T(P,,,) = 273.16? K (P,,,/40 em-Hg). Continue this sarne 
procedure, reducing tee amount of gas in the bulb again, and at this new 
lower value of Pı, calculating the temperature at the steam point T'(P,). 
If we plot tne values T(P,) against Pı, and have enough data, we can 
extrapolate the :esulting curve to the interse^tion with the axis where 
Pir bad 0. ‘ 

In Fig. 21-3, we plot curves obtained fro” : such a procedure for constant- 
volume thermometers of some different gases. "These curves show that the 
temperature readings of a constant-volume gas thermometer depend on 
the gas used at ordinary values of the reference pressure. However, as 


374.00 Tos 


373.75 


373.25 


nd 20 40 60 80 100 
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Fig. 21-3 The readings of a constant-volume gas thermometer for the temperature T' 
of eo» rdensing steam as £ function of Per, when different gases are used. As the amount 
of gas in the thermometer is reduced its pressure Pir at the triple point decreases. 
Note that at a particular Per the values of T given by different gas thermometers differ. 
The discrepancy is small but measurable, being about 0.2 per cent in the most extreme 
cases shown (Os and Hz at 100 cm-Hg). Helium gives nearly the same T at all pres- 
sures (the curve is almost horizontal) so that its behaviour is the most similar to that of 
an ideal gas over the entire range shown. 


. 
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the reference pressure is decreased, the temperature readings of constant- 
volume gas thermometers using different, gases approach the same value. 
Therefore, the extrapolated value of the temperature depends only on the gen- 
eral properties of gases and not on any particular gas. We therefore define 
an ideal gas temperature scale by the relation 


T = 273.16? K lim (=) (constant V). (21-4) 


PO tr. 


Our standard thermometer is therefore chosen to be a constant-volume 
gas thermometer using à temperature scale defined by Eq. 21-4. 

Although our temperature scale is independent of the properties of any 
one particular gas, it does depend on the properties of gases in general 
(that is, on the properties of an ideal gas). Therefore, to measure a tem- 
perature, a gas must be used at that temperature. The lowest tempera- 
ture that can be measured with any gas thermometer is about 1? K. To 
obtain this temperature we must use low-pressure helium, for helium 
becomes a liquid at a temperature lower than any other gas. "Therefore 
we cannot give experimental meaning to temperatures below about 1? K, 
by means of a gas thermometer, 

We would like to define a temperature scale in a way thatsis independent 
oy the properties of any particular substance. We will show in Section 25-6 
that the absolute thermodynamic temperature scale, called the Kelvin scale, 
is such a scale. We will show also that the ideal gas scale and the Kelvin 
scale are identical in. the range of temperatures in which a gas thermometer 
may be used. For this reason we can write °K after an ideal gas tempera- 
ture, as we have already done. 

We will also show in Section 25-6 that the Kelvin scale has an absolute 
zero of 0° K and that temperatures below this do not exist. The absolute 
zero of temperature has defied all attempts to reach it experimentally, 
although it is possible to come arbitrarily close.* The existence of the 

- absolute zero is inferred by extrapolation. The student should not think 
of absolute zero as a state of zero energy and no motion. The conception 
that all molecular action would cease at absolute zero is incorrect. This 
notion assumes that the purely macroscopic concept of temperature is 
strictly connected to the microscopic concept of molecular motion. When 
we try to make such a connection, we find in fact that as we approach 
absolute zero the kinetic energy of the molecules approaches a finite value, 


the so-called zero-point energy. The molecular energy is a minimum, but 
not zero, at absolute zero. 


+ * It is possible to prepare systems that have negative Kelvin temperatures. Surpris- 
ingly enough, such temperatures are not reached by passing through 0° K but by pro- 
ceeding through infinite temperatures. That is, negative temperatures are not ‘colder’ 
than absolute zero but instead are ‘hotter’ than infinite temperatures. See Science by 
Degrees, by Castle, Emmerich, Heikes, Miller, and Rayne, published by Walker and 

mpany, New York, 1965. The absolute zero remains experimentally unattainable. 
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Some TEMPERATURES* (^K) 


Carbon thermonuclear reaction 5 X 108 

. Helium thermonuclear reaction 10$ 

Solar interior 10? 

Solar corona 10° 
Shock wave in air at Mach 20 2.5 X 104 
Luminous nebulae 104 

Solar surface 6 x 10? 
Tungsten melts 3.6 X 10? 
Lead melts 6.0 X 10? 
Water freezes 2.7 x 10? 
Oxygen boils (1 atm) 9.0 x 10! 
Hydrogen boils (1 atm) 2.0 x 10! 
Helium (He^) boils at J atm 4.2 

He? boils at attainable low nhessure 3.0 x 107! 
Adiabatic demagnetization of paramgenetic salts EOS Lf: 
Adiabatic demagnetization of nt, ler 105° 


(oe Ue ee cea oe 
* See Scientific American, September 1954; special issue on heat. 


In Table 21-1 we list the temperatures, on the Kelvin scale, of various 
bodies and processes. 


21-6 The Celsius and Fahrenheit Scales 


Two temperature scales in common use are the Celsius* and the Fahren- 
heit scales. These are defined in terms of the Kelvin scale, which is the 
fundamental temperature scale in science. 

The Celsius temperature scale uses à degree (the unit of temperature) 
which has the same magnitude as the degree on the Kelviti scale If we 
let ( represent the Celsius temperature, then 


t = T — 273.15° (21-5) 


relates the Celsius temperature ¢ (°C) and the Kelvin temperature T CK). 
We see that the triple point of water (— 273.16? K by definition) corre- 
sponds to 0.01? C. By experiment the temperature at which ice and air- 
saturated water are in equilibrium at atmospheric pressure—the so-called 
ice point—proves to be 0.00* C and the temperature at which steam and 
liquid water are in equilibrium at 1-atm pressure—the so-called steam 
point— proves to be 100.00? C. 

The Fahrenheit scale, in common use in English-speaking countries 
(except in England itself, which adopted the Celsius scale for commereial 


* This scale, based on a scale invented by a Swede named Celsius in 1742, was called 
the “centigrade” scale until 1948, when the Ninth General Conference on. Weights and 
Measures decided that the name should be changed. 
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Fig. 21-4 The Kelvin, Cel- 
sius, and Fahrenheit tem- 
perature scales. 
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and civil use W 1964) is not used in scientific work. The relationship 
between the Fahrenheit and Celsius scales is defined to be 


Tr = 32°F + 4T,. 


From this relation we can conclude that the ice point (0.00° C) equals 
32.0° F, that the steam point (100.0° C) equals 212.0° F, and that one 
Fahrenheit degree is exactly $ as large as one Celsius degree. In Fig. 21-4 
we compare the Kelvin, Celsius, and Fahrenheit scales, 


21-7 The International Practical Temperature Scale 


Let us now summarize the ideas of the last few sections. The standard 
fixed point in thermometry is the triple point of water which is arbitrarily 
assigned a value 273.16? K. The constant-volume gas thermometer is the 
standard thermometer. The extrapolated gas scale is used to define the 
ideal gas temperature from T = 273.16* K Jim (P/P). This scale is 

i0 


identical with the (absolute thermodynamic) Kelvin scale in the range in 
which a gas thermometer can be used. 

By using the standard thermometer in this way, we can experimentally 
determine other reference points for temperature measurements, called 
fixed points. We list the basic fixed points adopted for experimental refer- 
ence in Table 21-2. The temperatures can |be expressed on the Celsius 
scale, with the use of Eq. 21-5, once the Kelvin temperature is determined. 

Determining ideal gas temperatures is a painstaking job. It would not 
make sense to use this procedure to determine temperatures for all work. 
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Table 21-2 
FixEp Points ON THE INTERNATIONAL PRACTICAL TEMPERATURE SCALE 
(1960) * 
Temperature 
Substance Designation 32) °K 
Oxygen Normal boiling point — 182.97 90.18 
Water Triple point 0.01 273.16 
Water Normal boiling point 100.00 373.15 
Sulfurt Normal boiling point 444.60 717.75 
Silver Normal melting point 960.80 1233.95 
Gold Normal melting point 1063.00 1336.15 


* All temperatures assumed exact for the purposes of establishing the scale. 
f The normal melting point of zinc (419.505? C) may be substituted. 


Hence, an International Practical Temperature Scale (IPTS) was adopted 
in 1927 (revised in 1948 and again in 1954 and 1960) to provide a scale 
that can be used easily for practieal purposes, such as for calibration of 
industrial or scientific instruments. This scale consists of a set of recipes 
for providing in practice the best possible approximations to the Kelvin 
scale. A set of fixed poirits, the basic points in Table 21-2, is adopted, 
and a set of instruments is specified to be used in interpolating between 
these fixed points and in extrapolating beyond the highest fixed point. 
Formulas are specified for correcting the basic temperatures according to 
the barometer reading. The IPTS departs from the Kelvin scale at tem- 
peratures between the fixed points, but the difference is usually negligible. 
THe IPTS has become the legal standard in nearly all countries. 


21-8. Temperature Expansion 


Common effects of temperature changes are changes in size and changes 
of state of materials. Let us consider changes of sizes which occur without 
changes of state. Consider a simple model of a crystalline solid. The 
atoms are held together in a regular array by forces of electrical origin. 
The forces between atoms are like those that would be exerted by a set of 
springs connecting the atoms,.so that we can visualize the solid body as a 
microscopic bedspring (Fig. 21-5). These ''springs" ate quite stiff (Prob- 
lem 38, Chapter 15), and there are about 10? of them per cubic centimeter. 
At any temperature the atoms of the solid are vibrating. The amplitude 
of vibration is about 107? cm and the frequency about 10!?/sec. 

When the temperature is increased the average distance between atoms 
increases. This leads to an expansion of the whole solid body as the tem- 
perature is increased. The change in any linear dimension of the solid, 
such as its length, width, or thickness, is called a linear expansion. If the 


536 TEMPERATURE Chap. 21 


length of this linear dimension is J, 
the change in length, arising from 
a change in temperature AT, is Al. 
We find from experiment that, if 
AT is'small enough, this change in 
length Al is proportional to the 
temperature change AT and to the 
original length /. Hence, we can 
write | 

Al = al AT, (21-6) 


where o, called the coefficient of 
linear expansion, has different 
values for different materials. Re- 


Fig. 21-5 A solid behaves in many writing this formula we obtain 
ways as if'it is a microscopic "bed- 

spring" in which the molecules are held 1 Al 

together by elastic forces. i 


so that a has the meaning of a frac- 
tional change in length per degree temperature change. 

Strictly speaking, the value of a depends on the actual temperature and 
the reference temperature chosen to determine | (see Problem 15). How- 
ever, its variation is usually negligible compared to the accuracy with 
which engineering measurements need to b. made. We can safely take it 
as a constant for a given material, independent of the temperature. In 
Table 21-3 we list the experimental values for the average coefficient of 
linear expansion of several common solids. For all the substances listed, 
the change in size consists of an expansion as the temperature rises, for 
& is positive. The order of magnitude of the expansion is about 1 xuilli- 
meter per meter length per 100 Celsius degrees. * i 


H H l 
pP Example 2. A steel metric scale is to be ruled so that the millimeter inter- 
vals are accurate to within about 5 X 10-5 mm at a certain temperature. What 


is the maximum temperature variation allowable during the ruling? 
From Eq. 21-6, 


Al = al AT, 
we have 


5 X 107^ mm = (11 X 10-5/C?) (1.0: mm) AT 


in which we have used à for steel, taken from Table 21-3. This yields AT => 
5 C*. The temperature maintained during the ruling process must be maintained 
when the scale is being used and it must be held constant to within about 5 C°. 

Note (see Table 21-3) that if the alloy invar is used instead of steel, then for the 


* One Celsius d 
Welsius scale. 
scale. 


egree (1 C?) isa temperature interval (AT) of one unit measured on a 
One. degree Celsius (1° C) is a specific temperature reading (T) on that 


— 
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same required tolerance one can permit a temperature variation of about 75 c’; 

or for the same temperature variation (AT = 5 C°) the tolerance achieved would 

be more than an order of magnitude better. : 4 
í 


{ 
i Table 21-3 


Some VaALUES* of & 


Substance à (per C?) Substance & (per C?) 
Aluminum 28:356 1075. Hard rübber 80.736 1075 
Brass x r 19 x 10-6 Ice ESTO E 
Copper | 1T lO? Invar our 10a! 
Glass (ordinary) 9o» d10-5 Lead. Po E gs 
Glass- (pyrex) 322-105 Steel HX 308 


* For the range 0° C to 100° C; except —10° C to 0° C for ice. 


On the microscopic level thermal expansion of a solid suggests an increase in the 
average separation between tie atoms in the solid. The potential energy curve 
for two adjacent atoms in a crystalline solid as a function of their internuclear 
separation is an asymmetric curve like that of Fig. 21-6. As the atoms move 
close together, their separation decreasing from the equilibrium value ro, stramg 
repulsive forces come into play and the potential curve rises steeply (F = —dU/dr); 
as the atoms move farther apart, their separation increasing from the equilibrium 
value, somewhat’weaker attractive forces take over and the potential curve rises 
more slowly. At a given vibrational energy the separation of the atoms will 


fi 


fig. 21-6 Potential energy curve 
for two adjacent atoms in a erystal- 
line solid as a function of inter- 
nuclear 'separation. The equilib- 
rium separation is ro. Because the 
curve is asymmetric the average 
separation (rir) increases as the 
temperature (T1,75), and hence the 
vibrational energy (E1,E»), increases. 


i 


change periodically from a minimum to a maximum value, the average separation 
being greater than the equilibrium separation because of the asymmetric nature 
of the potential energy curve. At still higher vibrational energy the average 
separation will be even gaeater. The effect is enhanced by the fact that in taking 
a time average of the motion one must allow for'the longer time spent at extreme 
separations (lower vibrational speeds). Because the vibrational energy increases 
as the temperature rises, the average separation between atoms increases with 
temperature and the solid as a whole expands. 
Note that if the potential energy curve were symmetric about the equilibriv- 
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separation, then no matter how large the amplitude of the vibration becomes the 
average separation would correspond to the equilibrium separation. Hence, 
thermal expansion is a direct consequence of the deviation from symmetry (that 
is, the asymmetry) of the potential energy curve characteristic of solids. 

Some crystalline solids, in certain temperature regions, may contract as the 
temperature rises. The above analysis remains valid if one assumes that only 
compressional (i.e. longitudinal) modes of vibration exist or that these modes pre- 
dominate. However, solids may vibrate in shear-like (i.e. transverse) modes as 
well and these modes of vibration will allow the solid to contract as the temperature 
rises, the average separation of the planes of atoms decreasing. For certain types 
of crystalline structure and in certain temperature regions these transverse modes 
of vibration may predominate over the longitudinal ones, giving a net negative 
coefficient, of thermal expansion. 

It should be emphasized that the microscopic models presented here are over- 
simplifications of a complex phenomenon which can be treated with greater care 
with the use of thermodynamies and quantum theory. 


For many solids, called isotropic, the per cent change in length for a 
given temperature change is the same for all lines in the solid. The 
expansicn is quite analogous to a photographic enlargement, except that 
a solid is three-dimensional. Thus, if you have a flat plate with a hole 
punched in it, Al/l (= aAT) for a given AT is the same for the length, 
the thickness, the face diagonal, the body diagonal, and the hole diameter. 
Every line, whether straight or curved, lengthens in the ratio a per 
degree temperature rise. If you scratch your name on the plate, the 
line representing your name has the same fractional change in length as 
any other line. The analogy to a photographic enlargement is shown in 
Fig. 21-7. 

With these ideas in mind, the student should be able to show (see Prob- 
lems 16 and 17) that to a high degree of accuracy the fractional change in 
area A per degree temperature change for an isotropic solid is 2a, that is, * 


AA = 22A AT, 


and the fractional change in volume V per degree temperature change for 
an isotropic solid is 3o, that is, 


AV = 3aV AT. 


Because the shape of a fluid is not definite, only thé change in volume 
with temperature is significant. Gases respond strongly to temperature 
or pressure changes, whereas the change in volüme of liquids with changes 
in temperature or pressure is very small. If we let 8 represent the coef- 
ficient of volume expansion for a liquid, that is, 
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Tig. 21-7 The same steel rule at two different temperatures. On expansion every 
dimension is increased by the same proportion: the scale, the numbers, the hole, and the 
thickness are all increased by the same factor.. (The expansion shown, from (a) to (b), 
is obviously exaggerated, for it would correspond to an imaginary temperature rise of 
about 100,000 C°!) 


cally expand with increasing temperature, their volume expansion being 
generally about ten times greater than that of solids. 

However, the most common liquid, water, does not behave like other 
liquids. In Fig. 21-8 we show the expansion curve for water. Notice that 
above 4° C water expands as the temperature rises, although not linearly. 
As the temperature is lowered from 4 to 0° C, however, water expands 
instead of contracting. Such an expansion with decreasing ternperature 
is not observed in any other common liquid; it is observed in rubberlike 
substances and in certain crystalline solids over limited temperature 
intervals. The density of water is a maximum at 4? C, where its value* is 
1000 kg/ meter? or 1.000 gm 'cm?. At all other temperatures its density is 
less. This behavior of water is the reason why lakes freeze first at their 
upper surface. 


Temperature, *C Temperature, *C 
(o) (b) 


Fig. 21-8 (a) The variation with temperature of densit~ of water under atmospheric 
pressere. (b) The variation between 0 and 10*C in more detail. 
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QUESTIONS 


1. Is temperature a microscopic or macroscopic concept? 

2. Does our “temperature sense" have a built-in sense of direction; that is, does hotter, 
necessarily mean higher temperature, or is this just an arbitrary convention? Celsius, 
by the way, originally chose the steam point as 0° C and the ice point as 100? C. 

3. How would you suggest measuring the temperature of (a) the sun, (b) the earth's 
upper atmosphere, (c) an insect, (d) the moon, (e) the ocean floor, and (f) liquid helium? 

4. Isone gas any better than another for purposes of a standard constant-volume gas 
thermometer? What properties are desirable in a gas for such purposes? 

5. State some objections to using water-in-glass as a thermometer. Is mercury-in- 
glass an improvement? 

6. Can you explain why the column of mercury first descends and then rises when a 
mercury-in-glass thermometer is put in a flame? 

7. What are the dimensions of a, the coefficient of linear expansion?  Does'the value 
of a depend on the unit of length used? When F° are used instead of C° as a unit of 
temperature change, does the numerical value of a change? If so, how? 

8. A metal ball can pass through a metal ring. When the ball is heated, however, it 
gets stuck in the ring. What would happen if the ring, rather than the ball, were 
heated? 

9. A bimetallic strip, consisting of two different metal strips riveted together, is used 
as a control element in the common thermostat. Explain how it works. 

10. Explain how the period of a pendulum clock can be kept constant with tempera- 
ture by attaching tubes of mercury to the bottom of the pendulum. (See Problem 13). 

1l. Explain why some rubberlike substances contract with rising temperature. (See 
Question 21, Chapter 25.) 

12. Explain why the apparent expansion of a liquid in a bulb does not give the true 
expansion of the liquid. 

13. Does the change in volume of a body when its temperature is raised depend 
on whether the body has cavities inside, other things being equal? Consider a solid 
sphere and a hollow sphere, for example. 


14. What difficulties would arise if you defined temperature in terms of the density 
of water? 


15. Explain why lakes freeze first at the surface. 


: * It is to this value of unii maximum density of water that the relative sizes of the 
kilogram and meter were originally supposed to correspond. Accurate measurements 
show, however, that the international standards of mass and length do not correspond 


oo T this value. The maximum density of water is actually 999.973 kg /meter' 
at 3.98° C. 
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PROBLEMS 


1. If the ideal gas temperature at the steam point is 373.15? K, what is the limiting 
value of the ratio of the pressures of a gas at the steam point and at the triple point of 
water when the gas is kept at constant volume? 

2. Let ptr be the pressure in the bulb of a constant-volume gas thermometer when the 
bulb is at the triple-point temperature of 273.16? K and p the pressure when the bulb is 
at room temperature. Given three constant-volume gas thermometers: For No: 1 the 
gas is oxygen and py, = 20 cm-Hg; for No. 2 the gas is also oxygen but pi, = 40 cm-Hg; 
for No. 3 the gas is hydrogen and py, = 30 cm-Hg. The measured values of p for the 
three thermometers are pj, ps, and pa. (a) An approximate value of the room tempera- 
ture T can be obtained with each of the thermometers using 


z pı p2 Pa 
Tı = 27346° K ———_;_ T= 273.16° K — ——: = 273.16° K — —— —- 
: 20 cm-Hg’ Apta K 40 cm-Hg n B 30 cm-Hg 


Mark "true" or "false" each of the following statements: (1) With the method de- 
scribed, all three thermometers will- give the same value of 7, (2) The two oxygen 
thermometers will agree with each other but not with the hydrogen thermometer. (3) 
Each of the three will give a different value of T. (b) In the event that there is dis- 
&greement among the three thermometers, explain how you would change the method 
of using them to cause all three to give the same value of T. 

3. It is an everyday observation that hot and cold objects cool down or warm up to 
the temperature of their surroundings. If the temperature difference AT between an 
object and its surroundings is not too great, the rate of cooling or warming is approxi- 
mately proportional to the temperature difference between the obiect and its surround- 
ings: that is, 

dAT 
di 


= —K NT, 


where K is a constant. The minus sign appears because AT decreases with time if AT is 
positive and vice versa, This is known as Newton’s law efcooling. (a) On what factors 
does K depend? What are its dimensions? (b) If nt some instant the temperature 
difference is AT'o, show that it is ‘ 


AT = AT ye~* 3 
at a time t later. 1 


4. A mercury-in-glass thermometer is placed in boiling water for a few minutes and 
then removed. The temperature readings at various times after removal are as 


follows: 
.t,sec T,°C}t,sec 7,°C}t, sec 7,°C|t, sec. T,°C 


0 98.4] 25 65.1] 100 50.3] 700 26.5 
5 76.1} 30 63.9] 150 43.7] 1000 26.1 
10 71.1} 40 61.6] 200 38.8] 1400 26.0 
15 67.7] 50 59.4] 300 32.7] 2000 26.0 
20 66.4| 70  55.4| 500 27.8 |3000 26.0 


Plot K asa function of time, assuming Newton’s law of cooling to apply (see Problem 3). 
How constant is the "constant" K? What might give rise to the observed variations 


of K with time? 
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5. At what temperature do the Fahrenheit and Celsius scales give the same reading? 
The Fahrenheit and the Kelvin scales? 

6. (a) The temperature of the surface of the sun is about 6000? K. Express this 
on the Fahrenheit scale. (b) Express normal human body temperature, 98.6? F, on 
the Celsius scale. (c) Excluding Hawaii and Alaska, the highest recorded temperature 
in the United States is 134? F at Death Valley, California, and the lowest is —70? F at 
Rogers Pass, Montana. Express these extremes on the Celsius scale. (d) Express the 
normal boiling point of oxygen, — 183^ C, on the Fahrenheit scale. (e) At what Celsius 
temperature would you find a room to be uncomfortably warm? 

7. In the interval between 0 and 660° C, a platinum resistance thermometer of 
definite specifications is used for interpolating temperatures on the International Prac- 
tical Temperature Scale. The temperature t is given by a formula for the variation of 
resistance with temperature: 


R = Ro(1 + At + Be). 


Ro, A, and B are constants determined by measurements at the ice point, the steam 
point, and the sulphur point. (a) If R equals 10.000 ohms at the ice point, 13.946 ohms 
at the steam point, and 24.817 ohms at he sulphur point, find Ro, A, and B. (b) Plot 
R versus ż in the temperature range from 0 to 660° C. 

8. (a) Show that if the lengths of two rods of different solids are inversely propor- 
tional to their respective coefficients of linear expansion at some initial temperature, the 
difference in length between them will be constant at all temperatures. (b) What 
should be the lengths of a steel and a brass rod at 0? C so that at all temperatures their 
difference in length is 0.30 meter? 

9. Acircular hole in an aluminum plate is 1.000 in. in diameter at 0* C. What is its 
diameter when the temperature of the plate is raised to 100° C? 

10. The Pyrex glass mirror in the telescope at Palomar Observatory has a diameter of 
200 in. The temperature ranges from —10 to 50° C on Mount Palomar. Determine 
the maximum change in the diameter of the mirror. 

: 11. A clock pendulum made of invar has a period of 0.500 sec at 20°C. If the clock 
is used in a climate where the temperature averages 30° C, what correction (approxi- 
mately) is necessary at the end of 30 days to the time given by the clock? 

12. The distance between the towers of the main span of the Golden Gate Bridge 
at San Francisco is 4200 ft. The sag of the cable halfway between the towers at 50° F 
is 470 ft. Take a = 6.5 X 10~®/F° for the cable and compute the change in length of 
the cable and the change in sag for a temperature change from —20 to 110°F. Assume 
no bending or separation of the towers and a parabolic shape for the cable. 

13. A glass tube nearly filled with mercury is attached to the bottom of an iron pendu- 
lum rod 100 cm long. How high must the mercury be in the glass tube so that ihe 
center of mass of this pendulum will not rise or fall with changes in temperature? 

14. A steel rod is 3.000 cm in diameter at 25° C. A brass ring has an interior diam- 
von i 2 cm at 25°C. At what common temperature will the ring just slide onto 

ie TOi 


15. Show that if o is treated as a variable, dependent on the temperature 7’, then 
T 
Ee bo [: + I; a(T) ar | 
To 
where Lo is the length at a reference temperature T'o. 


Ee The area A of a rectengular plate is ab. Its coefficient of linear expansion is a. 
ter a temperature rise AT, side a is longer by Aa, and side b is longer by Ab. Show 
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that if we neglect the small area Aa - Ab, shown cross-hatched and greatly exaggerated 
in size in Fig. 21-9, then AA = 2aA AT. 


17. Prove that, if we neglect extremely small quantities, the change in volume of a 
solid on expansion through a temperature rise AT is given by AV = 3aV AT where a is 
the coefficient of linear expansion. 

18. When the temperature of a “copper” penny is raised by 100? C, its diameter 
increases by 0.18%. To two significant figures give the per cent increase in the (a) area 
of a face, (b) thickness, (c) volume, and (d) mass of the penny. (e) What is the coeffi- 
cient of linear expansion? 

19. Find the change in volume of an aluminum sphere of 10.0-cm radius when it is 
heated from 0.00 to 100? C. 

20. Consider a mercury-in-glass thermometer. - Assume that the cross-section of the 
capillary is constant at Ao, and that Vo is thé volume of the bulb of mercury at 0.00? C. 
If the mercury just fills the bulb at 0.00? C, show that the length of the mercury column 
in the capillary at a temperature f? C is 


Vo ; 
T= 7-6 2 


that is, proportional to the temperature, where B is the volume coefficient of expansion of 
mercury and e is the linear coefficient of expansion of glass. 

21. Density is mass per unit volume. If the volume V is temperature dependent, so 
is the density o. Show that the change in density Ap with change in temperature AT is 
given by 

Ap = —BpAT 


where 8 is the volume coefficient of expansion. Explain the minus sign. 

22. (a) Prove that the change in rotational inertia 7 with temperature of a solid 
object is given by AI = 2aI AT. (b) Prove that the change in period t of a physical 
pendulum with temperature is given by At = Jot AT. Š 

23. Consider a uniform solid brass cylinder of mass M = 0.50 kg and radius 
R = 0.030 meter. The cylinder is placed in frictionless bearings and set to rotate 
about its cylinder axis with an angular velocity w = 60 radians/sec. (a) What is the 
angular momentum of the cylinder and how much work is required to reach this rate of 
rotation, starting from rest? (b) After the cylinder has reached the state of rotation 
just described we heat it, without mechanical contact, from room temperature-(20° C) 
to 100°C. Take the mean coefficient of linear expansion of brass to be & = 2.0 X 
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10—5/C*. Find the fractional changes, if any, in the angular velocity, the angular 
momentum, and the kinetic energy of rotation of the cylinder. Explain. 

24. Show that when the temperature of a liquid in a barometer changes by AT, and 
the pressure is constant, the height h changes by 4h = Bk AT where 8 is the coefficient 
of volume expansion. 

25. Two vertical glass tubes filled with a liquid are connected at their lower ends by a 
horizontal capillary tube. One tube is surrounded by a bath containing ice and water 


in equilibrium (0.0° C), the other by a hot-water bath (¢). The difference in height of 
the liquids in the two columns is Ah, and ho is the height of the column at 0.0° C. Show 
‘how this apparatus (Fig. 21-10), first used in 1816 by Dulong and Petit, can be used to 
measure the true coefficient of volume expansion 8 of a liquid (rather than the differen- 
tial expansion between glass and liquid). Determine sift = 16.0° C, ho = 126 cm, and 
Ah = 1.50 cm. 


Heat and the First Law of 
Thermodynamics 


CHAPTER 22 


22-1 Heat, a Form cf Energy 


When two systems at different temperatures are placed together, the 
final temperature reached by both systems is somewhere between the two 
starting temperatures. This is a common observation. Man has long 
sought for a deeper understanding of such phenomena. Up to the begin- 
ning of the nineteenth century, they were explained by postulating that a 
material substance, caloric, existed in every body. It was believed that 
& body at high temperature contained more caloric than one at a low tem- 
perature. When the two bodies were put together, the body rich in caloric 
lost some to the other until both bodies reached the same temperature. 
The caloric theory was able to describe many processes, such as heat con- 
duction or the mixing of substances in a calorimeter, in a satisfactory way. 
However, the concept of heat as a substance, whose total amount remained 
constant, eventually could not stand the test of experiment. Neverthe- 
less, we still describe many common temperature changes as the transfer 
of “something” from one body at a higher temperature to one at the lower, 
and this “something” we call heat. A useful but nonoperational defi- 
nition, is: heat is that which is transferred between a system and its surround- 
ings as a result of temperature differences only. 

Eventually it became generally understood that heat is a form of energy 
rather than a substance. The first conclusive evidence that heat could not 
be a substance was given by Benjamin Thompson (1753-1814), an Ameri- 
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can who later became Count Rumford of Bavaria, Ina paper read before 
the Royal Society* in 1798 he wrote: 


I . . . am persuaded, that a habit of keeping the eyes open to everything that is 
going on in the ordinary course of the business of life has oftener led, as it were by 
accident, or in the playful excursions of the imagination . . . to useful doubts and 
sensible schemes for investigation and improvement, than all the more intense 
meditations of philosophers, in the hours expressly set apart for study. It was by | 
accident that I was led to make the Experiments of which I am about to give an 


account. 


Rumford made his discovery while supervising the boring of cannon for 
the Bavarian government. To prevent overheating, the bore of the cannor 
was kept full of water. The water was replenished as it boiled away dur- 
ing the boring process. It was accepted that caloric had to be supplied tc - 
water to boil it. The continuous production of caloric was explained by 
assuming that when a substance was more finely subdivided, as in bor- 
ing, its capacity for retaining caloric became smaller, and that the caloric” 
released in this way was what caused the water to boil. Rumford observed - 
in specific experiments, however, that the water boiled away even when 
his . oring tools became so dull that they were no longer cutting or sub- 
dividing matter. 

He wrote after ruling out by experiment all possible caloric interpre-- 
tations, 


Te in reasoning on this subject, we must not forget to consider that most remark- 
able circumstance, that the source of Heat generated by friction, in these Experi- 
ments, appeared evidently to be inezhaustible . . . it appears to me to be extremely 
difficult, if not quite impossible, to form any distinct idea of any thing capable of 
being excited and communicated in the manner the Heat was excited and com: 
municated in these Experiments, except it be MOTION. 


„Here we have the germ of the idea that the mechanical work expended: 
in the boring process was responsible for the creation of heat. The idea 
was not clearly put’until much later, by others. Instead of the continuous 
disappearance of mechanieal energy and the continuous creation of heat, 
neither obeying any conservation principle, the whole process is now viewed 
as a transformation of energy from one form to another, the total energy 
being conserved. 
Although the concept of energy and its conservation seems self-evident 
today, it was a novel idea as late as the 1850’s and had eluded such men 85 
Galileo and Newton. ‘Throughout the subsequent history of physics this 
conservation idea led men to new discoveries. Its early history was 
remarkable in many ways. Several thinkers arrived at this great con^ 
cept at about the same time; at first, all of them either met with a cold 
: reception or were ignored. The principle of the conservation of energy 


* . 
Rumford, an American, was founder of the Royal Institution in London. 


the other hand, the Smithsonian Institution i ; = ed 
a , a titut 
FEnglishmen: ian Institufion in Washington owes its origin to 
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was established independently by Jülius von Mayer (1814-1878) in Ger- 
many, James Joule (1818-1889) in England, Hermann von Helmholtz 
(1821-1894) in Germany, and L. A. Colding (1815-1888) in Denmark.* 

It was Joule who showed by experiment that, when a given quantity of 
mechanical energy is converted to heat, the same quantity of heat is always 
developed. "Thus, the equivalence of heat and mechanical work as two 
forms of energy was definitely established. 

Helmholtz first expressed clearly the idea that not only heat and mechani- 
cal energy but all forms of energy are equivalent, and that a given amount 
of one form cannot disappear without an equal amount appearing in some 
of the other forms. 


22-2 Quantity of Heat and Specific Heat 


The unit of heat Q is defined quantitatively in terms of a specified change 
produced in a body during a specified process. Thus, if the temperature 
of one kilogram of water is raised from 14.5 to 15.5° C by heating, we say 
that one kilocalorie (kcal) of heat has been added to the system. The 
calorie (= 107? keal) is also used as a heat unit. (Incidentally, the 
“calorie” used to measure the energy content of foods is actually a kilo- 
calorie.) In the engineering system the unit of heat is the British thermal 
unit (Btu), which is defined as the heat necessary to raise the temperature 
of one pound of water from 63 to 64? F. 

The reference temperatures are stated because, near room temperature, 
there is a slight variation in the heat needed for a one-degree temperature 
rise with the temperature interval chosen. We will neglect this variation 
for most practical purposes. The heat units are related as follows: 


1.000 kcal — 1000 cal — 3.968 Btu 


Substances differ from one another in the quantity of heat needed to 
produce a given rise of temperature in a given mass. The ratio of the 
heat AQ supplied to a body to its corresponding temperature rise AT is 
called the heat capacity C of the body; that is, 


: AQ 
= heat ty = — 
C eat capacity AT 
The word “capacity” may be misleading because it suggests the essentially 


meaningless statement “the amount of heat a body can hold," whereas 
what is meant is simply the heat added per unit temperature rise. 


* From the posthumous publication of Reflections (1872) of the French engineer Sadi" 
Carnot (1796-1832), it is clear that he arrived at the conservation of energy principle 
before all the others. It will give the student some food for thought to realize that 
of the five men who were the first to understand the conservation of energy principle, 
all were young and all were professionally outside the field of physics at the time of 
their contributions. Mayer was a physician, age 28; Helmholtz, a physiologist, age 32; 
Colding, an engineer, age 27; Joule, an industrialist, age 25; and Carnot, an engineer, 
age 34. Rumford was an old man, age 45, by comparison. 
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The heat capacity per unit mass of a body, called specific heat, is charac- 
teristic of the material of which the body is composed : 


a heat capacity _ AQ 


mass maT um 


We properly speak, on the one hand, of the heat capacity of a penny but, 
on the other, of the specific heat of copper. 

Neither the heat capacity of a body nor the specific heat of a material is 
constant but depends on the location of the temperature interval. The 
previous equations give only average values for these quantities in the tem- 
perature range of AT. The specific heat c of a material at any temperature 
is defined by 

2209. 


C= dT (22-2) 


Hence, the heat hat must be given to a body of mass m, whose material 
has a specific heat capacity c, to increase its temperature from T; to Tz, is 


Q=m fp car (22-3) 


where c is a function of the temperature. At ordinary temperatures and 
over ordinary temperature intervals, specific heats can be considered to be 
constants. Figure 22-1 shows the variation in the specific heat of water 
with temperature. Information of this sort is obtained by using an elec- 
trical heating coil to supply heat at a rate that can be accurately deter- 
mined. We see from fhe graph that the specific heat of water varies less 
than 1% from its value of 1.000-cal/gm C? at 15? C. 


Specific heat, cal/gm C* 


0 20 40 60 80 100 
Temperature, *C 


Pe atk The variation with temperature of the specific heat of water at a pressure of 
‘00 atm. The circle, located at 15° C, suggests the definition of the calorie. 


- 
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Equations 22-1 arid 22-2 do not define specific heat uniquely. We must 
also specify the conditions under which the heat AQ is added to the speci- 
men. We have implied that the condition is that the specimen remain at 
normal (constant) atmospherie pressure while we add the heat. This is a 
common condition, but there are many other possibilities, each leading, 
in general, to a different value forc. To obtain a unique value for c we 
must specify the conditions, such as specific heat at constant pressure Cp, 
specific heat at constant volume c», etc. a 4 

Table 22-1- (second column) shows the specific heats at constant pres- 
sure of some solid elements; we will discuss the specific heats of gases later. 
‘The student should realize from the way the calorie and the Btu are defined 
that 1 cal/gm C? = 1 kcal/kg C° = 1 Btu/lb F°, exactly. Note that the 
specific heat of water, equal to 1.00 cal/gm C?, is large compared to that of 
most substances. 

Table 22-1 


VALUES FOR Cp FOR SOME SOLIDS 
(At room temperature and for p = 1.0 atm) 


Molecular Molar 
Specific heat, weight ^ heat capacity 

Substance > cal/gm C? gm/mole — cal/mole C? 
Aluminum 0.215 27.0 5.82 
Carboa 0.121 12.0 1.46 
Copper 0.0923 63.5 5.85 
Lead 0.0305 207 6.32 
Silver 0.0564 108 6.09 


Tungsten 0.0321 184 5.92 


P Example l. A 75-gm block of copper, taken from a furnace, is dropped into a 
300-gm glass beaker containing 200-gm of water. The temperature of the water 
rises from 12 to 27°C. What was the temperature of the furnace? 

This is an example of two systems originally at different temperatures reaching 
thermal equilibrium after contact. No mechanical energy is involved, only heat 
exchange. Hence, 


heat lost by copper = heat gained by (beaker + water), 


mocc(Te — Te) = (maca + mwew)(Ts — Tw). 


The subscript C stands for copper, G for glass, and W for water. The initial copper 
temperature is T'c, the initial beaker water temperature is Ty, and 7’, is the final 
equilibrium temperature. Substituting the given values, with cc = 0.093 cal/ 
gm C°, cg = 0.12 cal/gm C°, and cw = 1.0 cal/gm C°, we obtain 


(75 gm) (0.093 cal/gm C°)(Te — 27° C) = [(300 gm) (0.12 cal/gm C?) 
+ (200 gm) (1.0 cal/gm C°)](27° C — 12° C) 


or, solving for Tc, Tc = 530°C 
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What approximations, both experimental and theoretical, were used implicitly to 
arrive at this answer? 4 


22-3 Molar Heat Capacities of Solids 


From the second column of Table 22-1-we conclude that the specific heats of 
solids vary widely from one material to another. However quite a different story 
emerges if we compare samples of materials that contain the same number of mole- 
cules rather than samples that have the same mass. We can do this by expressing 
specific heats (called when so expressed molar heat capacities) in cal/mole C? rather 
than in cal/gm C?.* In 1819 Dulong and Petit pointed out that the molar heat 
capacities of all substances, with few exceptions (see carbon in Table 22-1), have 
values close to 6 cal/mole C°, The molar heat capacity, listed in the fourth 
column of Table 22-1, is found by multiplying the specific heat (second column) 
by the molecular weight (third column). We see that the amount of heat required 
per molecule to raise the temperature of a solid by a given amount seems to be 
about the same for almost all materials. This is striking evidence for the molecular 
theory of matter. 

Actually molar heat capacities vary with temperature, approaching zero as 
T — 0° K and approaching the Dulong-Petit value as T.— ©. Since the number 
of molecules rather than the kind of molecule seems to be important in determining 
the heat required to increase the temperature of a body by a given amount, we are 
led to expect that the molar heat capacities of different substances will vary with 
temperature in much the same way. Figure 22-2 shows that, indeed, the molar 
heat capacities of various substances can be made to fall on the same curve by a 
simple, empirical adjustment in the temperature scale. The horizontal scale in 
Fig. 22-2 is the dimensionless ratio T'/ Tp, where T is the Kelvin temperature and 
Tp is a characteristic temperature, called the Debye temperature, that has a par- 
ticular constant value for each material. For lead, Tp has the empirical value of 
88° K and for carbon, Tp = 1860? K. From these data the student can show 
that a scale value of T/T; = 0.600 corresponds to T = 53* K for feud but to 
T = 1120° K for carbon. Alternatively, room temperature (~300° K) corre- 
sponds to T/T» = 3.4 for lead and to T/Tp = 0.6 .or carbon. Thus we see 
from Fig. 22-2 that in the early days, when o m tempersture specific heats 
were available, lead wouid conform to the Dutong and Petit rule but carbon would 
seem to be an exception. 

The siraight line 7 in Fig. 22-2 is the Dulong and Petit value of 1819; it agrees 
with experiment at high temperature but fails at low temperatures. It corre- 
sponds to the assumption that every atom in a solid vibrates independently like a 
classical oscillator. Curve II is due to Debye (1912). In the Debye theory, á 
characteristic temperature Tp, which is directly related to a vibrational frequency 
characteristic of the material, can be obtained independent of specific heat experi- 


* A mole of any substance is that mass of the substance that contains a specified 
number of molecules, namely, 6.02252 X 1023, called Avogadro's number. This mum- 
ber is the result of the defining relation that one mole of carbon (actually, of the isotope 
eu) shall have a mass of 12 gm, exactly. The molecular weight M of a substance is a 
dimensionless quantity expressing the number of grams per mole of that substance. 
Thus the molecular weight of oxygen is 32.0 gm /mole. Although the mole is a unit of 
pou e Ane vxo it into, inis vip until we know the chemical composition 

ance; for this reason we it convenient i 
rina eg es to use a special symbol (y) for 
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Cy, cal/mole K* 
N w > ou 


- 


ot 
0 02 04 06 08 10 12 14 16 18 20 22 24 26 28 
T/Tp 
fig. 22-2 The molar heat capacities (c;) showing a few selected points only. Line I 
represents the Dulong and Petit rule and curve II represents a theory due to Debye. 


ments. One then uses quantum principles to analyze the coupled vibrations of 
the atoms in a solid and obtains a specific heat formula which, in terms of the 
dimensionless ratio T/T, is the same for all substances. The excellent agreement 
af this formula (curve II) with experiment is a triumph of quantum physics.* 

The materials displayed in Fig. 22-2 are “normal” in that they do not melt, boil, 
change their crystal structure, etc., in the temperature range indicated. Specific 
heat measurements, which tell us how a solid absorbs energy as its temperature is 
raised, are a sensitive probe to detect such molecular, atomic, or electronic rear- 
rangements. Figure 22-3, for example, shows the specific heat of tantalum near 


EG 
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N 
o 


= 
e 


Fig. 22-3 The specific heat of 
tantalum near its supercondueting 
transition temperature. 


cp, 1074 cal/mole K* 
S 


Normal 
: Superconductor -i conductor 
0 m 
30 35 40 45 50 55 


Temperature, *K 


* The data reported in Fig. 22-2 are values of c, but those in Table 22-1 are sp. 
The former is easier to calculate theoretically because the thermal expansion need not 
3e taken into account, but (for solids) the latter is much easier to meesure. The two 
are related by the simple thermodynamie formula 


Cp = €» + TB?/xp 


n which 8 is the thermal coefficient of volume expansion, x (= —AV/VAp) is ye 
(isothermal) compressibility; and p is the density. At room temperature the difference 
3»etween cp and c» for typical solids is about 5%. 
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4.89* K. Below this transitión temperature tantalum loses all its electric resist- 
ance—it becomes superconducting. Above this temperature it has the resistance 
expected of a normal metal. 


22-4 Heat Conduction 


The transfer of energy arising from the temperature difference between 
adjacent parts of a body is called heat conduction, Consider a slab of 
material of cross-sectional area A and thickness Ar, whose faces are kept 
at different temperatures. We measure the heat AQ that flows perpen- 
dicular to the faces for a time At. Experiment shows that AQ is propor- 
tional to At and to the cross-sectional aren A for a given temperature 
difference AT, and that AQ is proportional to AT/Az for a given At and A, 
providing both AT and Ax are small. That is, 


— «a A— approximately. 


In the limit of a slab of infinitesimal thickness dz, across which there is 
.&à temperature difference dT, we obtain the fundamental law of heat 
conduction 


m —kA T (22-4) 


Here dQ/dt is the time rate of heat transfer across the area A, dT/dz is 
called the temperature gradient, and k is a constant of proportionality called 
the thermal conductivity. We choose the direction of heat flow to be the 
direction in which z increases; since heat flows in the direction of decreas- 
ing T, we introduce a minus sign in Eq. 22-4 (that is, we wish dQ/dt to be 
positive when dT/dz is negative). 

A substance with a large thermal conductivity k is a good heat con- 
ductor; one with a small thermal conductivity k is a poor heat conductor, 
ora good thermal insulator. The value of k depends on the temperature, 
Increasing slightly with increasing temperature, but & can be taken to be 
practically constant throughout a substance if the temperature. difference 
between its parts is not too great. In Table 22-2 we list values of k for 
various substances; we see that metals as a group are better heat con- 
ductors than nonmetals, and that gases are poor heat conductors. 

. Let us apply Eq. 22-4 to a rod of length L and constant cross-sectional 
area A in which-a steady state has been reached (Fig. 22-4). Ina steady 
state the temperature at each point is constant in time. Hence, dQ/dt is 
the same at all cross-sections. (Why?) But dQ/dt = —kA(dT/dz), so 
that, fora constant k and A , the temperature gradient dT/dz is the sume 

t all cross-sections, Hence, T decreases linearly along the rod so that 
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THERMAL CONDUCTIVITIES, KCAL/SEC METER C° 
(Gases at 0° C; others at about room temperature) 


Metals Hydrogen 3.3 X 107° 
Aluminum 4.9 X 10-?| Oxygen 5.6 X 1075 
Brass 2.6 X 107? | Others 
Copper 9.2 X 107?| Asbestos 2. X 1075 
Lead 8.3 X 10-| Concrete 2 X 10-4 
Silver 9.9 X10-*} Cork 405 1077 
Steel 1.1 X 107?, Glass DECATA 

Gases Ice Leon 102* 
Air 5.7 X10-5| Wood Sahay 109 


—dT/dz = (Tz — T;)/L. Therefore, the heat AQ transferred in time At is 


Q VAT 
At L 


(22-5) 


Fig. 22-4 Conduction of heat through an insulated conducting bar. 


The phenomenon of heat conduction also shows that the concepts of 
heat and temperature are distinctly different. Different rods, having the 
same temperature difference between their ends, may transfer entirely 
different quantities of heat in the same time. 


P Example 2. Consider a compound slab, consisting of two materials having 
different thicknesses, L1 and Le, and different thermal conductivities, £y and ko. If 
the temperatures of the outer surfaces are T» and Tı, find the rate of heat transfer 
through the compound slab (Fig. 22-5) in a steady state. 
Let T, be the temperature at the interface between the two materials. Then 
AQ: _ eA (Ts — Te) 


by 


y DEL AL Le 
ES AQ _ ACT, — T9, 
At Li 
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In a steady state AQ1/At = AQs/At. 
-so that 
kA(T? — Tz) AT. — Ti) 
La Li 


Let AQ/At be the rate of heat transfer 
(the same for all sections). Then, 
solving for 7, and substituting into 
either of these equations, we obtain 


AQ Á A(Ts — T3) : 
At (Li/Ei) + (Lak) 


The extension to any number of sec- 


Fig. 22-5 Example 2. Conduction of tions in series is obviously 
heat through two layers of matter 
with different thermal conductivities. AQ 1 A(T: — Ti) 4 


At X(L/k) 


22-5 The Mechanical Equivalent of Heat 


If heat is just another form of energy, any energy unit could be a heat 
unit. The calorie and Btu originated before it was generally accepted that 
heat is energy. It was Joule who first carefully measured the mechanical 
- energy equivalent of heat energy, that is, the number of joules equivalent 
to 1 calorie, or the number of foot-pounds equivalent to 1 Btu. 

The relative size of the “heat units" and the “mechanical units" can be 
found from experiments in which à measured quantity of mechanical energy 
is completely converted into a measured quantity of heat. Joule originally 
used an apparatus in which falling weights rotated a set of paddles in a 
water container (Fig. 22-6). The loss of mechanical energy was computed 


Fig. 22-6 Joule’s arrangement for measuring 
the mechanical equivalent of heat. The 
faling weights turn paddles which stir the 
water in the container, thus raising its tem- 
perature. 


Sec. 22-6 HEAT AND WORK 555 


from a knowledge of the weights and the heights through which they fell 
and the gain in heat energy by determining the equivalent mass of water 
and its rise in temperature. Joule wanted to show that the same amount 
of heat energy would be obtained from a given expenditure of work regard- 
less of the method used to produce the work. He produced heat by stirring 
mercury, by rubbing together iron rings in à mercury bath, by converting 
electrical energy into heat in a wire immersed in water, and in other ways. 
Always the constant of proportionality between heat produced and work 
performed agreed within his experimental error of 5%. Joule did not have 
at his disposal the accurately standardized thermometers of today, nor 
could he make such reliable corrections for heat losses from the system as 
are possible now. His pioneer experiments are noteworthy not only for the . 
skill and ingenuity he showed but also for the influence they had in con- 
vincing scientists everywhere of the correctness of the concept that heat is 
a form of energy. 
The accepted results* (see Appendix A for more precise values) are 


1 keal = 1000 cal = 4186 joules 
1 Btu = 252.0 cal = 777.9 ft lb; 


that is, 4186 joules of mechanical energy, when converted to heat, will 
raise the temperature of 1 kg of water from 14.5 to 15:05: 


In modern calorimetry heat is almost always measured in terms of the electrical 
energy transferred to a water bath by passing a current through a resistor that is 
immersed in the bath; it is rarely measured by observing the rise in temperature 
ofa water bath. Thus the logical practical unit of heat is the joule (1 joule — 
1 watt-sec) and this was indeed adopted as the accepted international unit for 
heat by the Ninth General Conference on Weights and Measures (1948). Indeed, 
in modern laboratory practice the calorie (or kilocalorie) is not much used or 
needed, It is, however, deeply embedded in the literature of science. To, per- 
mit.the continued use of this familiar unit—but to recognize the practical impor- 
tance of the joule—a new kilocalorie, the thermochemical kilocalorie, is often defined: 


ll 


1 kilocalorie (thermochemical) = 4184.0 joules (exactly). 


In ordinary laboratory practice this kilocalorie does not differ significantly from 
that defined earlier. 


22-6 Heat and Work 


We have seen that heat is energy that flows from one body to another because 
of a temperature difference between them. The idea that heat is something. in 
a body, as the calorie theory assumed, contradicts many experimental facts. 
It is only as it flows, because of a temperature difference, that the energy 


* Henry A. Rowland, in 1879, carried out a painstaking determination of the mechan- 
ical equivalent, of-heat which, to this day, remains a model of careful experimentation. 
. His result differs from the accepted value today by only 1 part in 2000. Rowland 

graauated from Rensselaer Polytechnic Institute in 1870 and in 1876 became the first 
Profesaoraf Physics at the then newly established Johns Hopkins University, where he 
conducted thisexperiment. See “The Education of an American Scientist, Henry A 
Rowland” by Samuel Rezneck, American Journal of Physics, February 1960. 
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is called heat energy. If heat were a substance, or a definite kind of energy 
that kept its identity while contained in a system, it would not be possible 
to remove heat indefinitely from a system which does not change. Yet 
Rumford showed that this was possible. In fact, by continually perform- 
ing mechanical work in Joule’s apparatus, we can obtain an indefinite 
amount of heat out of the water, by connecting it to a cooler system, for 
example, without changing the condition of the water. 

In the same way work is not something of which a system contains a 
definite amount. We can put an indefinite amount of work into a system 
without changing its condition, as Joule’s apparatus again illustrates. 
Work, like heat, involves a transfer of energy. In mechanics, work is 
involved in energy transfers in which temperature played no role. If heat 
energy is transmitted by temperature differences, we can distinguish heat 
and work by defining work as energy that is transmitted from one system to 
another in such a way that a difference of temperature is not directly involved. 
This definition is consistent with our previous use of the term. That is, 
in the expression dW = F dz, the force F can arise from electrical, mag- 
netic, gravitational, and other sources. The term work includes all these 
energy transfer processes, but it specifically excludes energy transfer arising 
from temperature differences. 

Consider another simple example, that of rubbing two surfaces together. 
There is no limit to the amount of heat that ean be removed from this 
system or to the amount of work that can be put into it,'so that there is 
no definite meaning to phrases such as “the heat in the system" or “the 
work in the system." The quantities Q and W are not characteristic of 
the (equilibrium) state of the system but rather of the thermodynamic process _ 

- by which the system moves from one equilibrium state to another, by inter- 
acting with its environment. It is only during such a process that we can 
give meaning to heat and work; we can then identify Q with the heat 
transferred to or from the system and W with the work done on or by the 
system. The study of such processes and of the changes in energy involved 
in the performance of work and the flow of heat is the subject matter of 
thermodynamics. 

In Fig. 22-7 we consider a general thermodynamic process. We must 
first state definitely what the system is and what the environment is. In 
the figure we draw a closed surface surrounding the system to define it. 
In (a) the system is in its initial state, in equilibrium with the environment 
external to it. In (b) the system interacts with its environment through 
some specific thermodynamic process. During this process, energy in the 
form of heat and/or work may go into or out of the system. Arrows repre- 
senting the flow of Q or W must pierce the surface enclosing the system. 
In (c) the system has reached its final siate, again in equilibrium with the 
environment external to it. 

Figure 22-8 shows a falliug weight which turns a generator, which in 
turn sends an electric current through a resistor immersed in a water con- 
tainer. . Let us choose the system to be the generator and the attached 
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electric circuit, the water, and its container. Then the environment is the 
weight and the earth, which pulls on the weight. The process consists of 
letting the weight fall a distance h in the earth's gravitational field. Dur- 
ing this process the environment (by 
means of the cord) does work W on the 
system. There are no temperature dif- 
ferences between the system and its 
environment and hence 9 — 0 for this 
process. 

Our choice of a system in thermody- 
namic problems is arbitrary. Let us 
now choose the system to be only the 
water and its container in Fig. 22-8. 
The environment now is the generator 
and attached circuit as well as the - 
weight and the earth. For this choice 
of system there now is a temperature 
difference between the environment (re- 
sistor) and the system (water), and heat 
Q will flow into the system during the 
process. No forces act through the sys- 
tem boundary to product displacements, 
however, and hence W = 0 for this pro- 
cess. This example shows that we must 
first state definitely what the system is 
and what the enyironment is before we 
can decide whether the change in the 
state of the system is due to the flow 
of heat or to the performance of work 
or both. There will be a transfer of 
heat between system and environment 
only when a temperature difference 
exists across the system boundary; if no Fig. 22-7 (a) A system in an 
temperature difference exists, the energy initial state, in equilibrium with 


: z its surroundings. (b) A thermo- 
transfer involves work. nad s poma ue o MNA 


Let us now compute Q and W for a tho aystem may exchange heat Q 
specific thermodynamic process. Con- or work W with its environment. 
sider a gas in a cylindrical container (c) A final equilibrium state 


with a movable piston. Let the gas be reached as the result of the 
the system. Initially it is in equilibrium process, 

with theenvironment external to it (which 

is the heat reservoir and the piston, shown 

in Fig. 22-9) and has a pressure p; and a volume V; We can think of the 
containing walls as the system boundary. Heat can flow into the system or 
out of it through the bottom of the cylinder and work can be done on the 
System or by the system by compressing or expanding the gas, respectively, 
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with the piston. Consider a process whereby the system interacts with its — 
environment and reaches a final equilibrium state characterized by a pres- — 


sure p, and a volume V}. 


Fig. 22-8 Heat and work. A 
weight, in falling, does work on an 


electrie generator which sends cure _ 


rent through a resistor which heats 
the water in which it is immersed, 


FE——4 


In Fig. 22-9 we show the gas expanding against the piston. The work 


f Hant reservoir of controllable 

! temperature T 

Fig. 22-9 Work is done by the gas 
at pressure p as it expands against the 
piston. Heat may enter or leave 
the system from the heat reservoir on 
which the cylinder rests. 


done by the gas in displacing the 


piston through an infinitesimal dis- ' 


tance s is 
aW = F -ds = pAds = pdV 


where dV is the differential change in 
the volume of the gas. In general, 
the pressure will not be constant dur- 
ing a displacement. To obtain the 
total work W done on the piston by 


the gas in a large displacement. we 
must know how p varies with 


displacement. Then we compute 
the integral 


w= faw= [pav 


over the range in volume. This in- 
tegral can be evaluated graphically 
as the area under the curve in a p-V 
diagram, as shown for a special case 
in Fig. 22-10. 

There are many different ways in 
which the system can be taken from 


1 
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fig. 22-10 The work done by a 
gas is equal to the area under a p-V 
curve. 


the initial state 7 to the final state f. For example (Fig. 22-11), the pres- 
sure may be kept constant from 7 to a and then the volume kept constant 
from a to f. Then the work done by the expanding gas is equal to the area 
under the line ia. Another possibility is the path bf, in which case the 
work done by the gas is the area under the line bf. The continuous curve 
from 4 to f is another possible path in which the work done by the gas is 
still different from the previous two paths. We can see, therefore, that 
the work done by a system depends not only on the initial and final states but 
also on the intermediate states, that is, on the path of the process, 

A similar result follows if we compute the flow of heat during the process. 
State i is characterized by a temperature T; and state f by a temperature 
T,;. The heat flowing into the system, say, depends on how the system is 
heated. We can heat it at a constant pressure p;, for example, until we 
reach the temperature Ty, and then change the pressure at constant tem- 
perature to the final value pj. Or we can first lower the pressure to p; and 


Fig. 22-11 The work done by a sys- 
tem depends not only on the initial 
state (i) and the final state (f) but 
on the intermediate path as well. 


> 


^ 
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then heat it at that pressure to the final temperature Ty. Or we can follow 
many other paths; Each path gives a different result for the heat flowing 
into the system. Hence, the heat lost or gained by a system depends not only 
on the initial and final states but also on the intermediate states, that is, on the 
path of the process. This is an experimental faet. As J. C. Slater has 
written: 


‘“. . . It would be pleasant to be able to say, in a given state of the system, that 

` the system has so and so much heat energy. Starting from the absolute zero of 
temperature, where we could say that the heat energy was zero, we could heat the 
body up to the state we were interested in, find [dQ from absolute zero up to this 
state, and call that the heat energy. But the stubborn fact remains that we would 
get different answers if we heated it up in different ways. . . . There is nothing to 
do about it.” 


Both heat and work “depend on the path” taken; neither one is inde- 
pendent of the path, and neither one can be conserved alone. 


22-7 The First Law of Thermodynamics 


We can now tie all these ideas together. Let a system change from an 
initial equilibrium state 7 to a final equilibrium state f in a definite way, 
the heat absorbed by the system being Q and the work done by the system 
being W. Then we compute the Q — W. Now we start over and change 
the system from the same state 7 to the same state f, but this time in 
another way by a different path. We do this over and over again, using 
different paths each time. We find that in every case the quantity 
Q — W is the same. Thatis, although Q and W separately depend on the 
path taken, Q — W does not depend at all on how we took the system 
from state 7 to state f but only on the initial and final (equilibrium) states. 

The student will recall from mechanics that when an object is moved 
from an initial point 7 to a final point f in a gravitational field in the absence 
of friction, the work done depends only on the positions of the two points 
and not at all on the path through which the body is moved. From this 
we concluded that: there is a function of the space coordinates of the body 
whose final value minus its initial value equals the work done in displacing 
the body. We called it the potential energy function. Now in thermo- 
dynamics we find that when a system has its state changed from state 7 to 
state f, the quantity Q — W depends only on the initial and final coordi- 
nates and not at all on the path taken between these end points. We 
conclude that thers is a function of the thermodynamic coordinates whose 
final value minus its initial value equals the change Q — W in the pracess. 
We call this function the internal energy function. 
> Now Q-is the energy added to the system by the transfer of heat and W 

4s the energy given up by the system in performing work, so that Q — W 
represents, by definitio; the internal energy change of the system. Let us 
; represent the internal energy function by the letter U. Then the interna! 
‘energy of the system in state f, Uy, minus the internal energy of the system 
In state 7, 77; is simply the change in internal energy of the system, and this 


Sec. 22-8 THE FIRST LAW OF THERMODYNAMICS 561 


quantity has a definite value independent of how the system went from state i 
to slate f. We have 


U, — U;2AU- Q— W. (22-6) 


Just as for potential energy, so for internal energy too it is the change that 
matters. If some arbitrary value is chosen for the internal energy in some 
standard reference state, its value in any other state can be given a definite 
‘value. Equation 22-6 is known as the first law of thermodynamics. In 
applying Eq. 22-6 we must remember that Q is considered positive when 
heat enters the system and W is positive when work is done by the system. 
If our system undergoes only an infinitesimal change in state, only an 
infinitesimal amount of heat dQ is absorbed and only an infinitesimal 
amount of work dW is done, so that the internal energy change dU is also 
infinitesimal. In such a case, the first law is written in défferential* form as 


dU — dQ — dW. (22-7) 


We may express the first law in words by saying: Every thermodynamic system 
in an equilibrium state possesses a state variable called the internal energy U whose 
change dU in a differential process is given by Eq. 22-7. Recall that the essential 
content of the zeroth law of thermodynamics (p. 526) is, speaking loosely: there 
exists a useful thermodynamic quantity called temperature." The essential content 
of the first law is: there exists a useful thermodynamic quantity called "internal 
energy"; the law also provides, in Eq. 22-6, a recipe for measuring changes in 
internal energy quantitatively. ‘ 


The first law of thermodynamics is thought to apply to every process 
in nature that proceeds between equilibrium states. Note that the process 
may or may not involve equilibrium states. We may apply the first law 
to the explosion of a firecracker in an insulated steel drum, for example. 
Because of its generality, the information that the first law gives is far 
from complete, although exact and correct. There are some very general 
questions which it cannot answer. For example, although it tells us that 
energy is conserved in every process, it does not tell us whether any par- 
ticular process can actually occur. An entirely different generalization, 
called the second law of thermodynamics, gives us this information and 
much of the subject matter of thermodynamics depends on-this second law 


(Chapter 25). 
22-8 Some Applications of the First Law of Thermodynamics 


We have seen that when a gas expands the work it does on its environ- 
ment is 


W = fpdV, 


* W and Q are not actual functions of the state of a system, that.is, they do not depend 
on the values of the system's coordinates. Hence, dW and dQ are not exact differentials 
as the term is used in mathematics. All they mean here is a very small quantity. 
More advanced books write them as dQ and dW to indicate their inexact nature. How- 
ever, dU is an exact differential, for U is an exact function of the system's coordinates. 
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Frictionless 
and airtight 
contact 


Fig. 22-12 Water boiling at con- 
stant pressure  (isobarically). 
The pressure is kept constant by 
the weight of the sand and the 
piston. 


where p is the pressure exerted on or by the gas and dV is the differentia. 
change in volume of the gas. Consider a special case in which the pres- 
sure remains constant while the volume changes by a finite amount, say 
from V; to Vy. Then 


Y, V. 
Hom d pdV =p dy dV = (V, — Vj) (constant pressure). 


A process taking place at constant pressure is called an isobaric process. 
For example, water is heated in the boiler of a steam engine up to its boiling 
point and is vaporized to steam; then the steam is superheated, all processes 
proceeding at a constant pressure. 

In Fig. 22-12 we show am isobaric process. The system is HO in à 
cylindrical container. A frictionless airtight piston is loaded with sand 
to produce the desired pressure on the H;O and to maintain it auto- 
matically. Heat can be transferred from the environment to the system 
by a Bunsen burner. If the process continues long enough, the water 
boils and some is converted to steam; we assume that this occurs. The 
system may expand, very slowly (quasi-statically) but the pressure it exerts 
on the piston is automatically always the same, for this pressure must be 
equal to the constant pressure which the piston exerts on the system. If 
we wedged the piston so that it could not move, or if we added or took 


ies Some sand during the heating process, the process would not be 
isobaric. 
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Let us consider the boiling process. We know that substances will 
change their phase from liquid to vapor at a definite combination of values 
of pressure and temperature. Water will vaporize at 100? C and atmos- 
pherie pressure, for example. Fora system to undergo a change of phase 
heat must be added to it, or taken from it, quite apart from the heat 
necessary to bring its temperature to the required value. Consider the 
change of phase of a mass m of liquid to a vapor occurring at constant 


temperature and pressure. Let V; be the volume of liquid and V, the 


volume of vapor. The work done by this substance in expanding from 
Vito V, at constant pressure is 


ws DV» = Vi): 


Let I. represent the heat of vaporization, that is, the heat needed per unit 
mass to change a substance from liquid to vapor at constant temperature 
and pressure. Then the heat absorbed by the mass m during the change 
of state is $ 


Q = mL. 
From the first law of thermodynamics, we have 4 
AU =Q- W 
so that AU = mL — »(V, — V) 


for this process. 

> Example 3. At atmospheric pressure 1.00 gm of water, having a volume of 
1.00 cm?, becomes 1671 em? of steam when boiled. The heat of vaporization of 
water is 539 cal/gm at 1 atm. Hence, if m = 1.00 gm, 


Q = mL = 539 cal. 


This quantity, which respresents heat added to the system from the environment, is 
positive. 
W = p(V, — Vi) = (1.013 X 10° nt/meter?)[(1671 — 1) X 107* meter?] 


— 169.5 joules. 
This quantity, which represents work done by the system on the environment, is 
positive. 
Since 1 cal equals 4.186 joules, W = 41 cal. Then, 
AU = Up — Ur = mL — p(Vs — Vi) = (639 — 41) cal 
= 498 cal. 


This quantity is positive; the internal energy of the system increases during this 
process. Hence, of the 539 cal needed to boil 1 gm of water (at 100° C and 1 atm), 
41 cal go into external work of expansion and 498 cal go into internal energy added 
to the system. This energy represents the internal work done in overcoming the 
strong attraction of HO molecules for one another in the liquid state. 

How would you expect the 80 cal that are needed to melt 1 gm of ice to water 
(at 0° C and 1 atm) to be shared by the external work and the internal energy? < 
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Frictionless 
and airtight 
contact 


Heat- 
insulating 
material 


Fig. 22-13 In an adiabatic process there is no flow of heat to or from the system. - 
Here the walls are insulated and, as sand is removed or added, the volume of the gas 
changes adiabatically. 


A process that takes place in such a way that no heat flows into or out of 
the system is called an adiabatic process. Experimentally such processes 
are achieved either by sealing the system off from its surroundings with 
heat insulating material or by performing the process quickly. Because 
the flow of heat is somewhat slow, any process can be made practically 
adiabatic if it is performed quickly enough. 

For an adiabatic process Q equals zero, so that from the first law we 
obtain 


AU = U; — U; = —W. 


Hence, the internal energy of a system increases exactly by the amount of 
work done on the system in an adiabatie process. If work is done by the 
system in an adiabatic process, the internal energy of the system decreases 
by exactly the amount of external work it performs. An increase of 
internal energy usually raises the system's temperature and conversely, à 
decrease of internal energy usually lowers the system's temperature. A 
gas that expands adiabatically does external work and its internal energy 
decreases; such a process is'used to attain low temperatures. The increase 
of temperature during an adiabatic compression of air is well known from 
the heating of a bicycle pump. 

á In Fig. 22-13 we show a simple adiabatic process. The system is a gas 
inside a cylinder made of heat-insulating material. Heat cannot enter 
the system from its environment or leave the system to the environment. 
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Again we have a pile of sand on a frictionless airtight piston. The only 
interaction permitted between system and environment is through the 
performance of work. Such a process can occur when sand is added or 
removed from the piston, so that the gas can be compressed or can expand 
against the piston. 

Among the many engineering examples of adiabatic processes are the 
expansion of steam in the cylinder of a steam engine, the expansion of hot 
gases in an internal combustion engine, and the compression of air in & 
Diesel engine or in an air compressor. These processes all take place 
rapidly enough so that only a very small amount of heat can enter or leave 
the system through its walls during that short time. The compressions 
and rarefactions in a sound wave are so rapid that the behavio* of the 
transmitting gas is adiabatic (Example 6, Chapter 23). 

The most important reason for studying adiabatic processes, however, is 
that ideal engines use processes that are exactly adiabatic. These w»al 
engines determine the theoretical limits to the operation and capabilities 
of real engines. We shall look further into this in Chapter 25. 

A process of much theoretical interest is that of free expansion. This is 
an adiabatic process in which no work is performed on or by the system. 
Something like this can be achieved by connecting one vessel which con- 
tains a gas to another evacuated vessel with a stopcock connection, the 
whole system being enclosed with thermal insulation (Fig. 22-14). If the 
stopcock is suddefily opened, the gas rushes into the vacuum and expands 
freely. Because of the heat insulation this process is adiabatic, and 
because the walls of the vessels are rigid no external work is done on the 
system. Hence, in the first law we have Q = 0 and W = 0, so that 
U; = U; for this process. The initial and final internal energies are equal 
in free expansion. 

A free expansion differs from the other examples that we have given 
in that there is no way to carry it out very slowly (quasi-statically). After 


Heat-insulating material 
Stopcock closed Stopcock open 


Initial equilibrium state Final equilibrium state 


Fig. 22-14 Free expansion. There is no change of internal energy U since there is no 
flow of heat Q and no external work W is done. 
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we open the stopcock we have no further control over the process. At 
intermediate states the pressure, volume and temperature do not have 
unique values characteristic of the system as a whole, that is, the system 
passes through non-equilibrium states so that we cannot plot the course 
of the process by a curve on a p-V diagram. We can plot the initial and 
final states as points on such plats because they are well-defined, equi- 
librium states. The free expansion is & good example of an irreversible 
process; see Section 25—2. 


QUESTIONS 


1. Give examples to distinguish clearly between temperature and heat. 


2. (a) Show how heat conduction and calorimetry could be explained by the calori 
theory. (b) List some heet phenomena that cannot be explained by the caloric theory 

3. Can heat be considered a form of stored (or potential) energy? Would such a 
interpretation contradict the concept of heat as energy in process of transfer because of 
temperature difference? 

4. Apply Eq. 22-1 to boiling water. 

5. Can heat be added to a substance without causing the temperature of the sub 
Stance to rise? If so, does this contradict the concept of heat as energy in process 0 
transfer because of a temperature difference? 

6. Explain the fact that the presence of a large body of water-nearby, such as a se 
or ocean, tends to moderate the temperature extremes of the climate on adjacent land 

7. Theory shows that the coefficient of linear expansion o (see Sec. 21-8) is propor 
tionalto the heat capacity C,. Show that this is to be expected. (Hint: heat capacit 
measures the rate of change of the vibrational energy with temperature.) 


8. Give an example of a process in which no heat is transferred to or from the syster 
but the temperature of the system changes. 


9. Both heat conduction and wave propagation involve the transfer of energy. I 
there any difference in principle between these two phenomena? 
10. When a hot body warms a cool one are their temperature changes equal i! 


magnitude? Give examples. Can one then say that temperature passes from one t 
ihe other? 


11. What connection is there between an object’s feeling hot or cold and its heat 
capacity? Between this &nd its thermal conductivity? 


12. A block of wood and a block of metal are at the same temperature. When the 
blocks feel cold the metal feels colder than the wood; when the blocks feel hot the metal 
feels hotter than the wood. Explain. At what temperature will the blocks feel 
'equally cold or hot? s 

13. Ona winter day the temperature of the inside surface of a wall is much lower than 
room temper&ütré and that of the outside surface is much higher than the outdoor 
temperature. Explain, ; 

: 14. What requirements for thermal conductivity, 
cient of expansion would you want a material to be u 


15. In what way is steady-state heat flow analogo 
fluid? j 


specific heat capacity, and coeffi- 
sed as a cooking utensil to satisfy! 


us to the flow of an incompressible 


16. Is the mechanical equivalent of heat, J, a physical quantity or-merety-a conver- 


sion factor for converting enerev from heat units to arechanieai units and vice versa? - 
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17. Is the temperature of an isolated system (no interaction with the environment 
conserved? $ 

18. Can one distinguish between whether the internal energy of a body was acquired 
by heat transfer or acquired by performance of work? 

19. If the pressure and volume of a system are given is the temperature always 
uniquely determined? 

20. Does a gas do any work when it expands adiabatically? If so, what is the source 
of the energy needed to do this work? ; i ! 

21. A quantity of gas occupies an initial volume Vo at a pressure po and a tempera- 
ture To. It expands to a volume V (2) at constant temperature and (b) at constant 
pressure. In which ease does the gas do more work? 

22. Discuss the process of the freezing of water from the point of view of the first 
law of thermodynamics. Remember that ice occupies a greater volume than an equal 
mass of water. 

23. A thermos bottle contains coffee. The thermos bottle is vigorously shaken. 
Consider the coffee as the system. (a) Does its temperature rise? (b) Has heat been 
added to it? (c) Has work been done on it? (d) Has its internal energy changed? 


PROBLEMS 


1. In a Joule experiment, a mass of 6.00 kg falls through & height of 50.0 meters &nc 
rotates a paddle wheel which stirs 0.600 kg of water. The water is initially at 15° C 
By how much does its temperature rise? à 

2. Compute the possible increase in temperature for water going over Niagara Falls, 
162 ft high. What factors would tend to prevent this possible rise? - 

3. An energetic athlete dissipates all the energy in 2 diet of 4000 kcal per day. Ifhe 
were to release this heat at a steady rate, how would his heat output compare with the 
energy output of a 100-watt bulb? 

4. A block of ice at 0° C whose mass is initially 50.0 kg slides along & horizontal sur- 
face, starting at a speed of 5.38 meters/sec and finally coming to rest after traveling 
28.3 meters. Compute the mass of ice melted as a result of the friction between the 
block and the surface. List any assumptions you need to make in getting your answer. 

5. Calculate the specific heat of a metal from the following data. A container made 
of the metal weighs 8.0 Ib and contains in addition 30 lb of water. A 4.0-lb piece of the 
metal initially at a temperature of 350° F is dropped into the water. The water and 
container initially have a temperature of 60° F and the final temperature of the entire 
system is 65° F. 

6. A thermometer of mass 0.055 kg and of specific heat 0.20 keal/kgC° reads 
15.0°C. It is then inserted into 0.300 kg of water and it comes to the same final 
temperature of the water. Tf the thermometer reads 44,4? C and is accurate, what was 
the temperature of the water before insertion of the thermometer, neglecting other heat 
losses? 

1. Count Rumford weighed a metal object at low temperature and then at higk 
temperature to see whether its “caloric content” increased. He concluded that. (fu) 
gold) the “caloric” did not weigh more than 10 the weight of the sample. (a) Shouk 
the mass of a sample increase when heated, according to modern theories? (b LA 
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by what order of magnitude? (c) Was Rumford safe in rejecting the caioric theory 
on this basis, in retrospect? 

8. Take the average specific heat of copper to be 0.090 cal/gmC? in the temperature 
range 0 to 1000? C. If 1.00 kg of copper is heated from 0 to 1000? C, by how much 
does its mass increase? 

9. A “flow calorimeter” is used to measure the specific heat of a liquid. Heat is 
added at a known rate to a stream of the liquid as it passes through the calorimeter ata 
known rate. Then a measurement of the resulting temperature difference between the 
inflow and the outflow points of the liquid stream enables us to compute the specific heat 
of the liquid. 

A liquid of density 0.85 gm /cm? flows through a calorimeter at the rate of 8.0 cm? /sec. 
Heat is added by means of a 250-watt electric heating coil, and a temperature difference 
of 15 O° is established in steady-state conditions between the inflow and outflow points. 
Find the specific heat of the liquid. 

10. By means of a heating coil energy is transferred at a constant rate to a substance in 
& thermally insulated container. The temperature of the substance is measured as a 
function of the time. Show how we can deduce the way in which the heat capacity of 
the body depends on the temperature from this information. 

11. Suppose the specific heat of a substance is found to vary with temperature in a 
parabolic fashion, that is 


c=A+BT?, 


where A and B are constants and T is Celsius temperature. Compare the mean specific 
heat of the substance in a temperature range T = 0 to T = T to the specific heat at 
the midpoint 7'/2. 

12. The specific heat of silver, measured at atmospheric pressure, is found to vary 
with temperature between 50 and 100° K by the empirical equation 


€» = 0.076T — 0.00026T* — 0.15, 


where cp is in cal/mole K* and T is the Kelvin temperature. Calculate the quantity of 
heat required to raise 216 gm of silver from 50 to 100? K. 

13. Power is supplied at the rate of 0.40 hp for 2.0 min in drilling a hole in a 1.0-Ib 
brags block.. (a) How much heat is generated? (b) What is the rise in temperature 


of the brass if 75% of the heat generated warms th bi the. 
other 25%? s the brass? (c) What happens to 


14. A 2.0-gm lead bullet moving at a speed of 200 meters/sec becomes embedded in a 
2.0-kg Wooden block of a ballistic pendulum. Calculate the rise in temperature of the 
bullet, assuming that all the heat generated raises the bullet’s temperature. 

15. Consider the rod shown in Fig. 22-4. Suppose L = 25cm, A = 1.0 cm?, and the 
material is copper. If T; = 125°C, T1 = 0* C, anda steady state is reached, find (a) 
the temperature gradient, (b) the rate of heat transfer, and (c) the temperature at a 
point in the rod 10 em from the high-temperature end. 


_ 16. Show that in a compound slab the temperature gradient in each portion is 

inversely proportional to the thermal conductivity, 

j Pe that the thermal conductivity of copper is twice that of aluminum and 

des i that of brass. "Three metal rods, made of copper, aluminum, and brass, 
pee yu y, are each 6.0 in. long and 1.0 in. in diameter. These rods are placed end-to- 

i s the e between the other two. The free ends of the copper and brass 
s main ained at 100 and 0* C, respectively. Find the equilibrium temperatures 
€ copper-aluminum junction and the aluminum-brass junction. 


PROBLEMS "569 


18. Assuming k is constant, show that the radial rate of flow of heat in a substance 
between two concentric spheres is given by 


dQ _ (Ti — Ts)4zkrirs 
dt re =r 


where the inner sphere has a radius rı and temperature 7, and the outer sphere has a 
radius rz and temperature T's. 

19. Heat generated by radioactivity within the earth is conducted outward through 
the oceans. For purposes of approximate calculation, assume the average temperature 
zradient within the solid earth beneath the ocean to be 0.07 C?/meter and the average 
thermal conductivity to be 2 X 10~4 kcal/meter sec C^, and determine the rate of heat 
transfer per square meter. Assume that this is approximately the rate for the entire 
surface of the earth, and determine how much heat is thereby transferred through th 
earth's surface each day. : 

20. Assuming k is constant, show that the radial rate of flow of heat in a substance 
between two coaxial cylinders is given by ` 


dQ _ (Ti — Tolk 
dt In (r2/r1) 


where the inner cylinder has a radius rı and temperature 7, and the outer cylinder has a 
radius rz and temperature T, each cylinder having a length L. | 

21. A long tungsten heater wire is rated at 3.0 kw/meter and is 5.0 X 107* meter in 
diameter. It is embedded along the axis of a ceramic cylinder of diameter 0.12 meter. 
When operating at the rated power, the wire is at 1500° C; the outside of the cylinder is 
at 20°C. Find the thermal conductivity of the ceramic; use the result given in Prob- 
lem 20. t 

22. Determine the value of J, the mechanical eguivalent of heat, from the following 
data: 2000 cal of heat are supplied to a system; the system does 3350 joules of external 
work during that time; the increase in internal energy during the process 15/5030 joules. 

23. When a system is taken from state 1 to state f along the path iaf, it is found that 
Q = 50 caland W = 20cal. Along the path bf, Q = 36 cal (Fig. 22-15). (a) What 


M. 


Fig. 22-15 


is W along the path 2b 7 b) If W = —13 cal for the curved revurn path fi, what is Q 
for this path? "o T Ü = 10 cal. WhatisU,?  (d)lt Up = 22 cal, what is Q 
for the process jb? For the process bf? 

24. A thermodyaamic system is taken from an initial state A to another Band back 
again to A, via state C, as shown by the path A-B-C-A in the p-V diagram of Fig. 
22-16a. (a) Complete the table in Fig. 22-165 by filling in appropriate + or — indi- 
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Fig. 22-16 


cations for the signs of the thermodynamic quantities associated with each process. (b) 
Caleulate the numerical value of the work done by the system for the complete cycle 
A-B-C-A. 

: 25. Figure 22-17a shows a cylinder containing gas and closed by a movable piston. 
The cylinder is submerged in an ice-water mixture. The piston is quickly pushed down 
trom position (1) to position (2). The piston is held at position (2) until the gas is again 
at 0° C and then is slowly raised back to position (1). Figure 22-17b is a p-V diagram 
for the process. If 100 gm of ice are melted during the cycle, how much work has been 
done on the gas? 


Pressure 


(a) 


Fig. 22-17 


26, An iron ball is dropped onto a conerete floor from a height of 10 meters. On the 
first rebound. it rises to a height of 0.50 meter. Assume that all the macroscopic 
nechanicnt energy lost in the collision with the floor goes into the ball. ‘The spocific 
reat of iron is 0.12 cal/gm C°. During the collision (a) has heat been added to the ball? 
(b) Has work been done on it? (c) Has its internal energy changed? Ii so, by how 
nuch? (d) How much has the temperature of the ball risen after the first collision? 


Kinetic Theory of Gases—I 


CHAPTER 23 


23-1 Introduction 


Thermodynamics deals only with macroscopic variables, such as pressure, 
temperature, and volume. Its basic laws, expressed in terms of such 
quantities, say nothing at all about the fact that matter is made up of 
' atoms. Statistical mechanics, however, which deals with the same areas 
of science that thermodynamics does, presupposes the existence of atoms. 
Its basic laws are the laws of mechanics, which are applied to the atoms 
that make up the system. ; 

No existing electronic computer ‘could solve the problem of applying 
the laws of mechanics individually to every atom in a gas, say. If there 
were one, the results of such caleulatiuns would be too voluminous to be 
useful. Fortunately, the detailed life histories of individual atoms in a 
gas are not important if we want to calculate only the macroscopic behavior 
of the gas. We apply the laws of mechanics statistically, then, and we find 
that we are able to express all the thermodynamic variables as certain 
averages of atomic properties. For example, the pressure exerted by a gas 
on the wall of the containing vessel is the average rate per unit area at 
which the atoms of the gas transfer momentum to the wall as they collide 
with it. The number of atoms in a macroscopic system is usually so 
large that such averages are very sharply defined quantities indeed. 

We can apply the laws of mechanics statistically to assemblies of atoms 
at two different levels. At the level called kinetic theory we proceed in a 
rather physical way, using relatively simple mathematical averaging tech- 
niques. In this chapter we will use these methods to enlarge our under- 
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standing of pressure, temperature, specific heat, and internal energy at the 
atomic level. Kinetic theory was developed by Robert Boyle (1627-1691), 
Daniel Bernoulli (1700-1782), James Joule (1818-1889), A. Kronig (1822- 
1879), Rudolph Clausius (1822-1888), and Clerk Maxwell (1831-1879). 
among others.* In this book we apply the kinetic theory to gases only, 
because the interactions between atoms in gases are much weaker than in 
liquids and solids; tkis greatly simplifies the mathematical difficulties. 

At another level, we can apply the laws of mechanics statistically using 
techniques that are more formal and abstract than those of kinetic theory. 
This approach, developed by J. Willard Gibbs (1839-1903) and by Ludwig 
Boltzmann (1844-1906) among others, is called statistical mechanics, a term 
that includes kinetic theory as a sub-branch. Using these methods one 
can derive the laws of thermodynamics, thus establishing that science as a 
branch of mechanics. The fullest flowering of statistical mechanics 
(quantum statistics) involves the statistical application of the laws of 


quantum meckanies—rather than those of classical mechanics—to many- 


atom systems. t 
23-2 Ideal Gas—A Macroscopic Description 


Let à mass M of a gas be confined in a container of volume V. The 
density p of the gas is M/V and it is clear that we can reduce p either by 
removing some gas from the container (reducing M) or by putting the 
gas in a larger container (increasing V). We find from experiment that, 
at low enough densities, all gases, no matter what their chemical composi- 
tion, tend to show a certain simple relationship among the thermodynamic 
variables p, V, and T. This suggests the concept of an ideal gas, one that 
would have the same simple behavior under all conditions. In this section 
we give a macroscopic or thermodynamic definition of an ideal gas. In 
Section 23-3 we will define an ideal gas microscopically, from the stand- 
point of kinetic theory, and we will see what we can learn by comparing 
these two approaches, 

Given a mass M of any gas in a state of thermal equilibrium we can 
measure its pressure p, its temperature T, and its volume V. For low 
enough values of the den: 
£85 held at a constant temperature, the pressure is inversely proportional 
to the volume (Boyle's làw), and (2) for a given mass of gas held at & 
constant pressure, the volume 


(law of Charles and Gay-Lussac). We ean summarize these two experi- 
menta] results by the relation 


pV 


p ~ constant (fora fixed mass of gas). (23-1) 


Ament "John James Waterston and the Kinetic Theory of Gases,” by S. G. Brush, in 
ise T Scientist, June 1961, for an interesting aspect of the history of kinetic theory: 
hermal Physics by Philip M. Morse, W. A. Benjamin, Inc., New York, 1962, 


for a fuller treatment of thermod: i ineti isti 
4 ynamies, kinetic ry i tatistical 
‘wectanies proper, than we c ee kee theory, and (particularly) s 


sity experiment shows that (1) for a given mass of 


is directly proportional to the temperature . 
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The volume occupied by & gas (real or ideal) at a given pressure and 
temperature is proportional to its mass. Thus the constant in Eq. 23-1 
must also be proportional to the mass of the gas. In Section 22-2 (see 
Fig. 22-2) we saw the great simplification that occurs in studies of the 
specific heats of solids if we compare samples of solids that contain the 
same number of molecules rather than samples that have the same mass in 
grams. We did this by using the mole as our mass unit. Let us also 
do that here. 


We therefore write the constant in Eq. 23-1 as wR, where n is the mass 


of the gas in moles and R is aconstant that must be determined for 
mplieity will emerge if we 


each gas by experiment. Our expectation that si 
,compare gases on & molar basis is justified because experiment shows 


„that, at low enough densities, R has the same value for all gases, namely 


R = 8.314 joule/mole K^ = 1.986 cal/mole KS 
. Ris called the universal gas constant. ‘We then write Eq. 23-1 as 
pV = uRT (23-2) 


and we define an ideal gas as one that obeys this relation under all condi- 
tions. "There is no such thing as à truly ideal gas, but it remains a useful 
and simple conċept connected with reality by the fact that all real gases 
approach the ideal gas absiraction in their behavior if the density is lcw 
enough. Equation 23-2 is called the equation of state of an ideal gas. 

If we could fill the bulb of an (ideal) constant-volume gas thermometer 
with an ideal gas, we see from Eq. 23-2 that we could define temperature 
in terms of its pressure readings, that is, 


T = 273.16° K in (ideal gas). 
tr 


Here Dir is the gas pressure at the triple point, at which the temperature T, 
is 273.16? K by definition. In practice we must fill our thermometer with. 
a real gas and measure the temperature by extrapolating to zero density 
using Eq. 21-4, ' 


> 


T = 273.16° K lim -P- (real gas). 
pu0 Ptr " 


> Example 1. A cylinder contains oxygen at a temperature of 20°C and a 
pressure of 15 atm in a volume of 100 liters. A piston is lowered into the cylinder 


decreasing the volume occupied by the gas to 80 liters and raising the temperature 


to 25? C. Assuming oxygen to behave like an ideal gas under these conditions, 
what then is the gas pressure? 
From Eq. 23-1, since the mass of gas remains unchanged, we may write 


pi prr, 
m em 


Y 
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Our initial conditions are 3 
D; = 15 atm, T; = 293° K, Vi = 100 liters. 
Our final conditions are 
pr=?, Ty = 298° K, Vy = 80 liters. 


Hence, 
T; ag 298° K \ /15 atm X 100 ter) 
BN pe ee E | -198tm. 
v (( T, 80 liters 293° K nr 


> Example2. Calculate the work per mole done by an ideal gas which expands 
1 isothermally, that is, at constant tem- 
perature, from an initial volume V, to 

p a final volume V. 
The work done may be represented as 


pV-uRT 
T = constant W= JEN » dY. 
Vi 
From the ideal gas law we have 
Isothermal 


process 


. uRT 
BUY 


so that W/, the work per mole, is 
Vy 
"x E. 
0 V Y y u x V 


s The temperature is constant so that 
Fig. 23-1 Example 2. The shaded _ Y, 
area represents the work done by u ud = RT ‘dV = RT In I 
moles of gas in expanding from V, H V: 


to Vy with the temperature h ld : : 
OMARA, ES e is the work per mole done by an ideal gas 


in an isothermal expansion at tempera- 

ture T from an initial volume V; toa 
: À ; final volume V. 
Notice that when the gas expands, so that V, > Vi, the work done by the gas 
is positive; when the gas is compressed, so that V, < V; the work done by the 
gas Is negative. This is consistent with the sign convention adopted for W in the 
first law of thermodynamies, The Work done is shown as the shaded area in 
Fig. 23-1. The solid line is an isotherm, that is, a curve giving the relation of P 
to V at a constant temperature. 


In practice, how can we keep an expanding or contracting gas at constant 
temperature? 


23-3 An Ideal Gas—Microscopic Definition 


From the microscopic point of view we define an ideal gas by making 
the following assumptions; it will then be our task to apply the laws of 
classical mechanics statistically to the gas atoms and to show that our 
microscopic definition is consistent with the macroscopic definition of the 
„Preceding section: 


| 
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1. A gas consists of particles called molecules. Depending on the gas, 
each molecule will consist of one atom or a group of atoms. If the gas is 
an element or a compound and is in a stable staté, we consider all its 
molecules to be identical. ^ 

a. The molecules are in random motion and o6ey Newton’s laws of motion. 
The molecules move in all directions and with various speeds. In com- 
puting the properties of the motion, we assume that Newtonian mechanics 
works at the microscopic level. “As for gll our assumptions, this one will 
atand or fall depending on whether or not the experimental facts it predicts 
are correct. : 

3. The total number of molecules is large. The direction and speed of 
motion of any one molecule may change abruptly on collision with the wall 
or another molecule. Any particular molecule will follow a zigzag path 
because of these collisions. However, because there are so many molecules 
we assume that the resulting large number of collisions maintains the 
over-all distribution of molecular velocities and the randomness of the 
motion. 

4. The volume of the molecules is a negligibly small fraction of the volume 
occupied by the gas. Even though there are many molecules, they are 
extremely small. We know that the volume occupied by a gas can be 
changed through a large range of values with little difficulty, and that when 
a gas condenses the volume occupied by the liquid may be thousands of 
times smaller than that of the gas. Hence, our assumption is plausible. 
Later we shall investigate the actual size of molecules and see whether we 
need to modify this assumption. : 

5. No appreciable forces act on the molecules except during a collision. To. 
the extent that this is true a molecule moves with uniform velocity between 
collisions. Because we have assumed the molecules to be so small, the, 
average distance between molecules is large compared to the size of a 
molecule. Hence, we assume that the range of molecular forces is compa- 
rable to the molecular size. 

6. Collisions are elastic and are of negligible duration. Collisions between 
molecules and with the walls of the container conserve momentum and 
(we assume) kinetic energy. Because the collision time is negligible com- 
pared to the time spent by a molecule between collisions, the kinetic energy 
which is converted to potential energy during the collision is available 
again as kinetic energy after such & brief time that we can ignore this 


exchange entirely. 
23-4 Kinetic Calculation of the Pressure 


Let us now calculate the pressure of an ideal gas from kinetic theory. 
To simplify matters, we consider à gas in a cubical vessel whose walls are 
perfectly elastic. Let each edge be of length |. Call the faces normal to 
the z-axis (Fig. 23-2) Ai and As, each of area Į. Consider a molecule 
which has a velocity v. We can resolve v into components vz, vy, and v; 
in the directions of the edges. If this particle collides with Aj, it will 
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Fig. 23-2 A cubical box of side |, 
containing an ideal gas... A mole- 
cule is shown moving toward Ar — 


rebound with its z-component of velocity reversed. There will be no effect 
0n vy or vz, so that the change Ap in the particle's momentum will be 


Ap = p; — pi = —mv, — (mv;) = —2mv,, 


normal to A;. Hence, the momentum imparted to A, will be 2mvz, since 
the total momentum is conserved. «a 
Suppose that this particle reaches A» without striking any other par 
ticle on the way. The time required to cross the cube will be l/vz. At 
| A» it will again have its z-component of velocity reversed and will return 
to Ay. Assuming no collisions in between, the round trip will take a- 
\time 21/v,. Hence, the number of collisions per unit time this particle 


makes with A, is »;/2l, so that the rate at which it transfers momentum — 
|to A, is : 


To obtain the total force on Aj, that is, the rate at which momentum is 
_Imparted to 4; by all the gas molecules, we must sum up mv,?/I for all the 


particles. Then, to find the pressure, we divide this force by the area of 
Aj, namely 7”, H : 


If m is the mass of each molecule, we have 
m 
= j Wer? 029? Ho), 


where »;, is the z-component of the velocity of particle 1, vz. is that of 
par ticle 2, etc. If N is the total number of particles in the container and" | 
is the number per unit volume, then N / = nori? = N/n. Hence, 


p= mn (erm ) 
N 
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But mn is simply the mass per unit volume, that is, the density p. The | 
quantity (021° + v22? + +> )/N is the average value of vz? for all the . 


particles in the container. Let us call this v). Then 
pe ps". 


For any particle v? = vz + vy? + v,". Because we have many par- 
ticles and because they are moving entirely at random, the average values 
of v2”, vy?, and v," are equal and the value of each is exactly one-third the 
average value of v°. There is no preference among the molecules for 


motion along any one of the three axes. Hence, v2? = b, so that 
p = p, = tpn”. (23-3) 
Although we derived this result by neglecting collisions between par- 


ticles, the result is true even when we consider collisions. Because of the 
exchange of velocities in an elastic collision between identical particle, 


there will always be some one molecule that will collide with Az with | 
momentum mw, corresponding to the one that left Ay with this same 


momentum. Also, the-time spent during collisions is negligible compared 

to the time spent between collisions. Hence, our neglect of collisions is 

merely a convenient device for calculation. Likewise, we could have 

chosen a container of any shape—the cube merely simplifies the calculation. 

Although we have calculated the pressure exerted only on the side Ay, it 

follows from Pascal’s law that the pressure is the same on all sides and 
' everywhere in the interior.* 

The square root of v? is called the root-mean-square speed of the mole- 
cules and is a-kind of average molecular speed.1 Using Eq. 23-3, we can 
caleulate this root-mean-square speed from measured values of the pressure 
and density of the gas. Thus, 


DEE (23-4) 


In Eq. 23-3 we, relate a macroscopic quantity (the pressure p) to an 
average value of a microscopic quantity (that is, to D? OF Vema» However, 
averages can be taken over short times or over long times, over small 
regions of space or large regions of space. The average computed in a small 
region for a short time might depend on the time or region chosen, so that 
the values obtained in this way may fluctuate. This could happen in a gas 


of very low density, for example. We can ignore fluctuations, however, 


when the number of particles in the system is large enough. 


* We neglect the weight of the gas, & negligible effect unless the gas is of very large 


extent, as in the atmosphere. (See Section 17-3 and Problem 42.) 


+ We will consider this further in Section 24-2 in which we discuss the molecular | 


distribution of speeds. 
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> Example 3. Calculate the root-mean-square speed of hydrogen molecules at 
0.00° C and 1.00-atm pressure, assuming hydrogen to be an ideal gas. Under these 
conditions hydrogen has a density p of 8.99 X 107? kg/meter?, Then, since 
p = 1.00 atm = 1.01 X 105 nt/meter?, 


%ms = eid 7 1840 meters/sec. 
p 


( This is of the order of a mile per second, or 3600 miles/hr. i 


Table 23-1 gives the results of similar calculations for some gases at 0° 0. 


| Table 23-1 
| - - 
$ Translational 
Molecular kinetic energy 
Gas | "ms (at 0° C), weight,* | per mole (at 0° C), 
Toekens (pec gm/mole Mv m? 
joules/mole 
05 461 32 3400 
N: 493 28 3390 
Air 485 28.8 3280 
co 493 28 3390 
H: 1838 2.02 3370 
He 1311 4.0 3430 
CO» 393 44 : 3400 
H3;0 615 18 3400 
Ne 584 20.1 3420 


* The molecular weight and the mole are defined on page 550. We will discuss the 
‘ast column in this table in the next section. 


These molecular speeds are of the same order as the speed of sound at the 
same temperature. For example, in air at 0° C, Ums = 485 meters/sec 
‘and the speed of sound i8 331 meters/sec; in hydrogen v,ma = 1838 meters/ 
Sec and sound travels at 1286 meters/sec; in oxygen V,m, = 461 meters/sec 
and sound travels at 317 meters/sec. These results are to be expected 


of sound Waves as a directional motion of the molecules as a whole super- 
imposed on their random motion, Hence, the energy of the sound wave is 
carried as kinetic energy from one molecule to the next one with which it 


x her small compared to molecular speeds. 
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However, the energy of the sound wave is communicated from one mole 
cule to the next with that high speed, even though we do not expect th 
speed of sound to be exactly equal to rms, & point that we will clarify in 
Example 6. 
> Example 4. Assume that the speed of sound in a gas is the same as the root- | 
mean-square speed of the molecules, and show how the speed of sound for an ideal 
gas depends on the temperature. y 
The density of a gas is 


in which W is the mass of the gas, M is the molecular weight (grams/mole), andy , 
is the mass in moles. Combining this with the ideal gas law 


à pV = 14RT 
yields 
p RT, 
p M 


We obtain from Eq. 23-4 
z [p X par 
me = AI, M 


so that the speed of sound v; at à temperature T'; is related to the sped or suu vs !” 
in the same gas at a temperature Ts» by 


n [n. 
v2 Ts 


For example, if the speed of sound at 273° K is 332 meters/sec in air. its speed 


in air at 300° K will be 


/ #8 x 332 meters/sec = 348 meters/sec. 


eed of sound were proportional to, rather than 
4 


Would our result change if the sp 
d of the molecules of à gas? 


equal to, the root-mean-square spee 
23-5 Kinetic Interpretation of Temperature 


If we multiply each side of Eq. 23-3 by the volume V, we obtain 


pV = doVv, 


where pV is simply the total mass gmt of gas, p being the density. We can 
also write the mass of gas as „M, in which p is the mass in moles and M 
is the molecular weight. Making this substitution yields 


pV = uMi’. 
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$ 


The quantity iuMv? is two-thirds the total kinetic energy of translation 
of the molecules, that is, $(3&Mv?)*. We can then write 


pV = Gu Mi’). 
The equation of state of an ideal gas is 


pV = uRT. 
Combining these two expressions, we obtain 
$Mv? = $RT. (23-5) 


That is, the total translational kinetic energy per mole of the molecules of ` 
an ideal gas is proportional to the temperature. We may say that this result, 
Eq. 23-5, is necessary to fit the kinetic theory to the equation of state 
of an ideal gas, or we may consider Eq. 23-5 as a definition of gas tempera- 
ture on a kinetic theory or microscopic basis. In either case, we gain some 
insight into the meaning of temperature for gases. 


The temperature of a gas is related to the total translational kinetic energy 
measured with respect to the center of mass of the gas. The kinetic energy 
associated with the motion of the center of mass of the gas has no bearing on the 
gas temperature. In Section 23-3 we assumed random motion as part of our 
statistical definition of an ideal gas and in Section 23-4 we calculated v? on this 
basis. For a random distribution of molecular velocities with direction the center 
of mass would be at rest, so that we must use a reference frame in which the center 


. of mass of the gas is at rest. For all other frames the molecules will each have 


velocities greater by u (the velocity of the center of mass in that f. rame) than in the 
center of mass frame; hence, the motions will no longer be random and we will 


obtain different values for v?. The temperature of a gas in a container does not 
increase when we put the container on a moving train! 


Let us now divide each side of Eq. 23-5 by Avogadro’s number, No, 
which (see page 550, footnote) is the number of molecules per mole of a 
gas. Thus M/No (= m) is the mass of a single molecule and we have 


(M/N)? = 4m? = 3(R/N,)T. 


N ow im? is the average translational kinetic energy per molecule. The 
ratio R/N  o—which we call k, the Boltzmann constant—plays the role of the 
gas constant per molecule. We have 


im = 347 (23-6) 

“Tf N is the total number of molecules and m is the mass of each molecule, then 
p STE Lom 

imn Tám. ..:.- $mN [a] = $mNv? in which mN (= pM) 


^s the total mass of the gas. 
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in which* 
R T 8.317 joules/mole K^ 
No 6.023 X 108 molecules/mole 
= 1.380 X 1078 joule/molecule K*. 


k= 


We shall return to Boltzmann’s constant in Chapter 24. 

In the last column of Table 23-1 we list calculated values of ¿M Deel 
As Eq. 23-5 predicts, this quantity (the translational kinetic energy per 
mole) has (closely) the same value for all gases at the same temperatures, 
0° C in this case. From Eq. 23-6 we conelude that at the same tempera- 
ture T the ratio of the root-mean-square speeds of molecules of two different 
gases is equal to the square root of the inverse ratio of their masses. That 


is, from 


vui 2 mwi 2 mq» 
3k 2 3k 2 
we obtain 
v? en Virms gs Je. i (23-7) 
v9” Dorms mi; 


We can apply Eq. 23:7 to the diffusion of two different gases in a con- 
tainer with porous whllsplaced in an evacuated space. The lighter gas, 
whose molecules move more rapidly on the average, will escape faster than 
the heavie, one. The ratio of the numbers of molecules of the two gases 


which find their way through the porous walls for a short time interval 


is equal to the square root of the inverse ratio of their masses, V m/m. 


This diffusion process is one method of separating (fissionable) yass 


(0.7% abundance) froma normal sample of uranium containing mostly (non- 
fissionable) U?35 (99.3% abundance). To quote from the Smyth report,t 


As long ago as 1896 Lord Rayleigh showed that a mixture of gases of different 


atomic weight could be partly separated by allowing some of it to diffuse through a 


porous barrier into an evacuated space. Because of their higher average speed the 


molecules of the light gas diffuse through the barrier faster so that the gas which has 
passed through the barrier (1.e., the “diffusate”) is enriched in the lighter constituent, 
ier is impoverished in the 


and the residual gas which has not passed through the barr e r i 
lighter constituent. The gas most highly enriched in the lighter constituent is the 
so-called "instantaneous diffusate”; it is the part that diffuses before the impoverish- 


ment of the residue has become appreciable. . . - On the assumption that the 
diffusion. rates are inversely proportional to the square roots of the molecular 
weights[ the separation factor for the instantaneous diffusate, called the "ideal 


* See footnote, p. 550. d " s 
+ A General Account of the Development of M. ‘ethods of Using Atomic Energy for Military 


Purposes . . . , H. D. Smyth, U. 8. Government Printing Office, 1945. 
1 Note that the ratio m/m; of the masses of the two molecules of different, gases is 
the same as the ratio Ms/M1 of their molecular weights, because the molecular weights 


refer to the same number of molecules. Compare Eq. 23-7. 
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separation factor" o, is given by 
a = M MM; 


where M; is the molecular weight of the lighter gas and M? that of the heavier. 
Applying this formula to the case of uranium will illustrate the magnitude of the 
separation problem. Since uranium itself is not a gas, some gaseous compound of 
uranium must be used. The only one obviously suitable is uranium hexafluoride, 
UFs. . . . Since fluorine has only one isotope, the two important uranium hexa- 
fluorides are U2*5F, and U?*5F,; their molecular weights are 349 [gm/mole] and 
352 [gm/mole]. Thus if a small fraction of a quantity of uranium hexafluoride is 
allowed to diffuse through a porous barrier, the diffusate will be enriched in U**5F, 
by a factor Lifes : 
ao = yy $32 2104... 


To separate the uranium isotopes, many successive diffusion stages (i.e., a cascade) 
must be used. . . . Studies by Cohen and others show that the best flow arrange- 
ment for the sucessive stages is that in which half the gas pumped into each stage 
diffused through the barrier, the other (impoverished) half being returned to the 
feed of the next lower stage. . . . If one desires to produce 99 per cent pure U?55F,, 
and if one uses a cascade in which each stage has a reasonable overall enrichment 
factor, then it turns out that roughly 4000 stages are required. . . . Most of the 
material that eventually emerges from the cascade has been recycled many times. 
Calculation shows that for an actual uranium-separation plant it may be necessary 
to force through the barriers of the first stage 100,000 times the volume of gas that 
comes out the top of the cascade (i.e., as desired product U??5F,). 


23-6 Intermolecular Forces 


Forces between molecules are of electromagnetic origin. All molecules contain 
electric charges in motion. These molecules are electrically neutral in the sense 
that the negative charge of the electrons is equal and opposite to the charge of the 
nuclei. This does not mean, however, that molecules do not interact electrically. 
For example, when two molecules approach each other, the charges on each are 
disturbed and depart slightly from their usual positions in such a way that the 
average distance between opposite charges in the two molecules is a little smaller 
than that between like charges. Hence, an attractive intermolecular force results. 
This internal rearrangement takes place only when molecules are fairly close 
together, so that these forces act only over short distances; they are short-range 
forces. If the molecules come very close together, so that their outer charges begin 
to overlap, the intermolecular force becomes repulsive. The molecules repel each! 
other because there is no way for a molecule to rearrange itself internally to pre- 
vent repulsion of the adjacent external electrons. It is this repulsion on contact 
that accounts for the billiard-ball character of molecular collisions in gases. If it 
were not for this repulsion, molecules would move right through each other instead 
of rebounding on collision. 

Let us assume that molecules are approximately spherically symmetrical. Then 
we can describe intermolecular forces graphically by plotting the mutual potential 
energy of two molecules, U, as a function of distance r between their centers. 
The force F acting on each molecule is related to the potential energy U by F = 
—dU/dr. In Fig. 23-3a we plot a typical U (f) Here we can imagine one mole- 
cule to be fixed at O. Then the other molecule will be repelled from O when the 
slope of U is negative and will be attracted: to 0 when the slope is positive. At 
= E ce avts between the molecules; the slope is zero there. In Fig. 23-3) we 
io Sr e F(r) corresponding Yo this potential energy function. The 
E UAE g- 23-3a represents the total mechanical energy of the colliding mole- 

> The intersection of U(r) with this line is a “turning point" of the motion 
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Fig. 23-3 (a) The mutual poten- 
tial energy of two molecules ver- 
sus their separation. XE shows 
their total mechanical energy 
(=K + U). (b) The mutual 
force, —dU/dr, corresponding to 


this potential energy. U is a F 
‘minimum at ro, at which separa- | 
‘tion F = 0. ( 
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Repulsive 


(b) 


(see Section 8-5). The separation of the centers of two molecules at the turning | 
point is the distance of closest approach. The separation distance at which the 


diameter is about 2.5 X 10-1? meter. The forces between 
ut 10-9 meter or 4 diameters apart, so that 


molecules. Of course, different molecules 
t intermolecular forces vary from one molecule to another. 


ment of charges so tha ar fc y from « 0 À 
However, they always show the qualitative behavior indicated in the figures. 
In the solid state molecules vibrate spat the camii p apu 
energy E being negative, that is, lying below the orizo: axis | 
The oea do no have enough energy to escape from the potential valley (that 
is, from the attractive binding force). The centers of vibration O are more or less 
fixed in a solid. In a liquid the molecules have greater vibrational energy about 


centers which are free to move but which remain about the same distance from one 


another, These molecules have their greatest kinetic energy in the gaseous state. 
In a gas the average distance between the molecules is considerably greater than 
the effective range of intermolecular forces, and the molecules move in straight 
lines between collisions. Clerk Maxwell discusses the relation between the kinetic 
theory model of a gas and.the intermolecular forces as follows: ‘Instead of saying 
that the particles are hard, spherical, and elastic, we may if we please say that the 


” by B. V. Derjaguin, Scientific American, July 


* See “The Force between Molecules, 
t of molecular attractions between macro: 


1960, for a discussion of the measuremen 
scopic bodies. 
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particles are centers of force, of which the action is insensible except at a cer- 
tain small distance, when it suddenly appears as a repulsive force of very great 
intensity. It is evident that either assumption will lead to the same results.” 

It is interesting to compare the measured intermolecular forces with the gravita- 
tional force of attraction between molecules. If we choose a separation distance of 
4 X 10-1? meter, for example, the force between two helium atoms is about 
6 X 10-13 nt. The gravitational force at that separation is about 7 X 1074? nt, 
smaller than the intermolecular force by a factor of 10%! This is a typical result 
and shows that gravitational forces are negligible in comparison with inter- 
molecular forces. Although the intermolecular forces appear to be small by 
ordinary standards, we must remember that the mass of a molecule is so small 
(about 107?5 kg) that these forces can impart instantaneous accelerations of the 
order of 10!5 meters/sec? (10'g). These accelerations may last for only a very 
short time, of course, because one molecule can very quickly move out of the range 
of influence of the other. 


23-7 Specific Heats of an Ideal Gas 


We picture the molecules in an ideal gas as hard elastic spheres; that is, 
.we assume that there are no forces between the molecules except during 
collisions and that the molecules are not deformed by collisions. If this is 
so there is no internal potential energy and the internal energy of an ideal 
gas is entirely kinetic. We have already found that the average transla- 
tional kinetic energy per molecule is $k7, so that the internal energy U 
of an ideal gas containing N molecules is* 


U = $NkT = $uRT. (23-8) 


This prediction of kinetic theory says that the internal energy of an ideal 
gas is proportional to the Kelvin temperature and depends only on the tempera- 
ture, being independent of pressure and volume. With this result we can 
now obtain information about the specific heats of an ideal gas. 

The specific heat of a substance is the heat required per unit mass per 
unit temperature change. A convenient unit of mass is the mole. The 
corresponding specific heat is called the molar heat capacity and is repre- 
sented by C. Only two varieties of molar heat capacity are important for 
ited namely, that at constant volume, C,, and that at constant pressure, 

ut 

Let us confine a certain number of moles of an ideal gas in a piston- 
cylinder arrangement as in Fig. 23-4a. The cylinder rests on a heat 
reservoir whose temperature can be raised or lowered at will, so that we 
may add heat to the system or remove it, as we wish. The gas has & 
pressure p such that its upward force on the (frictionless) piston just 
balances the weight of the piston and its sand load. The state of the 
system is represented by point a in the p-V diagram of Fig. 23-4d; this 
diagram shows two isothermal lines, all points on one corresponding to à 


* We will see in Section 23-8 that this result applies only to monatomic gases, for 
which rotational and vibrational energies are not possible. Only in this case can We 
quate U to the translational kinetic energy. 


7 


~. 
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Constant- 
pressure ES 
process 


T 


pVtA4V P, V 
(b) (a) (o) 


Fig. 23-4 The temperature of a given 
mass of gas is raised by the same 
amount by a constant-pressure process 
(ab) and by a constant-volume 


. process (a — c). 


(d) 


temperature T and all points on the other to & (higher) temperature 


T+ AT. 
Now let us raise the temper: 
ing the reservoir temperature. 


ature of the system by AT, by slowly increas- 
As we do this let us add sand to the piston 
so that the volume V does not change. This constant-volume process 
carries the system from the initial state of Fig. 23—4a to the final state of 
Fig. 23-4¢c. Equivalently, it goes from point a to point c in Fig. 23-4d. 
Let us apply the first law of thermodynamics 

AQ=AU + AW | 


to this process. By definition of C, we have AQ = uC, AT. Also, 


AW (= p AV) = 0 because AV = 0. Thus : 
AU = uC, AT. (23-9) 


to its original state and again raise its tempera- 
ng the sand load undisturbed so that the pre 

his constant-pressure process carries the system 
from the initial state of Fig. 23-44 to the final state of Fig. 23-40. Bquiv- 
alently, it; goes from point a to point b in Fig. 23-4d. Let us apply the 
first law to this process. By definition of C, we have AQ = nC, AT. 


Let us restore the system 
ture by AT, this time leavi 
sure p does not change. T 
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Also, AW = p AV. Now for an ideal gas, U depends only on the tempera- 
ture. Since processes a— b and a— c in Fig. 23-4 involve the same 
change AT in temperature, they must also involve the same change AU in 
internal energy, namely, that given by Eq. 23-9. Thus for the constant- 
pressure process the first law yields 


uC5 AT = pC, AT + p AV. 


Let us apply the equation of state pV = uET to the constant-pressure 
process a — b. For p constant we have, by taking differences, 


pAV = uR AT. 
Combining these equations yields 
C,— C, =R. (23-10) 


This shows that the molar heat capacity of an ideal gas at constant 
pressure is always larger than that at constant volume by an amount 
2qual to the universal gas constant R (= 8.31 joules/mole K? or 1.99 cal/ 
mole K?). Although Eq. 23-10 is exact only for an ideal gas, it is nearly 
true for real gases at moderate pressure (see Table 23-2). Notice that in 
obtaining this result we did not use the specific relation U = $uRT, but 
only the fact that U depends on temperature alone. 

If we can compute C,, then Eq. 23-10 will give us C, and vice versa. We 
an obtain C, by combining Eq. 23-9 with the kinetic theory result for the 
nternal energy of an ideal gas, U = $u4RT (Eq. 23-8). Thus, in the limit 
of differential changes, 


3 0, = T ap MRT! = 4R. (23-11) 
This result (about 3 cal/mole K?) turns out to be rather good for mona- 
tomic gases. However, it is in serious disagreement with values obtained 
js diatomic and polyatomie gases (see Table 23-2). This suggests that 
Eq. 23-8 is not generally correct. Since that relation followed directly 
pu the kinetic theory model, we conclude that we must change the model 


f kinetic theory is to survive as a useful approximation to the behavior of 
real gases. 


> Example 5. Show that for an ideal gas undergoing an adiabatic process 
pV” = a constant, where y = C/C.. 


Let us apply the first law of thermodynamics 


AQ = AU + AW. 


For an adiabatic process AQ=0. For AW we put pAV. Since the ras is 


assumed to be ideal, U depends only on tem. T 
> perature and, from Eq. 23-9 AU = 
uC, AT. With these substitutions we have : s 


A= uC, AT + p AV 
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or 
pAV. 
uC, 


For an ideal gas pV = „RT, so that, if p, V, and T are allowed to take on small 
variations, 


AT =- 


pAV +V Ap = RAT 
or 


pAV +Y Ap 
AT = pA EE 
uR 


Equating these two expressions and using Eq. 23-10 (Cp — C. = R), we obtain, 
after some rearrangement, 


p AVC, +V ApC, = 0 
Dividing by pVC, and recalling that, by definition, C,/C, = Y, we get 
Ap AV 
OP ,— =0. 
; Tu 


In the limiting case of differential changes this reduces to 


A E 


dp 
id 0, 
E any, y 


which (assuming y to be constant) we can integrate as 
np ylnV = a constant 


or 
pV’ =a constant. (23-12, 


The value of the constant is proportional to the quantity of gas. In Fig. 23-5 
we compare the isothermal and adiabatic behaviors of an ideal gas. 
and rarefactions in a sound wave are prac- 


b Example 6. The compressions 
Show that in such a case the speed of sound 


tically adiabatic at audio frequencies. 


in an ideal gas is given by 
YD. 
v= ye 
p 


In Chapter 20 we showed the speed of sound to be v = vV B/p, where p is the 


gas density and B is the bulk modulus of the gas, B = —V(Ap/AV). However, 
B will depend on the conditions that prevail as the pressure 18 changed. If the 
lowly enough so that we can assume the temperature 


pressure change is carried out s 4 Å 
to remain constant wə have, in the limit of differential changes, 


dp 
EN A 
Bisothermal (2 mt 


In an isothermal process for an ideal gas we have 


(23-13) 


py =a constant . 


588- KINETIC THEORY OF GASES—I Chap. 2% 


Ti Tz T3 T4 


pV = constant 
\ —— — pV = constant 
\ (y = 1.40) 


\ T, = 100°K 
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Fig. 23-5 Tı, T», and T; show how the pressure of one mole of an ideal gas changes as 
its volume is changed, the temperature being held constant (isothermal process). Ar 
A», and A; show how the pressure of an ideal gas changes as its volume is changed, no 
heat being allowed to flow to or from the gas (adiabatic process). An adiabatic increase 
in volume (for example going from a to b along A 3) is always accompanied by a decrease 
in temperature, since at a, T = 400° K, whereas at b, T = 300° K. 


or, by differentiation with respect to V, 
dp 
p+ ¥. (25) =0 
dV / isothermal 
Combined with Eq. 23-13 this yields 


Bisothermal = p. 


Ir. a sound wave, however, the variations are so rapid that the conditions are not 
isothermal but closely adiabatic. The appropriate bulk modulus is then 


dp -14) 
Dope 3 (25) (23-1 
ejr V J adiabatic 


In an adiabatic process for an ideal gas we have 


pV? = a constant 
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or, by differentiating with respect to V, 


pyVt3 + V7 (2) =0. 


AV Jeaisbatic 
This, combined with Eq. 23-14, yields 


Baaiabatic = YP 


"ue B = J£ (23-15) 
p p 


Newton, in 1710, derived a formula for the speed of sound in which he assumed 
isothermal rather than adiabatic conditions. He obtained v = V p/p rather than 
the (correct) value of V yp/p. The error was pointed out by Laplace in 1816. 
We must remember that, at that date, the concept of energy was not yet under- 
stood and the science of thermodynamics did not exist. Does this result modify 
the result obtained in Example 4? Can you now explain why the speed of sound 
in a gas is not the same as the root-mean-square speed of the gas molecules? <4 


and, for the speed of sound, 


t 


23-8 Equipartition of Energy 


A modification of the kinetic theory model designed to explain the 
specific heats of gases was first suggested by Clausius in 1857. Recall that 
in our model we assumed a molecule to behave like a hard elastic sphere 
and we treated its kinetic energy as purely translational. The specific heat 
prediction was satisfactory for monatomic molecules. Further, because 
of the success of this simple model in other respects in predicting the correct 
behavior of gases of all kinds over wide temperature ranges, we feel 
confident that it is the average kinetic energy of translation which deter- 
mines what we measure as the temperature of a gas. 

However, in the case of specific heats we are concerned with all possible 
ways of absorbing energy and we must ask whether or not a molecule can 
store energy internally, that is, in @ form other than kinetic energy of 
translation. This would certainly be so if we pictured a molecule, not as a 
rigid particle, but as an object with internal structure. For then a mole- 
cule could rotate and vibrate as well as move with translational motion. 
In collisions, the rotational and vibrational modes of motion could be 
excited, and this would contribute to the internal energy of the gas. Here 
then is a model which enables us to modify the kinetic theory formula for 
the internal energy of a gas. 

Let us now find the total energy of a system containing a large number 
of such molecules, where each molecule is thought of as an object having 
internal structure. The energy will consist of kinetic energy of transla- 
tion, with terms like dmoz’; of kinetic energy of rotation, with terms like 
wz”; of kinetic energy of vibration of the atoms in a molecule, with terms 
like 4u? (where p is the reduced mass), and of potential energy of vibration 
of the atoms in a molecule, with terms like ikz?. Although other kinds of 
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energy contributions exist, such as magnetie, for gases we can describe 
the total energy quite accurately by terms such as these. Although these 
terms have different origins, they all have the same mathematical form, 
QN namely, a positive constant times the square of a quantity which can take 
^on negative or positive values. We can show from statistical mechanics 
that when the number of particles is large and Newtonian mechanics holds, all 
these terms have the same average value, and. this average value depends only 
on the temperature. In other words, the available energy depends only 
on the temperature and distributes itself in equal shares to each of the 
independent ways in which the molecules can absorb energy. This 
theorem, stated here without proof, is called the equipartition of energy 
and was deduced by Clerk Maxwell. Each such independent mode of 
energy absorption is called a degree of freedom. 

From Eq. 23-8 we know that the kinetic energy of translation per mole 
of gaseous molecules is 3T. The kinetic energy of translation per mole 
is the sum of three terms, however, namely }Mv,”, 4Mv,", and $Mp,’. 
The theorem of equipartition requires that each such term contribute the 
same amount to the total energy per mole, or 4/27' per degree of freedom. 

For monatomic gases the molecules have only translational motion (no 
internal structure in kinetic theory), so that U = 2uRT. It follows from 
Eq. 23-11 that C, = $2 =3 cal/mole X?. Then from Eq. 23-10, C, = 
#2, and the ratio of specific heat is : 


2€» 5 
Y @ 737. 


For a diatomic gas we can think of each molecule as having a dumbbell 
shape (two spheres joined by a rigid rod). Such a molecule can rotate 
about any one of three mutually perpendicular axes. However, the rota- 
tional inertia about an axis along the rigid rod should be negligible com- 
pared to that about axes perpendicular to the rod, so that the rotational 
energy should consist of only two terms,* such as 37o,* and }Jw,?. Each 
rotational degree of freedom is required by equipartition to contribute 

| the same energy as each translational degree, so that for a diatomic gas 
having both rotational and translational motion, 


U = 34GRT) + 2uGRT) = $uRT, 


: dU 
or Cy = ndr” $R = 5 cal/mole K? 


* We have already ruled out the possibility that a monatomie molecule could rotate. 
Actually it could spin about any one of three mutually perpendicular axes if it had any 
extent, such as a finite sphere. Implicitly, therefore, we have adopted a point mass 98 
our model of the atom. Hence, in’a diatomic molecule we are rid of one rotational 


ee eee. for point masses joined by a rigid line have no motion about an axis 
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and C, = C, +R — jR, 
EL oi 
pr . Tm MEO. 


For polyatomic gases, each molecule contains three or more spheres 
(atoms) joined together by rods in our model, so that the molecule is 
eapable of rotating energetically about each of three mutually perpen- 
dicular axes.. Hence, for a polyatomic gas having both rotational and 
translational motion, 


U = 3u(9RT) + SuGRT) = 3uRT, 


or Cy = 2U. = 3R = 6 cal/mole K*, 
aT 
and Ç; = 48, 
Cy 
or y= C. = 1.33. 
v 


Let us now turn to experiment to test these ideas. In Table 23-2 we list 
| the experimentally determined molar heat capacities for common gases at 
20°C and 1.0 atm. Notice that for monatomic and diatomic gases the 
values of C,, Cp, and y are close to the ideal gas predictions. In some dia- 
tomic gases, like chlorine, and in most polyatomic gases the specific heats 
are larger than the predicted values. Even y shows no simple regularity 
for polyatomic gases. This suggests that our model is not yet close enough 
to reality. Sici 

We have not yet considered energy contributions from the vibrations 
of the atoms in diatomic and polyatomic molecules. That is, we can 


Table 23-2 
SAT sie fin Se ATE 


Cs a= 
Type of Gas Gas ay K? cal/mole K^ €,- Co v ECC 
LU o orioa a eee DIU L 
Monatomic He 4.97 2.98 1.99 1.07 
A 4.97 2.98 1.99 1.67 
mE A, 5-0 05 S E ME 
Diatomic H 6.87 4.88  — 1.99 1.41 
0; 7.03 5.03 2.00 1.40 
6.95 ^ 4.96 1.99 1.40 | 
ie 14 1.35- 
Cla 8.29 6.15 2. 2 
arene E 
Polyatomi 8.83 6.80 2.03  . 1.80 
ET an 9.65 7.50 2.15 1.29 
C2He 12.35 10.30 2.05 1.20 
NH; 8.80 6.65 2.15 1.31 
20h tay te Se MMi grapes Se 
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Fig. 23-6 Variation of the molar heat C, of hydrogen with temperature. Note that 
T is drawn on a logarithmic scale. 


modify the dumbbell model and join the spheres instead by springs. This 
new model wil greatly improve our results in some cases. However, 
instead of having a theoretical model for all gases, we now require an 
empirical model which differs from gas to gas. We can obtain a reasonably 

_ good picture of molecular behavior this way and the empirical model is 
therefore useful; however it ceases to be fundamental. 

To see this more clearly, let us consider Fig. 23-6, which shows the 
variation of the molar heat capacity of hydrogen with temperature. The 
value of 5 cal/mole K?, which is predicted for diatomic molecules by où 
model, is characteristic of hydrogen only in the temperature range from 
about 250 to 750° K. Above 750° K, C, increases steadily to 7 cal/mole K 
and below 250° K, C, decreases steadily to 3 cal/mole K^. Other gases 
show similar variations of molar heat with temperature. 

Here is a possible explanation. At low temperatures apparently (se 
Example 7) the hydrogen molecule has translational energy only and, fo! 
Some reason, cannot rotate. As the temperature rises rotation becomes 
possible so that at “ordinary” temperatures a hydrogen molecule acts like 
our dumbbell model. At high temperatures the collisions between mole: 
cules cause the atoms in the molecule to vibrate and the molecule ceases t0 
behave as a rigid body. Different gases, because of their different molect" 
lar structure, may show these effects at different temperatures. Thus? 
chlorine molecule appears to vibrate at room temperature. E. 

Although this description is essentially correct, and we have obtainel 
much insight into the behavior of molecules, this behavior contradict 
classical kinetic theory. For kinetic theory is based on Newtonian 
mechanics applied to a large collection of particles, and the equipartiti? 
of energy is a necessary consequence of this classical statistical mechanic 
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But if equipartition of energy holds, then, no matter what happens to the 
ital internal energy as the temperature changes, each part of the energy— 
translational, rotational, and vibrational—must share equally in the change. 
There is no classical mechanism for changing one mode of mechanical 
energy at a time in such a system. Kinetic theory requires that the specific 
heats of gases be independent of the temperature. 

Hence, we have come to the limit of validity of classical mechanics when 
we try to explain the structure of the atom (or molecule). Just as New- 
tonian principles break down at very high speeds (near the speed of light), 
so here in the region of very small dimensions they also break down. 
Relativity theory modifies Newtonian ideas to account for the behavior of 
physical systems in the region of high speeds. It is quantum physics that 
modifies Newtonian ideas to account for the behavior of physical systems in 
the region of small dimensions. Both relativity theory and quantum 
mechanics are generalizations of classical theory in the sense that they give 
the (correct) Newtonian results in the regions in which Newtonian physics 
has accurately described experimental observations. In the following two 
chapters we shall confine our attention to the very fruitful application of 
thermodynamics and the kinetic theory to “classical” systems. 


> Example 7. According to quantum theory the internal energy of an atom 
(or molecule) is “quantized”; that is, the atom cannot have any of a continuous 
set of internal energies but only certain discrete ones. After being raised from its 
lowest energy state to some higher one the atom can give up this energy by emitting 
radiation whose energy equals the difference in energy between the upper and lower 


internal energy states of the atom. : Won 
When two atoms collide, some of their translational kinetic energy may be 
of the atoms. In such a case the 


converted into internal energy of one or both 
collision is inelastic, for translational kinetic energy is not conserved, In a gas, 
the average translational kinetic energy of an atom is $kT. When the temperature 
is raised to a value where $k7 is about equal to some allowed internal excitation 
energy of the atom, then an appreciable number of the atoms can absorb enough 
energy through inelastic collisions to be raised to this higher internal energy state. 
We can detect this because, after an interval, radiation corresponding to the 
absorbed energy. will be emitted. j 

(a) Compute the average translational kinetic energy per molecule in a gas at 


room temperature. 
We have, for T = 300° K, 


3kT = 3(1.38 X 1077? joule/molecule °K) (300° K) 
28621x10-* joule/molecule 
= 3.88 X 107? ev/molecule 


This is about z} ev per molecule. Some molecules will have larger energies and 


some smaller energies than this average value. j 
(b) The first allowed (internal) excited state of a hydrogen atom is 10.2 ev 


above its lowest (ground) state. What temperature is needed to excite a “large” 
number of hydrogen atoms to emit radiation of this energy? 
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We require 
$kT = 10.2 ev 
and we have from above 
$k(800° K) = y% ev 
Hence 
T = 300° K X 10.2/(s) ~ 7.5 X 10** K. 


Actually, because many molecules have energies much greater than the average 
value, appreciable excitation may occur at somewhat lower temperatures. 

We can now appreciate why the kinetic theory assumption, that molecules can be 
regarded as having no internal structure and collide elastically with one another, 
holds true at ordinary temperatures. Only at temperatures high enough to give 
the molecules an average translational kinetic energy comparable to the energy 
difference between the lowest and the first allowed excited state of the mole- 
cule will the internal structure of the molecule change and the collisions become 
inelastic. Indeed, in retrospect one may say that early evidence that the internal 
energy of an atom is quantized existed in experiments with gas collisions and that 
the seeds of quantum theory lay in the kinetic theory of gases.* 


QUESTIONS 


de In discussing the fact that it is impossible to apply the laws of mechanies indi- 
vidually to atoms in a macroscopic system, Mayer and Mayer state: “The very com- 
plexity of the problem [that is, the fact that the number of atoms is large] is the secret 
of its solution." Discuss this sentence. 

2. In kinetic theory we assume that there are a large number of molecules in a gas. 
Real gases behave like an ideal gas at low densities. Are these statements contra 
dictory? If not, what conclusion can you draw from them? 

3. We have assumed that the walls of the container are elastic for molecular collisions. 
Actually, the walls may be inelastic. Tn practice this makes no difference as long as the 
walls are at the same temperature as the gas. Explain. 

4. In large-scale inelastic collisions mechanical energy is lost through internal friction 
resulting in a rise in temperature owing to increased internal molecular agitation. Is 
there a loss of mechanical energy to heat in an inelastic collision between molecules? 

5. What justification is there in neglecting the change in gravitational potential 
energy of molecules in a gas? 

6. We have assumed that the force exerted by molecules on the wall of a container is 
steady in time. How is this justified? 

d The average velocity of the molecules in a gas must be zero if the gas as a whole and 

e container are not in translational motion. Explain how it can be that the average 
speed is not zero. ; 

E By considering quantities which must be conserved in an elastic collision, shoW 
tae ooo molecules of a gas cannot have the same speeds after a collision as they 
uti edit s it possible, then, for a gas to consist of molecules which all have the ! 

9. Justify the fact that the pressure of a gas depends on the square of the speed of its 


particles by explaining the dependence of pressure on t isi d the 
cy ant 
moment " f th t à p he collision frequen: à 


* See “On Teaching 


t e : 
Physica, À aa Quantum Phenomena,” by Sir N. F. Mott in Contemporary 
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. 10. The gas kinetic temperature in the upper atmosphere (see Eq. 23-5) is of the 
order of 1000? K. It is quite cold up there. Explain this paradox. 

11. Why must the time allowed for diffusion separation be relatively Short? 

12. Suppose we want to obtain U?*8 instead of U?** as the end product of a diffusion 
process. Would we use the same process? If not, explain how the separation process 
would have to be modified. 

13. Can you describe a centrifugal device for gaseous separation? Is a centrifuge 
better than a diffusion chamber for separation of gases? 

14. Would you expect real molecules to be spherically symmetrical? If not, how 
would the potential energy function of Fig. 23-3 change? 

15. Explain how we might keep a gas at a constant temperature during a thermo- 
dynamic process. 

16. Explain why the temperature of à gas drops in an adiabatic expansion. 

17. If hot air rises, why is it cooler at the top of a mountain than near sea level? 

18. A sealed rubber balloon contains a very light gas. The balloon is released and it 
rises high into the atmosphere. Describe and explain the thermal and mechanical 
behavior of the balioon. 

19. Explain why the specific heat at constant pressure is greater than the specific heat 
at constant volume. 4 

20. It is more common to excite radiation from gaseous atoms by use of electrical 
discharge than by thermal methods. Why? 


PROBLEMS 


ties of air, oxygen, and nitrogen are, 
and 1.251 kg/meter*. Calculate the 
assuming only these two gases to be 


1. At 0° C and 1,000-atm pressure the densi 
respectively, 1.293 kg/meter?, 1.429 kg/meter’, 
percentage of nitrogen in the air from these data, 
present. 

2. Suppose that, as happened historically, we are given Boyle’s law 


pV = a constant (constant T) A 


and Charles’ law 
V/T =a constant (constant p) 


separately. Show how these two laws may be combined to yield 
I 


pV/T =a constant. 


the bottom of a lake 40 meters deep where the 
the surface which is at a temperature of 20° C. 
at of the surrounding water and find its 


3. An air bubble of 20-cm? volume is at 
temperature is 4° C. The bubble rises to 
Take the temperature to be the same as th 
volume just before it reaches the surface. i ! 

4. One mole of an ideal gas undergoes an isothermal expansion. Find the heat flow 
into the gas in terms of the initial and final volumes and the temperature. ; i 

i i f oxygen from a volume o 

5. Calculate the work done in compressing 1.00 mole o 
22.4 liters at 0° C and 1.00-atm pressure to 16.8 liters at the same temperature. 

i i ° C and a pressure of 76 cm-Hg 
6. Oxygen gas having a volume of 1.0 liter at 40° r I 
expands until its volume is 1.5 liters and its pressure is 80 cm-Hg. Find the mass in 
moles of oxygen in the system and its final temperature. 

7. An automobile tire has a volume of 1000 in.* and contains air at a gauge pressure of 
24 Ib/in.? when the temperature is 0° C. What is the gauge pressure of the air in the 
tires when its temperature rises to 27° C and its volume increases to 1020 in.*? 
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ercury-filled manometer with two unequal arms is sealed off with the same 
fai in um arms as in Fig. 23-7. The cross-sectional area of the manometer - 
AM is 1.0 cm?. With the temperature constant, an additional 10 cm? of mercury is 
admitted ‘through the stopcock at the bottom; the fevel on the left increases 6.0 cm and 
that on the right increases 4.0 cm. Find the pressure po. 


| |]. 


50 cm p*1 
30 cm 
LETS 
Stopcock 
Fig. 23-7 


9. A thin tube, sealed at both ends, is 1.0 meter long. It lies horizontally, the middle 
10 em containing mercury and the two equal ends containing air at standard atmos- 
pheric pressure. If the tube is now turned to a vertical position, by what amount. 
will the mercury be displaced? 

10. The mass of the Hz molecule is 3.32 X 107?* gm. If 10% hydrogen molecules 
per second strike 2.0 cm? of wall at an angle of 45° with the normal when moving with 
a speed of 105 cm/sec, what pressure do they exert on the wall? t P 

11. (a) Determine the average value of the kinetic energy of the molecules of an ideal 
gas at 0.0° C and at 100°C. (b) What is the kinetic energy per mole of an ideal Le 

` at these temperatures? 

12. (a) Compute the root-mean-square speed of an argon atom at room temperature 
(20° C). (b) At what temperature will the root-mean-square speed be half that value?” 
Twice that value? 

13. (a) Compute the temperature at which the root-mean-square speed is equal to 
the speed of escape from the surface of the earth for hydrogen. Foroxygen. (b) Do 
the same for the moon, assuming gravity on its surface to be 0.164g. (c) The tempera 
ture high in the earth's upper atmosphere is about 1000* K. Would you expect to find 
much hydrogen there? Much oxygen? 

14. At what temperature is the average translational kinetic energy of a molecule: 
equal to the kinetic energy of an electron accelerated from rest through a potential: 
difference of one volt (that is, an energy of 1.0 ev)? 

15. Show how to find the root-mean-square speeds of helium and argon molecules at 
40* C from that of oxygen molecules-(460 meters/sec at 0.00? C). ‘The molecular 
weight of oxygen is 32 gm/mole, of argon 40, of helium 4. 

16. Compute the number of molecules in a gas contained in a volume of 1.00 cm? at a 
pressure of 1.00 X 10-3 atm and a temperature of 200° K. 


17. If the water molecules in 1.0 £m of water were distributed uniformly over the 


surface of the earth, how many such molecules would there be in 1.0 cm? of the earth’s 
surface? 


18. Oxygen gas at 273° K and 1.00-atm pressure is confined to a cubical container: 
10 cm on aside. (a) How long does it take a typical molecule to cross the container? | 
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10 cm on a side. Compare the change in gravitational potential energy of an oxygen 
molecule falling the height of the box with its mean kinetic energy. 

19. (a) Consider an ideal gas at 273° K and 1.0-atm pressure. Imagine that the 
molecules are for the most part evenly spaced at the centers of identical cubes. Using 
Avogadro’s number and taking the diameter of a molecule to be 3.0 X 107° cm, find the 
length of an edge of such a cube and compare this length to the diameter of a molecule. 
(b) Now consider a mole of water having a volume of 18cm*. Again imagine the mole- 
cules to be evenly spaced at the centers of identical cubes. Find the length of an edge 
of such a cube and compare this length to the diameter of a molecule. 

20. At 273° F and 1.00 X 107? atm the density of a gas is 1.24 X 10-5gm/em?. (a) 
Find vrms for the gas molecules. (b) Find the molecular weight of the gas and identify it. 

21. Avogadro's law states that under the same condition of temperature and pressure 
equal volumes of gas contain equal numbers of molecules. Derive this law from kinetic 
theory using Eq. 23-3 and the equipartition of energy assumption. 

22. Dalton’s law states that when mixtures of gases having no chemical interaction are 
present together in a vessel, the pressure exerted by each constituent at a given tempera- 
ture is the same as it would exert if it alone filled the whole vessel, and that the total 
pressure is equal to the sum of the partial pressures of each gas. Derive this law from 
kinetic theory, using Eq. 23-3. 

23. Plot and interpret physically (a) the variation of gas density with temperature 
for an isobaric (constant-pressure) process and (b) the variation of gas density with 
pressure for an isothermal process. 

24. Consider a given mass of an ideal gas. Compare curves representing constant- 
pressure, constant-volume, and isothermal processes on (a) a p-V diagram, (b) a p-T 
diagram and (c) a V-T diagram. (d) How do these curves depend on the mass of gas 
chosen? : 

25. The mass of a gas molecule can be computed from the specific heat at constant 
volume. Take C, = 0.75 kcal/kg K* for argon and calculate (a) the mass of an argon 
atom and (b) the atomic weight of argon. » 

26. Take the mass of a helium atom to be 6.66 X 10-27 kg. Compute the specific 
heat at constant volume for helium gas. 

27. Calculate the mechanical equivalent of heat from the va 
C, and y for oxygen from Table 23-2. 

28. The following data are the result of accurate experimental measurements: 
1.000 mole of a gas occupies a volume of 2.541 X 107? meter? at a pressure of 9.480 X 
10* nt/meter? when its temperature is 290.0? K. The same mass of gas requires 
125.0 cal to raise its temperature from 290.0 to 315.0° K while its volume is held con- 
stant. The ratio (cp/cy) of its specific heats is 1.430. (a) Use these data to sompus 
the mechanical equivalent of heat J. (b) Account for the fact that your value o 
differs from the accepted three-figure value—namely, 4.19 joules/cal. 
eated at a constant pressure starting at 0.00° C. How 
ied to the gas to double its volume? 
pherie pressure from 27.0 to 
What fraction of the heat is 


lue of R and the values of 


29. One mole of oxygen is h 
much heat energy must be add 
30. Ten grams of oxygen are heated at constant atmos| 
127.0° C. How much heat is transferred to the oxygen? 
used to raise the internal energy of the oxygen! J 
31. How would you explain the observed value of C, = 7.50 cal/mole K* for gaseous 
S0? at 15.0? C and 1.00 atm? j 
32. Show that the speed of sound in a gas is in 
33. Show that the speed of sound in air increases 
degree rise in temperature. 
34. The speed of sound in different gases at the same temperature depends on the 


molecular weight of the gas. Show that vı/v2 = V/M2/M, (constant T) where vı 


dependent of the pressure and density. 
about 2.0 ft/sec for each Celsius 
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is the speed of sound in the gas of molecular weight M and v» is the speed of sound 
in the gas of molecular weight Me. 

35. Air at 0.00° C and 1.00-atm pressure has a density of 1.201 X 107? gm /cm? and 
the speed of sound in air is 332 meters/sec at that temperature. Compute the ratio 
of specific heats of air. 

36. (a) A monatomic ideal gas initially at 17° C is suddenly compressed to one-tenth 
its original volume. What is its temperature after compression? (b) Make the same 
calculation for a diatomic gas. 

37. The atomic weight of iodine is 127. A standing wave in a tube filled with-iodine 
gas at 400° K has nodes that are 6.77 cm apart when the frequency is 1000 vib/sec. Is 
iodine gas monatomic or diatomic? 

38. A-reversible heat engine carries 1.00 mole of an ideal monatomic gas around the 
cycle shown in Fig. 23-8. Process 1-2 takes place at constant volume, process 2-3 is 
adiabatic, and process 3-1 takes place ata constant pressure. (a) Compute the approx- 


imate numerical values for the heat AQ, the chaage in internal energy AU, and the work ~ 


done AW, for each of the three processes and for the cycle asa whole. (b) If the initial 
pressure at point 1 is 1.00 atm, find the pressure and the volume at points 2 and 3. 


T» = 600°K 
2 


Adiabatic 


Pressure 


1 3 
T,;=300°K 73 = 455°K 


Volume 
Fig. 23-8 


39. A mass of gas occupies 2 volume of 4.0 liters at a pressure of 1.0 atm and a tem- 
perature of 300° K. It is compressed adiabatically to a volume of 1.0liter. Determine 


(a) the final pressure and (b) the final temperature, assuming it to be an ideal gas for 
which y = 1.5) 


40. An ideal gas expands adiabatically from an initial temperature T to a final 
temperature T». Prove that the work done by the gas is C,(T4 — T3). 
` 4l. (a) A liter of gas with y = 1.3 is at 273° K i 

3d and 1.0-at ». Tt is suddenly 

compre:sed to half its original volume. sers dep a 
The gas is now cooled back to 0° C at constant pressure. What is its final volume? 
id dde that the variation in pressure in the earth’s atmosphere, assumed to be 
"i ane is given by p = poeMeulRT where M is the molecular weight of the gas- 

ee Example 1, Chapter 17.) (b) Show also that n = noe Mov/RT where n is the 
number of molecules per unit volume. 

43. A hydrogen atom » in its lowest 
energy, collides head-on with another h; 
(a) Use the conservation laws of.ene: 
must be elastic. The first allowed exe: 


Find its final pressure and temperature. (b) : 


\ 
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24-1 Mean Free Path 


CHAPTER 24 


Between successive collisions a molecule in a gas moves with constant 
speed along a straight line. The average distance between such successive 


collisions is called the mean free 
path (Fig. 24-1). If molecules 
were points, they would not collide 
at all and the mean free path 
would be infinite. Molecules, 
however, are not points and hence 
collisions occur. If they were 50 
numerous that they completely 
filled the space available to them, 
leaving no room for translational 
motion, the mean free path would 
be zero. . Thus the mean free path 
is related to the size of the mole- 

' eules and to their number per unit 
volume. 

Consider the molecules of 2 gas 
to be spheres of diameter d. The 
cross section for a collision is then 
rd?, That is, a collision will take 
Place when the centers of two 
molecules approach within à dis- 
tance dof one another. An equiv- 
alent description of collisions 


Fig: 24-1 A molecule traveling through 
a gas, colliding with other molecules in its 
path. Of course, all the other molecules 
are moving in & similar fashion. 
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Fig. 24-2 (a) If a collision 
d occurs when two molecules 
come within a distance d of 
each other, the process can be 
treated equivalently (b) by 
thinking of one molecule as 


having an effective diameter 
| cf 2d and the other as being a 
d point mass. 


(a) (b) 


made by any one molecule is to regard that molecule as having a diameter 
: 2d and all other molecules as point particles (see Fig. 24-2). 

Imagine a typical molecule of equivalent diameter 2d moving with 
speed v through a gas of equivalent point particles and let us assume, for 
the time being, that the molecule and the point particles exert no forces on 
each other. In time ¢ our molecule will sweep out a cylinder of cross- 
sectional area zd? and length vi. If n is the number of molecules per unit 
volume the cylinder will contain (r d?vt) n particles (see Fig. 24-3). Since 
our molecule and the point particles do exert forces on each other, this will 
be the number of collisions experienced by the molecule in time t. The 
cylinder of Fig. 24-3 will, in fact, be a broken one, changing direction with 
every collision. 

The mean free path 1 is the average distance between successive colli- 
sions. Hence, [ is the total distance vt covered in time ¢ divided by the 
number of collisions that take place in this time, or 


Ta ESS PY d 
- wd’nvt 4nd? 


"This equation is based on the picture of a molecule hitting stationary 
targets. Actually the molecule hits moving targets. The collision fre- 


quency is increased as a result (see below) and the mean free path is reduced 
to 


ue SCR d 


Fig. 24-3 A molecule of equiv- 
alent diameter 2d traveling with 
speed v sweeps out a cylinder of. 

^ base zd? and length vt in a time t. 
It suffers a collision with every 
other molecule whose center lies 
within this cylinder. 


Sec. 24-1 MEAN FREE PATH 601 


When the target molecules are moving, the two v’s in the first equation above are 
not the same. The one in the numerator (= ?) is the mean molecular speed meas- 
ured with respect to the container. The one in the denominator (= drei) is the 
mean relative speed with respect to other molecules; it is this relative speed that 
determines the collision rate. 

We can see qualitatively that tre > 9. Thus two molecules of speed » moving 
toward each other have a relative speed of 2v (> 1); two molecules with speed v 
moving at right angles on a collision course have a relative speed of /2 v (also > v); 
two molecules moving with speed v in the same direction have a relative speed of 
zero (« v). Thus molecules arriving from all of the forward hemisphere and part of 
the backward hemisphere have drei > Ü. The molecules arriving from the rest of the 
backward hemisphere have ret < 9 but, since their numbers are smaller, they do 
not determine the nature of the average over both hemispheres, which yields 
iret >ö. A quantitative calculation, taking into account the actual speed dis- 


tribution of the molecules, gives rel = 20. 


> Example 1. Let us calculate the magnitude of the mean free path and the 


collision frequency for air molecules at 0° C and 1-atm pressure. La 
We take 2 X 107° cm as an effective molecular diameter d. For the conditions 


stated, the average speed of air molecules is about 1 X 105 cm/sec and there are 
about 3 X 10? molecules/cm?. The mean free path is then 


y lo coole wheplcouie eas beset aa e 
l= T üaB ox V2 (8 X 109/cm?) 2 X 107* em)" 


= 2 X 10^5em. 


This is about a thousand molecular diameters. 
The corresponding collision frequency is 


: = (1 X 105 em/sec)/(2 X 107* em) 


= 5 X 10°/sec. 


Thus, on the average, each molecule makes five billion collisions per second! <4 


In the earth’s atmosphere the mean free path of air molecules es sea level 
(760 mm-Hg) is about 10-5em. At100 km above the earth (10° mm-Hg) 
the mean free path is 1 meter. At 300 km (107* mm-Hg) it is 10 km or 
6 miles, and yet there are about 109 molecules/cm" in this region. This 
emphasizes that molecules are indeed small. At great enough heights the 
mean free path concept fails because the upward-directed molecules follow 


ballistic paths and may escape from the atmosphere. — — 
In the laboratory the mean free path concept i$ useful in situations such 
as that of Example 1. In even modest laboratory vacuums, however, it 


loses some of its meaning because nearly all the collisions are with the wall 
of the containing vessel rather than with other molecules. Consider a box 
10 em on edge containing air at 1075 mm-Hg pressure, The mean free 
path (see above) is 6 miles, so that collisions between molecules are rare 


indeed. And yet this box contains about 10? molecules! 
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. Even in a finite “box,” however, there are some conditions in which 
particles can travel great distances without striking the walls. In a 
typical proton synchrotron, used to accelerate protons to the bilion- 

`, electron-volt range of energies, the protons are constrained by a magnetie 
field to move in a circular path and may travel several hundred thousand 
miles during the acceleration process, Mean free path considerations are 
important if the accelerating protons are to have essentially no collisions 
with residual air molecules. In this case the effective cross section of the 
proton isso much smaller than that of the air molecules that if we have a 
vacuum of about 1075 mm-Heg, there is essentially no beam loss by proton 
scattering from gas molecules inside the vacuum chamber. 


24-2 Distribution of Molecular Speeds 


In Chapter 23 we discussed the root-mean-square speed of the molecules 
. of a gas. However, the speeds of individual molecules very over a wide 
range of magnitude; there is a characteristic distribution of molecular 
speeds for a given gas which depends, as we will see below, on the tempera- 
ture. If all the molecules of a gas had the same speed v, this situation 
would not persist for very long because the molecular speeds would be 
changed by collisions. However, we do not expect many molecules to have 
speeds & vm, (that is, near Zero) OF > V,m, because such extreme speeds 
would require an unlikely sequence of preferential collisions. 
Clerk Maxwell first solved the problem of the most probable distribution 
of speeds in a large number of molecules of a gas. His molecular speed 
distribution law, for a sample of gas containing N molecules, is* 


N(v) = 4cN (m/2rk T) ye makr (243) 


In this equation N(:) dv-is the number of molecules in the gas sample 
having speeds between v and v -+ do, T is the absolute temperature, k is 
Boltzmann's constant, and m is the mass of a molecule. Note that for & 
given gas the speed distribution depends only on the temperature. We 
find N, ; the total number of molecules in the sample, by adving up (that is, 
by integrating) the number present in each differential speed interval 


_ The unit of N(v) is, say, molecules/ (cm/sec). 

In Fig. 24-4 we plot the Maxwell distribution of speeds for molecules of 
oxygen at two different temperatures, The number of molecules having a 
alee ee vı and v; equals the area under the curve between the verti- 
atas ` iel n Met As Eq. 24-3 Shows, the area under the speed distri- 
Mecca ' ich is the integral in that equation, is equal to the total 

er ot molecules in the sample, At any temperature the number of 


* A derivati 
Snvation of Eq. 24-2 appears in Supplementary Topic LV. 
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50 - 
` N = 10° oxygen molecules. 
N 


Paai 
o 


Ny, molecules per unit speed interval, 
108 molecules/(meter/sec) 


Fig. 24-4 The Maxwellian distribution of speeds of 10° oxygen molecules at two dif- 
ferent temperatures. The number of moleeules within a certain range of speeds 
(say, 300 to 600 meters/sec) is the area under this section of the curve. The com- 
plete area under either curve is the total number of molecules (equals 10°); this area 
must be the same for each temperature if, as in this case, the curves refer to a given 


number of molecules. 


molecules in a given speed interval* Av increases as the speed increases 
up to a maximum (the most probable speed vp) and then decreases asymp- 
totically toward zero. The distribution curve is not symmetrical about 
the most probable speed because the lowest speed must be zero, whereas 
there is no classical limit to the upper speed a molecule can attain, In 
this case the average speed ï is somewhat larger than the most probable 
value. The root-mean-square value, "rns, being the square root of the sum 
of the squares of the speeds, is still larger. 
As the temperature increases, the root-mean-square speed Vema (and 
"V and v, as well) increases, in accord with our microscopic interpretation of 
temperature. The range of typical speeds is now greater, so that the 
distribution broadens. Since the area under the distribution curve (which 


«number of particles having speed v” against v, because 
les and an infinite number of possible speeds. Hence, 
the probability that a particle has a precisely stated speed, such as 279.343207 ofa he 
meters/sec, is exactly zero. However, we can divide the range of speeds into intervals 
and the probability that a particle has & speed somewhere in a given interval (such as 
279 meters/sec to 280 meters/sec) has a definite nonzero value. 


* We cannot simply plot the " 
there are a finite number of partic 
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is the total number of molecules in the sample) remains the same, the dis- 


tribution must also flatten as the temperature rises. Hence the numberof | 


molecules which have speeds greater than some given speed increases as 
the temperature increases (see Fig. 24-4). This explains many phenom- 


ena, such as the increase in the rates of chemical reactions with rising . 


temperature. 

The distribution of speeds of molecules in a liquid also resembles the 
curves of Fig. 24-4. This explains why some molecules in a liquid (the 
fast ones) can escape through the surface (evaporate) at temperatures well 
below the normal boiling point. Only these molecules can overcome the 
attraction of the molecules in the surface and escape by evaporation. The 
average kinetic energy of the remaining molecules drops correspondingly, 
leaving the liquid at a lower temperature. This explains why evaporation 
is a cooling process. 

From Eq. 24-2 we see that the distribution of molecular speeds depends 
on the mass of the molecule as well as on the temperature. The smaller 
the mass, the larger the proportion of high-speed molecules at any given 
temperature. Hence hydrogen is more likely to escape from the atmos- 
phere at high altitudes than oxygen or nitrogen. The moon may have 4 
tenuous atmosphere. For the molecules in this atmosphere not to have a 
great probability of escaping from the weak gravitational pull of the moon, 
even at the low temperatures there, we would expect them to be molecules 
or atoms of the heavier elements. Evidence points to the heavy inert 
gases, such as krypton and xenon, which were produced largely by radio- 
active decay early in the moon's history. The atmospheric pressure on 
the moon is believed to be about 107 t° of the earth's atmospheric pressure. 


P Example 2. The speeds of ten particles in meters/sec are 0, 1.0, 2.0, 3.0, 3.0, 
3.0, 4.0, 4.0, 5.0, and 6.0. Find (a) the average speed, (b) the root-mean-square 
speed, and (c) the most probable speed of these particles. 

(a) The average speed is 


Pe 0+1.0 + 2.0+ 3.0+ 3.0+3.0+ 4.0 + 4.0 + 5.0+ 6.0 
10 
(b) The mean-square speed is 
0 + (1.0)? + (2.0)? + (3.0)? + (3.0)? 
al + (8.0)? + (4.0) + (4.0)? + (6.0)? + (6.0 
10 


= 3.1 meters/sec. 


= 12.5 meters?/sec? 


and the root-mean-square speed is 


Vrms = V 125 meters?/sec? = 3.5 meters/sec. 
(c) Of the ten particles three have speeds of 3.0 meters/sec, two have speeds of 


4.0 meters/sec, and the other five each have a different speed. Hence, the most - 


probable speed of a particle Vp is 


I 


vp = 3.0 meters/sec. 
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Example 3. Use Eq. 24-2 to determine the average speed ?, the root-mean- 
square speed Vrms, and the most probable speed v, of the molecules in a gas in terms 
of the gas parameters. 

The quantity N (v) dv is the number of particles in the sample having a speed 
between v and v + dv, N (v) being given by Eq. 24-2. We find the average speed 6 
in the usual way: we multiply the number of particles in each speed interval by a 
speed.» characteristic of that interval; we sum these products over all speed inter- 
vals and we divide by the total number of particles. Replacing the summation by 
an integration, we obtain 


f N(v)v dv 
N 
Substituting Eq. 24-2 for N(v) and integrating* we obtain 


"m NIS 150 «ff (average speed). 
mm |INm 


The mean-square speed is given by 


I * Now? d 
ONU 


RUE 
which yields 
— I 
Ürms = Ve " 3T = 1434 E (root-mean-square speed). 
m m 


The most probable speed vp is the speed at which N(v) has its maximum value. 


It is given by requiring that 
aN (v) 20 
dv 


By substituting Eq. 24-2 for N(v) we obtain, as the student should show, 


P ME 2kT _ 1.41 E (most probable speed). 
L4 m m 2 


0*'C for a molecular speed distribution in 


In Fig. 24-4 we show tp, Ü, and Vrms at «4 


oxygen. 
24-3 Experimentol Confirmation of the Maxwellian Distribution 


Maxwell derived his distribution law for molecular speeds (Eq. 24-2) in 1859. 
At that pate date it was not possible to check this law by direct measurement and, 
indeed, it was not until 1920 that Stern made the first serious attempt to do so. 
Techniques improved rapidly in the hands of various workers but it was nos yni 
1955 that a high-precision experimental verification of the law (for gas molecu es) 


was provided, by Miller and Kusch. 1 
Their Ameis. is shown in Fig. 24-5. The walls of oven O were heated, in one 


* Let à = m/2kT. From tables of integrals, 


- Jefe "E BET QUA Ka 
A 1 | ; vie dv , 
$ diei i h are An ei ggat f xn NS 
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Pump 


Fig. 24-5 The apparatus used by Miller and Kusch to verify the Maxwell speed 
distribution law. The mechanism for rotating the cylinder is not shown. The whole 
apparatus is highly evacuated to reduce collisions with the residual gas molecules of the 
thallium molecules in the beam emerging from slit S. 


set of experiments, to a uniform temperature of 870 + 4° K, some thallium having 
been placed in the oven. At this temperature thallium vapor, at a pressure of 
3.2 X 10-* mm-Hg, fills the oven. Some molecules of thallium vapor escape from 
slit S into the highly evacuated Space outside the oven, falling on the rotating 
cylinder R. This cylinder, of length l, has a number of helical grooves cut into it, 
only one of them being shown in Fig. 24-5. For a given angular speed w of the 
cylinder, only molecules of a sharply defined speed v can pass along the grooves 
without striking the walls. The speed v can be found from: 


time of travel along the groove = : = $, 
or v = lo/ó (24-4) 


ihe hieh @ (see Fig. 24-5) is the angular displacement between the entrance and 
the exit of a helical groove. Thus the rotating cylinder is a velocity selector, the 
Speed selected being proportional to the (controllable) angular speed w, as Eq. 24-4 


giam T, Consider a group of molecules in the oven whose speeds lie within & 
certain small range vı to y, + Av, where is less than the most probable speed vp: 
We can always find another equal Speed interval Av, extending from v2 to v» + At) 
where v», which will be greater than vp, is chosen so that the two speed intervals 


Sec. 24-3 CONFIRMATION OF THE MAXWELLIAN DISTRIBUTION 607 


contain the same number of molecules. However, more molecules in the latter 
interval than in the former will escape from slit S to form the beam, because mole- 
cules in the latter interval “bombard” the slit with a greater frequency, by pre- 
cisely the factor vo/vs. Thus, other things being equal, fast molecules are favored 
in escaping from the oven, just in proportion to their speeds, and the molecules in 
the beam have a “v?” rather than a “v?” distribution. This effect is allowed for in 
computing the theoretical curve of Fig. 24-6. 

Rainwater and Havens (1946) also provided a convincing experimental check of 
the Maxwell speed distribution law by using a “gas” of neutrons. The neutrons 
were produced (as fast neutrons) in continuous series of short bursts in a cyclotron 
and allowed to fall on a block of paraffin. By repeated collisions with the nuclei 
of the block, the neutrons rapidly slowed down and came into thermal equilibrium 
with the block, behaving like a “neutron gas” in a container. The container, how- 
ever, is a leaky one because neutrons diffuse out through the walls of the block 
and move across the laboratory. It is possible, by electronic means, to measure 
the time between the production of the neutrons in the cyclotron and their arrival 
at a distant detector after escaping from the paraffin block. Thus one can measure 
the speed distribution in a collimated beam of escaping neutrons and can compare 
it to the prediction of Maxwell; the agreement of theory and experiment is excellent. 


Intensity, arbitrary units 


14 18 


02 0.6 10 
v/up 


Fig. 24—6 id line shows Maxwell’s molecular speed distribution. The circles 
(O) are Mess puo for thallium atoms emerging from an oven at iiM K; the 
triangles (A) correspond to 944° K. The horizontal scale isa plot of v/Up M ere ir is 
the most probable speed. When speeds are plotted in this wey the distributions for 
different temperatures should fall on the same curve. At 870° K, vp = 376 meters /sec 
and at 944° K, it is 395 meters/sec. From Miller and Kusch, Physical Review, 99, 
1314 (1955). 1 
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Although the Maxwell speed distribution for gases agrees remarkably well with 
observations under ordinary conditions, it fails at high densities, where the basic 
assumptions of the classical kinetic theory fail. In these regions we must use 
speed distributions founded on the principles of quantum physics, the Fermi-Dirac 
and the Bose-Einstein distributions. These quantum distributions agree closely 
with the Maxwell distribution in the classical region (low density) and agree with 
experiment where the classical distribution fails. Hence there are limits to the 
applicability of the Maxwell distribution, as in fact there are to any theory. 


.24-4. Brownian Motion 


The prominence given to atomic and molecular theory during the last 
quarter of the nineteenth century was deplored by many able scientists, 
In spite of the many quantitative agreements between kinetic theory and 
the behavior of gases, no proof of the separate existence of atoms and mol- 
ecules had been obtained, nor had any observation been made that could 
really demonstrate the continuous motions of the molecules. Ernst Mach 
(1838-1916) saw no point to “thinking of the world as a mosaic, since we 
cannot examine its individual pieces of stone." It had been established 
rather early in the development of kinetic theory that an atom should be 
about 107" em or 1078 cm in diameter. No one actually expected to see 
an atom or detect the effect of a single atom. 

The leader of the opposition to the atomic theory. was Wilhelm Ostwald. 
He was a champion of the principle of the conservation of energy and 
regarded energy as the ultimate reality. Ostwald argued that with a 
thermodynamical treatment of a process we know all that is essential 
about the process and that further mechanical assumptions about the 
mechanism of the reactions are unproved hypotheses. He abandoned the. 
atomic and molecular theories and fought to free science “from hypothet- 
ical Conception which lead to no immediate experimentally verifiable con- 
clusions,” Other prominent physicists were reluctant to admit the atom 
as an established scientific fact. 

Ludwig Boltzmann felt compelled to protest this attitude in an article in 
1897, stressing the indispensability of atomism in natural science. The 
Progress of science is often guided by the analogies of nature’s processes 
which occur in the minds of investigators. Kinetic theory was such à 
mechanical analogy, As with most analogies it suggests experiments to 
test the validity of our mental pictures and leads to further investigations 
and clearer knowledge. 

As is always true in such controversies in science, the decision rests with 
experiment. The earliest and most direct experimental evidence for the 
reality of atoms was the proof of the atomic kinetic theory provided by the 
ee studies of Brownian motion. These observations convinced 

oth Mach and Ostwald of the validity of the kinetic theory and the 
atomic description of matter on which it rests. The atomic theory gained 
unquestioned acceptance in later years when a wide variety of experiments 
all led to the same values of the fundamental atomic constants. 

Brownian motion is named after the English botanist Robert Brow? 
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who discovered in 1827 that pollen suspended in water shows a continuous 
random motion when viewed under a-mieroscope. At first these motions 
were considered a form of life, but it was soon found that small inorganic 
particles behave" similarly. There was no quantitative explanation of 
this phenomenon until the development of kinetic theory. Then, in 1905, 
Albert Einstein developed a theory of Brownian motion." In his Auto- 
biographical Notes, Einstein writes, “My major aim in this was to find facts 
which would guarantee as much as possible the existence of atoms of defi- 
nite size. In the midst of this I discovered that, according to atomistic 
theory, there would have to be a movement of suspended microscopic par- 
ticles open to observation, without knowing that observations concerning 
the Brownian motion were already long familiar.” 

The basic assumption made by Einstein was that particles suspended 
in a liquid or a gas share in the thermal motions of the medium and that 
on the average the translational kinetic energy of each particle is $ kT, in 
accordance with the principle of equipartition of energy. In this view the 
Brownian motions result from impacts by molecules of the fluid, and the 
suspended particles acquire the same mean kinetic energy as the molecules 
of the fluid. 

The suspended particles are extremely large compared to the molecules 
of the fluid and are being continually bombarded on allsides by them. If 
the particles are sufficiently large and the number of molecules is suffi- 
ciently great, equal numbers of molecules strike the particles on all sides at 
each instant. For smaller particles and fewer molecules the number of 
molecules striking various sides of the particle at any instant, being merely 


a matter of chance, may not be equal; that is, fluctuations occur. Hence 


the particle at each instant suffers an unbalanced force causing it to move 
y large molecules 


this way or that. The particles therefore act just like ver, 
in the fluid, and their motions should be qualitatively the same as the 


motions of the fluid molecules. If Avogadro’s number were infinite there 


would be no statistical unbalance (fluctuations) and no Brownian motion. 
If Avogadro’s number were very small, the Brownian motion would be 


very large. Hence we should be able to deduce the value of Avogadro's 
number from observations of the Brownian motion. Deeply ingrained in 
this picture is the idea of molecular motion and the smallness of molecules. 
The Brownian motion therefore offers a striking experimental test of the 
kinetic theory hypotheses. ; 

The hw ie are under the influence of gravity and would 
settle to the bottom of the fluid were it not for the molecular bombardment 
opposing this tendency. Since the suspended particles behave like gas 
molecules we are not surprised to learn that, as for molecules in the atmos- 
phere, their density drops off exponentially with respect to height in the 


i icle i i f the Annalen der Physik 
* Einstein's theory appeared as an article in the same issue o 1 

which contained d UE paper on the theory of relativity and also his paper on 
the theory of the photoelectric effect. It was for his work on the photoelectric effect that 


he won the Nobel prize in 1921. 
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(b) 


Fig. 24-7 (a) A gum resin suspension contained in a glass vessel viewed in a micro- 
scope by Perrin in 1909. At first the distribution of particles was uniform, but ina 
they settled to the distribution shown. The particles have a diameter of 0.6 X 10 ^em 
and the horizontal lines are 10X 10-3 em apart. (b) Sketch by V. Henri in 1908 from 
his cinematographic study of Brownian movement. Henri used a microscope with & 
motion-picture camera which ran 20 frames/sec, each exposure being 44 y, Sec. The 
zigzag lines show the position of five rubber particles as recorded by successive frames. 
"The lines do not represent, the actual paths of the particles for between exposures the 


particles may have traveled a similar erratic path. The scale at the bottom is divided 
into microns (104 cm). 


fluid; they from a “miniature atmosphere”; see Example 1, Chapter 17; 
Problem 42, Chapter 23; and Problem 15, this chapter. Jean Perrin, & 
French physical chemist, confirmed this prediction in 1908 by determining 
the numbers of small 
in a liquid drop (Fig. 24-7, left). From his data he deduced a value of 
Avogadro's number No = 6 x 1023 particles/mole. Perrin also made 
of Brownian particles during many 
equal time intervals and found that they have the statistical distribution 

i i Toot-mean-square displacement pre- 


Among the many subsequent experiments was that of Kappler, in 1931, who 
a rather gross object, a small mirror (area 

).7 mm?), mounted on à fine torsion fiber with light reflected from the mirror to & 
i e mirror is mounted in a chamber with gas at low 
ecord on the moving film yields the function 60) 
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(angular displacement as a function of time). This shows clearly the rotational 
Brownian motion of the mirror which consists of a series of angular displacements 
produced by unbalanced impacts from the molecules. As the gas pressure is 
lowered, there is a gradual decrease in the motion. From the photographic record 
we can find the angular displacement 6 and the angular velocity e. The equi- 
partition of energy principle requires that 


flo? = 4x0? = kT, 
i 


for 41e? is the average rotational kinetic energy of the system and 4x6? is the 
average potential energy of the system. Here I is the rotational inertia of the 
system and x the torsion constant of the fiber. From his observations Kappler 
could calculate Boltzmann's constant k and from the relation No = R/k he 
could obtain Avogadro's number. His values were k = 1.36 X 107?" joule/ 
molecule K° + 3% (the accepted value today of 1.380 X 107?* joule/molecule K° 
being within the limits of error) and No = 6.1 X 10% particles/mole. 


24-5 The van der Waals Equation of State 


In the preceding chapter we discussed the behavior of an idealgas. On 
the macroscopic scale its fundamental relationship is the equation of state 
pV = „RT. 

From this equation and the principles of thermodynamics we can show 
that the internal energy U of a gas depends only on the temperature. 
Real gases obey these relations fairly well at low densities, but their 
behavior may become markedly different as the density increases. We 
cannot neglect these deviations from ideal behavior in accurate scientific 
work. For example, to’establish the Kelvin thermodynamic scale in the 
laboratory we must know how to make the necessary corrections to the 
scale of a constant-volume gas thermometer. We must therefore know the 
béhavior of real gases rather accurately. Even more important, perhaps, 
is the fact that the behavior of real gases gives us information on the nature 
structure of molecules., 
oscopic description of the behavior of 
an ideal gas. We have already suggested how the assumptions of kinetic 
theory could become invalid if applied to à realgas. Under some condi- 
tions we may not be justified in neglecting the facts that the molecules 
occupy a fraction of the volume available to the gas and that the range of 
molecular forces is greater than the size of the molecule. At high densities 
we cannot i e effects. ; 

J. D. Ws (1837-1923) deduced & modified equation of state 


which takes these factors into account in & simple way. Let us imagine 


the molecules to be hard spheres of diameter d.. The diameter of such a 


sphere would correspond to the distance between the centers of molecules 
at which strong collision forces come into play. During its motion the 


center of a molecule cannot approach within a distance d/2 from a wall or 
a distance d from the center of another molecule. Hence the actual volume 


available to a molecule is smaller than the volume of the containing vessel. 
Just how much smaller depends on how many molecules there are. Let us 
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represent the volume per mole, V/u, by v. Then the “free volume" per 


mole would be less than this by the "covolume" b. Hence we modify the — 


equation of state from the ideal relation pv = RT to 
pv —b)-RT 


to allow for this. Because of the reduced volume, the number of impacts 3 


on the wall increases, thereby increasing the pressure; this relationship was. 


first derived by Clausius. 
We can also allow for the effect of attractive forces between molecules in 


a simple way. Imagine a plane passed through a gas and consider, at any _ 


instant, the intermolecular forces which act across it. Each molecule on 
the left, say, will attract and be attracted by some small number n of those 
on the right. Now compare this situation with another similar in every 


way except that the number of molecules per unit volume is doubled. 


Here any particular molecule on the left will interact on the average with 


2n of those on the right, for the range of the molecular force is the same, _ 


and twice as many molecules now fallinto this range. Since there also are 
twice as many molecules on the left as before which attract in this way, it 


is clear that the number of attractive pairs across the plane has increased _ 
fourfold. "Therefore, the effect of these forces varies as the square of the — 


number of particles per unit volume or inversely as the square of the 
volume per mole, that is, as (1/»)?. Because of these intermolecular force 


bonds, the gas should, for a given external pressure, occupy a volume less - 


than the volume it would occupy as an ideal gas, in which there are no such 


attractive forces. Or, equivalently, the gas acts as though it is subject to | 


a pressure in excess of the externally applied pressure. This excess pres- - 


sureis proportional to (1/7)*, or equal to a/v? where a isaconstant. Hence, i 


we obtain the van der Waals equation of state of a gas, 


(» M 5) (v —5) = RT. (24-5) 


The values of a and b are to be found from experiment, and in this 
respect the equation is empirical. We must realize that these corrections J 


to the ideal gas equation of state are of the simplest kind, and that failure 


of the van der Waals equation in any particular case is evidence that our 


assumptions are oversimplified for that case. No one simple formula is 


known which applies to all gases under all conditions. . 


We have seen that real gases do not follow the ideal gas law exactly. | 
Our discussion suggests also that for real gases the internal energy U - 


depends on the volume as well as on the temperature. For if there are 
(long range) attractive forces between molecules, the potential energy 
Increases as the average distance between molecules increases. Hence, we 
would expect the internal energy of most real gases to increase slightly with 
the volume at ordinary temperatures, and this is found to be the case. Of 
course, collisions can be regarded as arising from repulsive forces. If the 


molecules move rapidly so as to" make many collisions, the potential energy 


Sec. 24-5 THE VAN DER WAALS EQUATION OF STATE 613 


264 K = Ti 


400 È 
il 
il 
300 I 
| 
E | 
I 
§ 200 | 
$ i 344°K = To 
È ! 304°K = Tor 
| 
E 
I 
! 
I 
b 


y 
0 va Y 0 B v= Y 
0 0.1 0.2 03 04 0 ve 01 02 03 04 
Volume/mole, li/mole Volume/mole, li/mole 
(a) (b) 


Fig. 24-8 (a) Isotherms for an ideal gas. (b) Isotherms for a van der Waals gas. 
We have assumed a = 3.59 li'astm/mole? and b = 0.0427 li/mole in Eq. 24.4. 
These values give the best fit of this equation to p-V-T data for the real gas COs. 
Tor( = 304? K) is the critical temperature. 


of the (short range) repulsive forces may bé more important than that of 
the attractive forces and the internal energy could decrease as the volume 
increases. This is true for hydrogen and helium at ordinary temperatures. 
In either case, however, the internal energy U is not a function of tempera- 
ture alone but depends also on the volume. The dependence of the inter- 
nal energy of a gas on the volume can be deduced readily from the observed 
results of the free expansion experiment, discussed in Chapter 22. 


P Example 4. On a pressure-volume diagram compare the behavior of an ideal 
gas at constant temperature to that of a van der Waals gas. | 
In Fig. 24-8a we draw the isotherms (curves of constant T) according to the 


law p» = RT. Figure 24-8) shows the isotherms according to the law 


(p + a/»*)(p — b) = BT. 


The ideal gas isotherms are each one branch of & rectangular hyperbola, pv = 


constant. For the van der Waals gas the pressure varies with volume as 
Bi e (24-6) 


As the volume per mole v decreases from large values, the pressure rises, but the 
a/v? term, which diminishes the pressure, climbs rapidly so that for sufficiently low 
T the pressure passes through & maximum at A. As v is further decreased, the 
RT/(v — b) term climbs more rapidly so that the pressure goes through a minimum 
at B and then rises rapidly without bound as v tends to the value b. At neighboring 
higher temperatures, the maxima and minima are less pronounced and are closer to 
the inflection point that lies between them. At the so-called critical temperature 
(T = Ta), they coincide in a horizontal inflection point called the critical point. 
For temperatures sufficiently higher than the critical temperature Ter the van der 
Waals isotherms have no inflection point and approach the rectangular-hyperbola 
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behavior of the ideal-gas isotherms. For carbon dioxide the critical temperature is 
304° K and the pressure at the critical point is 72.9 atm. 

We can obtain the pressure per, the molar volume ver, and the temperature Ter of 
the critical point quite generally from the conditions that the tangent to the 
isotherm is horizontal, dp/de = 0 when T = constant, and that the point is an 
inflection point, d*p/dv? = 0 when T = constant. We obtain 


Le BUM, he ae CO (T = constant ) 


dv (v—b)? 0 


and ai ENPT T^ 0 (T — constant.) 
This gives us Yor = 
and T. = aN 

276k 


Putting these in Eq. 24—6, we obtain 


a 


Per = 27b? 


The isotherms suggest the actual experimental behavior of liquids and gases. 
The maxima and minima of the isotherms below the critical temperature are not 
usually observed experimentally. At some point z the gas begins to condense. 
As the volume is decreased, the pressure remains constant (dotted line) until at y 
all the gas has been transformed into liquid. Beyond y, as we decrease the volume, 
we are compressing a liquid, with the consequent sharp rise in pressure needed to- 
make even small volume ‘changes. Actually the portions sA and By of the 
isotherms can be obtained experimentally by using very pure gases and liquids. 
We call these supersaturated vapors and supercooled liquids, and they are in meta- 
"AE EHE. The portion AB cannot be reproduced experimentally and is 


foe constants a and b in van der Waals equation can be calculated from 
e experimental values of the critical quantities. The term a/v? is called 
an Poss. pressure. Some values for air are of interest. For air at 0^ C 
i6 od pressure p of 1.00 atm, the internal pressure is 0.0028 atm; at 
For zn ME E p of 100 atm, the internal pressure is 26 atm. 
wed i i DA K € corresponding values of the internal pressure are 
Kr d 4.5 atm. When a gas expands under pressure and does 
y against outside compressing forces, it must also do work against these 
internal forces. For air at —75° C and 100 atm, the work done against 
caa forces is nearly as great as that done against external forces. 
c ik t Ya gi E distinction between internal and external work, 
bod. do in n : z hs of external work, energy is transferred from the 
med outside body; in the case of internal work, there is merely ? 

vac RM one kind of energy to another within the body, as fron: 
(na s d y om A constant b varies from gas to gas, but is usually 
pes of 30 cm*/mole. Hence the covolume is about 0.15% of the 

volume available to a gas at standard conditions. 
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Although the van der Waals formula is a good qualitative guide, the 
quantitative experimental data cannot be matched everywhere with con- 
stant values for a and b. The reason is that the model on which the for- 
mula is based is still an oversimplification. Instead of assuming that the 
molecules always have a well-defined diameter, for example, we must use 
the actual intermolecular force (Fig. 23-3). In this way a more accurate 
correction to the ideal gas law can be made. Van der Waals knew this 
would be necessary for accurate quantitative work. 


QUESTIONS 


1. Consider the case in which the mean free path is greater than the longest straight 
line in a vessel. Is this a perfect vacuum for a molecule in this vessel? 


2. Give a qualitative explanation of the connection between the mean free path of 


immonia molecules in air and the time it takes to smell the ammonia when a bottle is 


ypened across the room. f 
3. The two opposite walls of a container of gas are kept at different temperatures. 
Describe the mechanism of heat conduction through the gas. 


nd waves whose wavelength is long compared 


4. A gas can transmit only those sou Á M EDU ey: à 
vith the mean free path. Can you explain this? Where might this limitation Miet 


hat meaning can'we give to d in Eq. 24-1 for the 


5. If molecules are not spherical, w th 
uld the molecules act the most nearly as rigid 


mean free path? In which gases WO 
spheres? i 
6. Suppose we dispense with the hypothesis of elastic collisions in kinetic theory and 
»onsider the molecules as centers of force acting at a distance. Does the concept of 
mean free path have any meaning under these circumstances? 

7. Since the actual force between molecules depends on the distance between them, 
forces can cause deflections even when molecules are far from “contact with one 


another. Furthermore, the deflection caused gaye bad (ot id op ims his 
forces tive speed of the molecules. a) Wou! e 
ves aot and henag E d on temperature, even though the density 


the measured mean free path to depen 9 ; 
remains constant? (b) If so, would you expect [to inereane or decrease with tempera- 
ture? (c) How does this dependence enter into Eq. 24-1? erga Li 
: : i i f molecules of differen 
8. Justify qualitatively the statement that, in a mixture 0 oto Weng S 
kinds in Kus equilibrium, each kind of molecule has the same Maxwellian distribu 
tion in speed that it would have if the other kinds were not present. m 
; | anes lecules in a gas is shown in Fig. 
9. The Maxwellian distribution of speeds among mo* i 
24-4. How Sud n expect the Maxwellian distribution of velocities to look? What 


would the average velocity be? 


10. The fraction of molecules i 
decreases as the temperature of a gas r! 
11. (a) Do half the molecules in a gas In 
than vp? Than? Than Urms? 
(b) Which speed, vp, 9, OT "rms: 
energy? X 
1 in Fi hose molecules m 
12. The slit system in Fig. 24-5 selects only tho 
lion. Does this destroy the validity of the experiment as a measu 


EN A en 
of speeds of molecules moving 1n all directions: 


within a given range Av of the root-mean-square speed 


ses. Explain why. 
thermal equilibrium have speeds greater 


corresponds to a molecule having average kinetic 


oving in the -Fz-direc- 
re of the distribution 
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13. Why did Rainwater and Havens, in their investigation of the speed distribution 
of neutrons (page 607), select paraffin as a material to bring fast neutrons rather quickly 
into thermal equilibrium? 

14. List examples of the Brownian motion in physical phenomena. 

15. We have defined n to be the number of molecules per unit volume in a gas. If 
we define n for a very small volume in a gas, say one equal to ten times the volume of an 
atom, then n fluctuates with time through the range of values zero to some maximum 
value. How then can we justify a statement that n has a definite value at every point 
in the gas? ' 

16. Show that as the volume per mole of a gas increases, the van der Waals equation 
tends to the equation of state of an ideal gas. 

17. The covolume b in van der Waals equation is often taken to be four times the 
actual volume of the gas molecules themselves. What factors would have to be taken 
into account to obtain such a result? 


18. Keeping in mind that internal energy of a body consists of kinetic energy and 
potential energy of its particles how would you distinguish between the internal energy 
of a body and its temperature? 


PROBLEMS 


1. The mean free path of nitrogen molecules at 0° C and 1 atm is 0.80 X 1075 cm. 
At this temperature and pressure there are 2.7 X 101? molecules/cm?. What is the 
molecular diameter? 


2. The best vacuum attained so far in the laboratory is 1071? mm-Hg. How many 
molecules of gas remain per cubic centimeter at 20° C in this “vacuum”? 

_ 3. In the cosmotron at the Brookhaven National Laboratory the protons travel 
around a circular path of diameter 75 ft in a chamber of 1075 m:n-Hg pressure. 

(a) Estimate the number of gas molecules per cubie centimeter at this pressure. 

(b) What is the mean free path of the gas molecules under these conditions if the 
molecular diameter is 2.0 X 10-5 cm? 

4. At what frequency would the wavelength of sound be of the order of the mean free 
path in oxygen at 1-atm pressure and 0°C? Take the diameter of the oxygen molecule 
to be 3.00 X 107 em, 

5. For a gas in which all molecules travel with the same speed v, show that Oret = 


$ rather than V: 2) (which is the result obtained when we consider the actual distribu- 
tion of molecular speeds). See p. 601. 

6. At 2500 km above the earth’s surface the density is about one molecule/em*. 
What mean free pathis predicted by Eq. 24-1 and what is its significance under these 
conditions? 3 . 

T The mean free path of a molecule is]. Prove that the probability that a molecule 
will go at least a distance z before having its next collision is e~?/'. 


8. The mean free path J of the molecules of a gas may be determined from measure- 
ments (e.g., from measurement of the viscosity of the gas). At 20°C and 75 cm-Hg 
pressure such measurements yield values of l4 (argon) = 9.9 x 10-* cm and In: 
(nitrogen) = 27.5 X 107° cm. (a) Find the ratio of the effective cross-section diam- 
il Md ph ^M What would the value be of the mean free path of 

a ani cm-Hg? (c) What would the vali th of 
argon at —40° C and 75 cm-Hg? ic res to aom MN 

9. A molecule of hydrogen (diameter 19-5 em) esc. x 

: 1 ; apes from a furnace (T' = 4000° K) 
pius ee root-mean-square speed into a chamber containing atoms of cold argon (diam- 

3 X 107% em) at a density of 4 1919 atoms/cm*. (a) What is the speed of the 
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hydrogen molecule? (5) Ona collision between the molecule and an argon atom, what 
is the closest distance between their centers, considering each as spherical? (c) What 
is the initial number of collisions per unit time experienced by the hydrogen molecule? 

10. You are given the following group of particles (N; represents the number of 
particles which have a speed 0). ] 


Ni ! v; (em /sec) 
2 1.00 

4 2.00 : 
6 3.00 

8 4.00 

2 5.00 


/ 
(a) Compute the average speed v. (b) Compute the root-mean-square speed Vrms (C) 
Among the five speeds shown, which is the most probable speed vp for the entire group? 
11. Consider the distribution of speeds shown in Fig. 24-9. (a) List "rms, ?, and 
vy in the order of increasing speed. (b) How does this compare with the Maxwellian 
distribution ? 
\ 


N(v) j 


Fig. 24-9 


24-5) the length l of the rotating 


12. In t i d Kusch (Fig. 
n the apparata a Aa ians. What rotational speed cor- 


cylinder is 20.4 em and the angle ¢ is (2/74.7) rad 
responds to a selected speed v of 200 meters /sec? : -14 
13. Calculate the root-mean-square speed of smoke particles of mass 5.0 X 107** gm 


in air at 0° C and 1-atm pressure. ales di^ O and ite 
M. Parti [ j| n are suspended in a liquid. a ani 
articles of, iiie A d of 1.4 cm/sec. Caleulate Avogadro's 


observed to have a root-mean-square Spee 
number from the equipartition theorem and these data. j 
the liquid in which they are sus- 


15. Colloidal particles in solution are buoyed up by € : j 
pended. Let p’ be the density of liquid and p the density of the particles. If V is the 


volume of a particle, show that the number of particles per unit volume in the liquid 
varies with height as s 


0 nz l: 
n-ne] Ne yi - en | 
f 


This equation was tested by Perrin in his Brownian motion studies. 
16. The average speed of hydrogen molecules at 0° C is 1694 meters /sec. Compute 


the average speed of colloidal particles of “molecular weight" 2 x 10° gm /mole. 
r 17. Calculate the work done per mole in an isothermal expansion of a van der W aals 


Kas from volume V; to Vy. 
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18. The constant a in van der Waals equation is 0.37 nt-m*/mole? for CO: and 0.095. 
nt-m*/mole? for hydrogen. Compute the internal pressures for these gases for values 
of v/vo (where vo = 22.4 liters/mole) of 1, 0.01, and 0.001. 

19. (a) The constant b in van der Waals equation is 43 cm*/mole for COs. Using 
the value for a in the previous problem, compute the pressure at 0° C for a specific 
volume of 0.55 liter/mole, assuming van der Waals equation to be strictly true. (b) 
What is the pressure under these same conditions, assuming CO» behaves as an ideal 
gas? E 

20. Van der Waals' b for oxygen is 32 cm?/mole. Assume b is four times the actual 
volume of a mole of “billiard-ball’’ Oz molecules and compute the diameter of an O4 
molecule. 

21. The constants a and b in the van der Waals equation are different for different 
substances, Show, however, that if we take vor, per, and Ter as the units of specific 

- volume, pressure, and temperature, the van der Waals equation becomes identical for all 
substances. 


Entropy and the Second Law of 


Thermodynamics 
CHAPTER 25 


25-1 Introduction 


The first law of thermodynamics states that energy is conserved. How- 
s which conserve 


ever, we can think of many thermodynamic processe 
energy but which actually never occur. For example, when à hot body 
imply does not happen that the 


and a cold body are put into contact, its 

hot body gets hotter and the cold body colder. Or again, a pond does not 
suddenly freeze on a hot summer day by giving up heat to its environment. 
And yet neither of these processes violates the first law of thermodynamics. 
Similarly, the first law does not restrict our ability to convert, work into 
heat or heat into work, except that energy must be conserved in the 
process. And yet in practice, although we can convert a given quantity 
of work completely into heat, we have never been able to find a scheme 
that converts a given amount of heat completely into work. The second 
law of thermodynamics deals with this question of whether processes, 
assumed to be consistent with the first law, do or do not occur in nature. 
Although the ideas contained in the second law may seem subtle or 
abstract, in application they prove to be extremely practical. 


25-2 Reversible and Irreversible Processes 
Consider a typical system in thermodynamic equilibrium, say @ mass m 
of a (real) gas confined in à cylinder-piston arrangement of volume V, the 
gas having a pressure p and & temperature T. In an equilibrium state 
619 
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these thermodynamic variables remain constant with time. Suppose 
the cylinder, whose walls are an (ideal) heat insulator but whose base is an 
(ideal) heat conductor is placed on a large heat reservoir maintained at 
this same temperature T, as in Fig. 22-9. Now let us change the system 
to another equilibrium state in which the temperature 7' is the same but 
the volume V is reduced by one-half. Of the many ways in which we could 
do this we discuss two extreme enses. > 3 


I. We depress the piston very rapidly; we then wait for equilibrium with 
the reservoir to be re-established. During this process the gas is turbulent 
and its pressure and temperature are not well defined; we cannot plot the 
process as a continuous line on a p-V diagram because we would not know 
what value of pressure (or temperature) to associate with a given volume. / 
The system passes from one equilibrium state 7 to another f through a series 
of nonequilibrium states (Fig. 25-1a). 7 
, II. We depress the piston (assumed to be frictionless) exceedingly. 

slowly—perhaps by adding sand to the top “of the piston—so that th 
pressure, volume, and temperature of the gas are, at all times, well-defined 
quantities. We first drop a few grains of sand on the piston. This will 
reduce the volume of the system a little and the temperature will tend to 
rise; the system will depart from equilibrium, but only slightly. A small 
amount of heat will be transferred to the reservoir and in a short time the 
system will reach a new equilibrium state, its temperature again being that 
of the reservoir. Then we drop a few more grains of sand on the piston, 
reducing the volume further. Again we wait for a new equilibrium state 
to be established, and so forth. By many repetitions of this procedure we | 
finally reduce the volume by one-half. During this entire process the 
system is never in a state differing much from an equilibrium state. ’ 
we imagine carrying out this procedure with still smaller successive | 
increases in pressure, the intermediate states will depart from equilibrium | 
even less. By indefinitely inereasing the number of changes and corre-- 


Fig. 25-1 Woe cause a real gas to go from an initial equilibrium state i described by 
a Vi; T; to a final equilibrium state f described by py, V; (= 4V;), and T; (= T). 
€ carry out the process (a) irreversibly, and (b) reversibly. i 
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spondingly decreasing the size of each change, we arrive at an ideal 
process in which the system passes through a continuous succession of 
equilibrium states, which we can plot as a continuous line on a p-V diagram 
(Fig.25-1b). During this process a certain amount of heat Q is transferred 
from the system to the reservoir. 

Processes of type I are called irreversible and those of type II are called 
reversible. A reversible process is one that, -by a differential change in the 
environment, can be made to retrace ils path. Thus as we cause the piston to 
move slowly downward; in II, the external pressure on the piston exceeds 
the pressure exerted on it by the gas by only a differential amount dp. If 
at any instant we reduce the external pressure ever so slightly (by removing 
a few sand grains), so that it is less than the internal gas pressure by dp, 
the gas will expand instead of contracting and the system will retrace the 
equilibrium states through which it has just passed. In practice all 
processes are irreversible, but we can approach reversibility arbitrarily 
elosely by making appropriate experimental refinements. The strictly 
reversible process is a simple and useful abstraction that. bears a- similar 
relation to real processes that the ideal gas abstraction does to real gases. 

The process described in II is not only reversible but isothermal, because 
we have assumed that the temperature of the gas differs at all times by only - 
a differential amount dT from the (constant) temperature of the reservoir 
on which the cylinder rests. 

We could also reduce the volume adiabatically by removing the cylinder 
from the heat reservoir and putting it on a nonconducting stand. In an 
adiabatic process no heat is allowed to enter or to leave the system. An 
adiabatic process can be either reversible or irreversible—the definition 
does not exclude either. In & reversible adiabatic process we move the 
piston exceedingly slowly—perhaps using the sand-loading technique; n 


an irreversible adiabatie process we shove the piston down quickly. 1 
during an adiabatic compression 


The temperature of the gas will rise i 
because, from the first law, with Q = 0, the work v done in pushing down 
the piston must appear as an increase AU in the internal energy of the 
system. W will have different values for different rates of pushing down 
the piston, being given by f p dV—that is, by the area under a en m 
a p-V diagram—only for reversible processes (for which p has a well-de e 
value). Thus AU and the corresponding temperature change AT will not 
be the same for reversible and irreversible adiabatic processes. 

* Not al i slowly are reversible. For example, if the piston 
in our Be puru MAEA EET amat the cylinder walls, it would ope ki 


are carried out slowly enough so that the system passes 
cess may or may no 
“Thermodynamics of an irreversible Quasi-Static Process,” by John S. Thomsen, 


American Journal of Physics, 28, 119, 1960. 
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25-3 The Camot Cycle 


Suppose that we have a system (a real gas, say) in an equilibrium state 
in a cylinder-piston arrangement. By using our ability to make changes in 
the environment of the system we can carry out, at our pleasure, a wide 
variety of processes. We can let the gas expand-or we can compress it; 
we can add or subtract energy in the form of heat; we can do these things 
and others irreversibly or reversibly. We ean also choose to carry out a 
sequence of processes such that the system returns to its original equilib- 
rium state; we call this a cycle. If the processes involved are all reversible, 
we call it a reversible cycle. : 

Figure 25-2 shows a reversible cycle on a p-V diagram. Along the curve 

` abc we allow the system to expand, 
and the area under this curve repre- 
sents the work done by the system 
during the expansion. Along the 
curve cda, which returns the system to 
its original state, we compress the 
system, and the area under this curve 
represents the work we must do on 
the system during the compression. 
Hence, the net work done by the 
system is represented by the area 
enclosed by the curve and is positive. 
3 v If we decided to traverse the cycle in 
the opposite sense, that is, expanding 
Fig. 25-2 A p-V diagram of a gas along adc and compressing along cba, 
undergoing a reversible cycle. The the net work done by the system 
hers dede cime Rin would be the negative of that of the 
previous case. 
An important reversible cycle is the 
ut Carnot cycle, introduced by Sadi 
Carnot in 1824. We shall see later that this cycle will determine the limit 
of our ability to convert heat into work. The system consists of a “work- 
ing substance,” such as a gas, and the cycle is made up of two isothermal 
and two adiabatic reversible processes. The working substance, which we 
can think of as an ideal gas for concreteness, is contained in a cylinder with 
a heat-conducting base and nonconducting walls and piston. We also 
provide, as part of the environment, a heat reservoir in the form of a body 
of large heat capacity at a temperature T, another reservoir of large heat 
capacity at a temperature T2, and two nonconducting stands. We carry 
out the Carnot cycle in four steps, as shown in Fig. 25-3. The cycle is 
shown on the p-V diagram of Fig. 25-4. 


E Step 1. The gas is in an initial equilibrium state represented by pi, V» 
1 (a, Fig. 25-4). We put the cylinder on the heat reservoir at tempera- 
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S Y 
Adiabatic process — . 


Adiabatic process 


Isothermal process 
c and d correspond to the points so 
ments show intermediate steps in the 
processes that connect adjacent points. on the pistons suggest expansions 
(Gsused by removing sand) and comp ions (caused by adding sand). 


Fig. 25-3 A Carnot cycle. The points 4; b, 


labelled in Fig. 25.4. The cylinder-piston arrange 
The arrows 


\ 
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Fig. 25-4 The Carnot cycle il- 
lustrated in the previous figure, 
plotted on a p-V diagram for an 
ideal gas. 


ture 7;, and allow the gas to expand slowly to ps, Vs, T; (b, Fig. 25-4). © 
During the process heat energy Q; is absorbed by the gas by conduction - 
through the base. The expansion is isothermal at T; and the gas does 

work in raising the piston and its load. 1 

Step 2. We put the cylinder on the nonconducting stand and allow the 
gas to expand slowly to ps, V3, Te (c, Fig. 25-4). The expansion is 
adiabatic because no heat can enter or leave the system. The gas does - 
work in raising the piston and its temperature falls to T'». 

Step 3. We put the cylinder on the (colder) heat reservoir Tz and com- 
press the gas slowly to pa, V4, T» (d, Fig. 25-4). During the process heat 
energy Q» is transferred from the gas to the reservoir by conduction through 
the base. The compression is isothermal at T's and work is done on the gas 
by the piston and its load. 1 

Step 4. We put the cylinder on a nonconducting stand and compress the 
gas slowly to the initial condition Pı, Vy, Ty. The compression is adiabatic 
because no heat can enter or leave the system. Work is done on the gas 
and its temperature rises to T4. 

The net work W done by the system during the cycle is represented by 
the area enclosed by path abed of Fig. 25-4, The net amount of heat 
energy received by the system in the cycle is Qi — Qs, where Q; is the heat 
absorbed in Step 1 and Q is that given up in Step 3. The initial and final | 
tates are the same so that there is no net change in the internal energy U - 
f the system. Hence, from the first law of thermodynamics, 


W=Q-Q: (25-1) 
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for the cycle, in which Q, and Qe are taken as positive quantities. The 
result of the eycle is that heat has been converted into work by the system. 
Any required amount of work can be obtained by simply repeating the 
cycle. Hence, the system acts like a heat engine. 


We have used an ideal gas as an example of a working substance. The 
working substance can be anything at all, although the p-V diagrams for 
other substances would be different. Common heat engines use steam or 
a mixture of fuel and air, or fuel and oxygen as their working substance. 
Heat may be obtained from the combustion of a fuel such as gasoline or 
coal, or from the annihilation of mass in nuclear fission processes in nuclear 
reactors. Heat may be discharged at the exhaust or to a condenser. 
Although real heat engines do not operate on a reversible cycle, the Carnot 
cycle, which is reversible, gives useful information about the behavior of 
any heat engine. : 

The efficiency e of a heat engine is the ratio of the net work done by the 
engine during one cycle to the heat taken in from the high temperature 


source in one cycle.* Hence, 


_W O&-Qo. Qe : (25-2) 
der EC DEDE 


Equation 25-2 shows that the efficiency of a heat engine is less than one 
(100%) so long as the heat Q» delivered to the exhaust is not zero. Expe- 
rience shows that every heat engine rejects some heat during the exhaust 
stroke. This represents the heat absorbed by the engine that is not con- 


verted to work in the process. E int 
. We may choose to carry out the Carnot cycle by starting at any point, 


such as a in Fig. 25-4, and traversing each process in a direction opposite 
: t of heat Qs is 


to that of the arrowheads in that figure. Th en an amoun di 
removed from the lower temperature reservoir at Ta ps T > a nun 
heat Q, is deli the higher temperature reservoir at 51; Wo 

Qı is delivered to g In this reversed cycle work 


be done on the system by an outside agency. 
f 4 hich extracts heat from thé lower tempera- 


must be done on the system W : à 
ture reservoir. Any Mnt of heat can be removed from o. VR 
by simply repeating the reverse cycle. Hence, the system ges i a 
refrigerator, transferring heat from a body at a lower ibar pem 
freezing compartment) to one at à higher temperature (the room) by mea; 


of work supplied to it (the electric power input). 


> Example 1. Show that the efficiency of a Carnot 


the working substance is € = (T; — T2)/Tr z j 
i ture, and hence the internal energy o 
Along the isothermal path ab, the temperati ®, DUI Denia uel by the già 


an ideal gas, remains constant. From the first law, € 1 G 
in its aia must be equal to the work W; done in this expansion. From 


engine using an ideal gas as 


* The definition reflects the economic importance of engines. s Ww i. s ehe 
able output; the heat Q1, is the input that must be paid for in the form, say; 
bill. An efficient engine has a large ratio of W to Qi- 
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Example 2, Chapter 23, we have, 
Qı = Wi = wRT; In (V2/V1). 
Likewise, in the isothermal compression along the path cd, we have 
Qz = We = wRT2 In (Vs/V4). 
On dividing the first equation by the second, we obtain 
Qı _ Tiln (V/V), 


Qi, Tiln (Vj/V) 


From the equation describing an isothermal process for an ideal gas we obtain for 
the paths ab and cd 
. piVa = paVs, 
PaV 3 = paVa. 


From the equation describing an adiabatic process for an ideal gas we have for 
paths bc and da 
p2V3" = pV 3, 


PaV i = pV t. 


Multiplying these four equations together and canceling the factor pıp:psPp4 
appearing on both sides, we obtain. 
t ViVa ViVa = VaV VV, 


from which (VaV) = (VV)! 
and V2/Vi = V3/V4. 
Using this result in our expression for Q1/Q2, we see that 

Q1/Q2 = Ti/Ts, (25-3) 
80 that 

=1-Q:/Q1=1-—T72/T1 

=a ge SET Os Ti— T. 

Qi Ti 


The temperatures T; and T: are those measured on the ideal gas scale described in 
Chapter 21. 


25-4 The Second Law of Thermodynamics 


The first heat engines constructed were very inefficient devices. Only a 
small fraction of the heat absorbed, at the high-temperature source could 
be converted to useful work. Even as engineering design improved, & 
sizable fraction of the absorbed heat was still discharged at the lower- 
temperature exhaust of the engine, remaining unconverted to mechanical 
energy. It remained a hope to devise an engine that could take heat from 
an abundant reservoir, like the ocean, and convert it completely into useful 
work. Then it would not be necessary to provide a source of heat at a 
higher temperature than the outside environment by burning fuels (Fig. 
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n 3 
77 T 


"Perfect" heat engine 


heat Qı taken in by the engine is con- 
Ina “perfect” heat engine all 


Actual heat engine 


Fig. 25-5 In an actual heat engine, some of the 
verted into work W, but the rest is rejected as heat Q». 
the heat input would be converted into work output. 


25-5). Likewise, we might hope to be able to devise a refrigerator that 
simply transfers heat fromra cold body to a hot body, without requiring the 
expense of outside work (Fig. 25-6). Neither of these hopeful ambitions 

uld simply con- 


violates the first law of thermodynamics. The heat engine wo 
ly into: mechanical energy, the total energy being 


vert heat energy complete 


Heat reservoir at 


Heat reservoir at 
high temperature Ty high temperature T; 
77 Wf 7 Wy Yyy 


T n A 
Heat reservoir at Heat reservoir at 
low temperature T2 low temperature Ts 
Actual refrigerator -~ “perfect” refrigerator 
Fig. 25-6 In an actual refrigerator, work W is needed to transfer heat from 8 low- 
temperature to a high-temperature reservoir. Ina “perfect” refrigerator, heat would 
the high-temperature reservoir without any work 


flow from the low-temperature to 
being done on the engine. 
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conserved in the process. In the refrigerator, the heat energy would ` 


simply be transferred from cold body to hot body without any loss of 
energy in the process. Nevertheless neither of these ambitions has ever been 
achieved, and there is reason to believe they never will be. 

The second law of thermodynamics, which is a generalization of experience, 
is an assertion that such devices do not exist. There have been many 
statements of the second law, each emphasizing another facet of the law, 
but all can be shown to be equivalent to one another. Clausius stated it 
as follows: It is impossible for any cyclical machine to produce no other 
effect than to convey heat continuously from one body to another at a higher 
lemperature. This statement rules out our ambitious refrigerator, for it 
implies that to convey heat continuously from a cold to a hot object it is 
necessary to supply work by an outside agent. ` We know from experience 
that when two bodies are in contact, heat energy flows from the hot body 
to the cold body. "The second law rules out the possibility of heat energy 
flowing from cold to hot body in such a case and so determines the direction 
of transfer of heat. "The direction can be reversed only by an expenditure 
of work. : 

Kelvin (with Planck) stated the second law in words equivalent to these: 
A transformation whose only final result is to transform into work heat extracted 
from. a source which is at the same temperature throughout is impossible.* 
This statement rules out our ambitious heat engine, for it implies that we 
cannot produce mechanical work by extracting heat from a single reservoir 
without returning any heat to a reservoir at a lower temperature. 

To show that the two statements are equivalent we need to show 
that, if either statement is false, the other statement must be false also. 
Suppose Clausius’ statement were false so that we could have a refrigerator 
operating without needing a work input. We could use an ordinary engine 
to remove heat from a hot body, to do work and to return part of the heat 
to a cold body. But by connecting our "perfect" refrigerator into the 
system, this heat would be returned to the hot body without expenditure 
of work and would become available again for use by the heat engine. 
Hence, the combination of an ordinary engine and the "perfect" refrig- 


erator would constitute a heat engine which violates the Kelvin-Planck 


Statement. Or we can reyerse the argument. If the Kelvin-Planck state- 
ment were incorrect, we could have a heat engine which simply takes heat. 
from a source and converts it completely into work. By connecting this 
“perfect” heat engine to an ordinary refrigerator, we could extract heat 
from the hot body, convert it completely to work, use this work to run the 


* This statement needs to be supplemented if we extend thermodynamics to the 
region of negative Kelvin temperatures. All other formulations of the second law, and 
indeed, all other laws of thermodynamics apply to negative temperatures without 
revision.. See an article, “Thermodynamics and Statistical Mechanics at Negative 
Absolute Temperatures,” by N. F. Ramsey, in Temperature; Its Measurement and 


, Control in Science and Industry, Vol. 3, Part 1, Reinhold Publishing Co., New York, 


1962. 
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ordinary refrigerator, extract heat from the cold body, and deliver it plus 
the work converted to heat by the refrigerator to the hot body. The net 
result is a transfer of heat from cold to hot body without expenditure of 
work and this violates Clausius’ statement. 

The second law tells us that many processes are irreversible. For 
example, Clausius’ statement specifically rules out a simple reversal of the 
process of heat transfer from hot body to cold body. Not only will some. 
processes not run backward by themselves, but no combination of processes 
can undo the effect of an irreversible process without causing another 
corresponding change elsewhere. - In later sections we shall develop these 


ideas more fully and formulate the second law quantitatively. 


25-5 The Efficiency of Engines 


Carnot first wrote scientifically on the theory of heat engines. In 1824 
he published Reflections on the Motive Power of Heat. By then the steam 
engine was commonly used in industry. Carnot wrote: 

In spite of labor of all sorts expended on the steam engine, and in spite of the 
perfection to which it has been brought, its theory is very little advanced. "eu 

The production of motion in the steam engine is always accompanied by a cir- 
cumstance which we should particularly notice. This circumstance 1S the passage 
of caloric from one body where the temperature js more or less elevated to another 
where it is lower. . .» : xi 

The motive power of heat is independent of the agents employed to develop Y A 
its quantity is determined solely by the temperature of the bodies between which, 
in the final result, the transfer of the caloric occurs. 


that the difference in tem- 
» that the transfer of heat 
working substance was of 


Hence, Carnot directed attention to the facts 
perature was the real source of “motive power, 
played a significant role, and that the choice of 


no theoretical importance. 

Carnot’s iea was remarkable when we recall that the mechan- 
ical equivalence of heat and the conservation of energy principle were 
not known in 1824. In his later papers; published. posthumously in 
1872, it became clear that Carnot had foreseen the principle of the con- 
servation of energy and had made an accurate determination of is 
mechanical equivalent of heat. He had planned a program. of researc 


i b 
which included all the impo the field made by 


However 
other i i ingct al decades. vever, 
ae Rs 32 at the age of 36, leaving it 


he died during à cholera epidemic in 18 
to others to S aed his work. was William Thomson ja v 
Kelvin) who modified Carnot’s reasoning to bring it into accor ai 
the mechanical theory of heat, and who, together with Clausius, success 
fully developed the science of thermodynamics. 
rsible engine and the reversible 
Carnot developed the concept of a revers gi ad. 


Sel i stated a theorem of great prac 
ee E ting between the same two tempera- 


The efficiency of all reversible engines opera e 
tures is the RU. and no irreversible engine working between the same two lem- 
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peratures can have a greater efficiency 
than this. Clausius and Kelvin 
showed that this theorem was a 
necessary consequence of the second 
law of thermodynamics. Notice 
that nothing is said about the work- 
ing substance, so that the efficiency 
of a reversible engine is inde 
pendent of the working substance 
and depends only on the tempera- 
tures. Furthermore, a reversible 
engine operates at the maximum 
efficiency possible for any engine 
working between the same two 
temperature limits. The proof.of 
this theorem follows. 


Let us call the two reversible engines 

H and H’. They operate between the 
temperatures T; and T; where T; > Ts, They may differ, say, in their working 
substance or in their initial pressures and lengths of stroke. We choose H to run 
forward and H' to run backward (as a refrigerator). The forward-running engine 
H takes in heat energy Q; at T, and gives out heat energy Qs at Ts. The back- 
ward-running engine (refrigerator) H’ takes in heat Q»' at Ts and gives out heat 
Qi' at Tı. We now connect the engines mechanically and adjust the stroke 
lengths so that the work done per cycle by H is just sufficient to operate H’ (Fig. 
cda Suppose the efficiency e of H were greater than the efficiency e' of H’. 

en 


Fig. 25-7 Proof of Carnot's theorem. 


e» e, (assumption) 
Q1—Q: g Qi — Q»' 


or ——ER 


Qi Qr 


Since the work per cycle done by one engine equals the work per cycle done on the 
other engine, i 


W-y, 
or Qi- Q2 = Qr — Qv. 
Comparing these relations, we see that (since Q1 — Q: > 0) 
à 1 1 

Qı a Qr 
or 

Q1 < Q. 
Hence (from the work equality), 

Q: < QY. 


Clausius’ statement of the Second law. Hence, we conclude that e cannot bè 


Te 
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greater than e. Likewise, by reversing the engines we can use the same reasoning 
to prove that e' cannot be greater than e. Hence, 


e=e', 


proving the first part of Carnot’s theorem. 

Now suppose that H is an irreversible engine. Then by the exact same procedure 
we can prove that ej, cannot be greater than e'. But H cannot be reversed, so we 
cannot prove that e' cannot be greater than éir. Therefore, eir is either equal to or 
less than e’. Since e’ = € = reversible, we have 


irreversible € Ereversibley 
thus proving the second part of Carnot’s theorem. 


> Example 2. A steam engine takes steam from the boiler at 200°C (225 
]b/in.? pressure) and exhausts directly into the air (14 Ib/in.? pressure) at 100° C. 
What is its maximum possible efficiency? 

Using the result of Example 1 (which applies to this case by virtue of Carnot’s 
theorem, which we have just proved) we have 


T, — T, _ 478° K — 878° K y 100% = 21.1%: 


e = — " 


Ti 473° K 


Actual efficiencies of about 15% are usually realized. Energy is lost by friction, 
Lower exhaust temperatures on more com- 


plicated steam engines may raise the maximum possible efficiency to 357% and the 


actual efficiency to 20%. The efficiency of an ordinary 8u 
22% and that of a large Diesel oil engine about 407%. 


The efficiency i ine is independent of the working substance and 
»e efficiency of a reversible engini pee Which ROGER wicks. Sine 8 


depends only on the two temperatures 

e = 1 — Q2/Qi, then Q2/Qi can depend only on the temperatures. : This led 
Kelvin to suggest a new scale of temperature. Tf we let 0 and 63 represent these 
two temperatures, his defining equation is 


01/02 = Q1/Q2 Oe 
is, tw i each other as the heats absorbed and 
Thst is, wo Sa aibi a aoe tween these temperatures. 


rejected, respectively, by & Carnot engine operating x 
Such a temperature scale is called the Parme ama el ety 
is m 
To complete the definition of the thermody?: Su; k P'water. Hence, ad 
reservoirs at the tem- 


or (25-4) 
If we compare this with the corresponding equation for the ideal gas temperature 
T, namely 

(25-5) 


E up 
2273.10? K lim -— 
T 213.16 rs 
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we see that on the thermodynamic scale Q plays the role of a thermometric prop- 
erty. However, Q does not depend on the characteristics of any substance because 
a Carnot engine is independent of the nature of the working substance. Therefore, 
we obtain a scale of temperature which is free of the objection we can raise to the 
ideal gas scale of Chapter 21, and in fact we arrive at a fundamental definition of 
temperature. 

The definition of thermodynamic temperature enables us to rewrite the equation 
for the efficiency of a reversible engine as 


Qi—Q2 061—606; 
[m tiis LL ur LU acd 25-6 
"ru à o 
But we have shown (Example 1) that the efficiency of a Carnot engine using an 
ideal gas as working substance is 


Q:-Q 71— 7, 
iri (25-1) 


where T is the temperature given by the constant-volume thermometer containing 
the ideal gas. Hence, Q1/Q2 = Ti/T4 and Qu/Q» = 01/05. Since 0. = Tir = 
273.16° and 0/6, = T/T, it follows that 0 = T. Hence, if an ideal gas were 
available for use in a constant-volume thermometer, the thermometer would yield the 
thermodynamic (or Kelvin) temperature. We have seen that, although an ideal gas 
is not available, measurements made using the limiting process of Eq. 25-5 with 
real gases correspond to ideal gas behavior. We shall treat the ideal gas scale and 
the thermodynamic scale as identical and we shall use the designation °K inter- 
changeably for each, as in fact we have already done. 

Tn practice, we cannot have a gas below 1° K. One of the methods used in 
measuring temperature below 19 K employs the thermodynamic scale directly. 
The ratio of two thermodynamic temperatures is the ratio of two heats transferred 
during two isothermal processes bounded by the same two adiabatics (Fig. 25-8). 
The location of the adiabatic boundaries (on the p-V diagram) can be found 
experimentally, and the heats transferred during two nearly reversible isothermal 
processes can be measured with great precision. 

From the equations à 


Q T Q 

T = 273.16° K= -T "z- 

PE Sade ogee re 
it is clear that the heat Q transferred in an isothermal process between two given 
adiabatics decreases as the temperature T decreases. Conversely, the smaller Q is 
the lower the corresponding temperature T is. Now the smallest possible value of 
Qis zero and the corresponding T is absolute zero. That is, if a system undergoes a 
reversible isothermal process with no transfer of heat, the temperature at which this 
process takes place is the absolute zero, Hence, at absolute zero, an isothermal and 

an adiabatic process are identical (Fig. 25-8). 

This definition of absolute zero applies to all substances and is independent of the 
properties of any one of them. Notice that no reference is made to molecules or 
molecular energy and that we have obtained a purely macroscopic definition of 
absolute zero, 

The efficiency of a Carnot engine is 


e-1—-—5 
P 1 
Which is the maximum possible efficiency an: i i 
y any engine can have operating between 
bei Sela Ti and T, To obtain 100% efficiency, T, must be zero. Only 
when the low-temperature reservoir is at absolute zero will all the heat absorbed a! 
the high-temperature Teservoir be converted to work. 


—— 


"fig. 25-8 A series of Carnot cycles 


_ (Eq. 25-3) that 
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0 


tending toward absolute-zero temperature, as 


ES in establishing the thermodynamic scale of temperature. The difference in slope 
tween isothermals and adiabaties has here been exaggerated for clarity. 


The fundamental feature of all'cooling processes is that the lower the tempera- 


ture, the more difficult it is to go still lower. This experience has led to the 


formulation of the third law of thermodynamics, which can be stated in one form as 
idealized, to reduce any 


follows: It is impossible by any procedure, no matter how 
peer to the absolute zero of temperature in a finite number of operations. Hence, 
ause we cannot obtain a reservoir at absolute zero, a heat engine with 100% 


efficiency is a practical impossibility. 
25-7 Entropy—Reversible Processes 


The zeroth law of thermodynamics i 
ture T and the first law is related to the 
this and the following sections we show 
dynamics is related to a thermodynamic variable called entropy, 5, aga 
that we can express the second law quantitatively in terms of this variable. 
We start by considering a Carnot cycle. For such a cycle we have seen 


Qı & 


= = — 


T, Ta Y 
sitive quantities, that is, we dealt with 
only of the Q's. If we now interpret 
when heat enters the 
an write this rela- 


s related to the concept of tempera- 
concept of internal energy U. In 
that the second law of thermo- 


in which the Q’s were taken as po 
the magnitudes, or absolute values, 
them again as algebraic quantities, Q being positive 
System and negative when heat leaves the system, We ¢ 


tion as 
Qi , Q: 
— me m 0. 
Ti a) T2 ; 


This equation states that the sum 0 


f the algebraic quantities Q/T is zero 
for a Carnot cycle. : 
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As a next step, we assert that any reversible cycle is equivalent, to as 
close an approximation as we wish, to an assembly of Carnot cycles. 
Figure 25-9a shows an arbitrary reversible cycle superimposed on a family 
of isotherms. We can approximate the actual cycle by connecting the 
isotherms by suitably chosen adiabatic lines (Fig. 25-95), thus forming an 
assembly of Carnot cycles. The student should convince himself that 
traversing the individual Carnot cycles in Fig. 25-95 is exactly equivalent, 
in terms of heat transferred and work done, to traversing the jagged 
sequence of isotherms and adiabatic lines that approximates the actual 
cycle. This is so because adjacent Carnot cycles have a common isotherm 
and the two traversals, in opposite directions, cancel each other in the 
region of overlap as far as heat transfer and work done are concerned. By: 
making the temperature interval between the isotherms in Fig. 25-9) 
small enough we can approximate the actual cycle as closely as we wish by 
an alternating sequence of isotherms and adiabatic lines. 


^ 


(b) 


Fig. 25-9 (a) A reversible cycle su- 
perimposed on a family of isotherms. 
(b) The isotherms are connected by 
adiabatic lines, forming an assembly 
of Carnot cycles that approximates the 
given cycle. (c) a and b are two 
arbitrary points on the cycle and 1 
and 2 are reversible paths connecting 
them. 
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"We can write, then, for the isothermal-adiabatie sequence of lines in 
Fig. 25-95, 


Q 
PUE 
or, in the limit of infinitesimal temperature differences between the iso- -~ 
therms of Fig. 25-9b, 
dQ 
—-0, ` 25-8 
md E 


in which £ indicates that the integral is evaluated for a complete traversal 
of the cycle, starting (and ending) at any arbitrary point of the cycle. 

If the integral of a quantity around any closed path is zero, that quantity 
is called a state variable, that is, it has a value that i$ characteristic only of 
the state of the system, regardless of how that state was arrived at. We 
call the variable in this case the entropy S and we have, from Eq. 25-8, 


dQ 2j 
d$ =" and fas =0. (25-9) 


Common units for entropy are joules/K? or cal/K^. ' 
Gravitational potential energy Ug, internal energy U, pressure p, and 


temperature 7’ are other state variables and equations of the form $ dX =0 


hold for each of them, where for X we substitute the appropriate symbol. 
d we know that, in general, 


Heat Q and work W are not state variables an a 
4 dQ +0 and f dW #0, as the student can easily show for the special 
case of a Carnot cycle. A 

The próperty of a state variable expressed by £$ dX = 0 can also be 
expressed by saying that f dX between any two equilibrium states has the 
same value for all (reversible) paths connecting those states. Let us prove 
this for the state variable called entropy. We can write Eq. 25-9 (see Fig. 


Ee è o (25-10) 
[ast feas o 


; y c 
Wher i ints and 1 and 2 describe the paths connec 
e a and b are arbitrary poin Be qi aut writs ig, 25-10 as 


ing these points. Since the cycle is reversi 


fas - neo 


uou. Bin 


In Eq. 25-11 we have simply decided to traverse path 2 in the spesa a 
direction, that is, from a to b rather than from b toa. We do det m 
, changing the order of the limits in the second integral of Eq. 25-10, whie 


or 


À 
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requires that we also change the sign of the integral, thus yielding Eq. 
b : 
25-11. This latter equation tells us that the quantity Í dS between any 


two equilibrium states of the system, such as a and b, is independent of the 
path connecting those states, for 1 and 2 are quite arbitrary paths. The 
student will recall our almost identical discussion in Section 8-2, where we - 
introduced the concept of a conservative force. 

The change in entropy between a and b in Fig. 25-9c is, then 


b b dQ 
Sp — Sa = [ dS = Í T (reversible process), (25-12) 


where the integral is evaluated over any reversible path connecting these 
two states. 


A 25-8 . Entropy—trreversible Processes 


In Section 25-7 we spoke only of reversible processes. However, 
entropy, like all state variables, depends only on the state of the system 
and we must be able to caleulate the change in entropy for irreversible 
processes, provided only that they begin and end in equilibrium states. 
Let us consider two examples. A 


1. Free Expansion. As in Section 22-7 (see Fig. 22-14) let a gas double 
its volume by expanding into an evacuated enclosure. Since no work is 
done against the vacuum, W = 0 and, since the gas is enclosed by non- | 
conducting walls, Q = 0. From the first law, then AU = 0 or - 


z U; =U; (25-13) 


where 7 and f refer to the initial and final (equilibrium) states. If the gas 
is an ideal gas, then U depends on temperature alone and not on the 
pressure or the volume so that Eq. 25-13 implies T; = T}. | 

The free expansion is certainly irreversible because we lose control of the 
environment once we turn the stopcock in Fig. 22-14. "There is, however, 
an entropy difference S; — S; between the initial and final equilibrium 
states, but we cannot calculate it from Eq. 25-12 because that relation 
applies only to reversible paths; if we tried to use that equation we would 
have the immediate diffieulty that Q — 0 for the free expansion and— 
further—we would not know how to assign meaningful values of T to the 
intermediate, nonequilibrium states. 

How, then, do we calculate S; — S; for a free expansion? We do so by 
finding a reversible path (any reversible path) that connects the states 
i and Ü and we calculate the entropy change for that path. In the free 
expansion a convenient reversible path (assuming an ideal gas) is an , 
isothermal expansion from V; to V; (= 2Vj. This corresponds to the 

isothermal expansion carried out between the points a and b of the Carnot 
‘ cycle of Fig. 25-4. It represents quite a different set of operations from 
the free expansion and has in common with it only the fact that it connects 
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. the same set of equilibrium states, andf. From Eq. 25-12 an d Bampi 


we have : 
di 
sy- S» [B= utin (ruv 


= pR 1n 2. 


This is positive so that the entropy of the system increases in this irreversi- 
ble, adiabatic process. P 

2, Heat Conduction. For another example consider two bodies that are 
similar in every respect except that one is at a temperature T, and the 
other at temperature Tz, where T; > T». If we put both objects in con- 
tact inside a box with nonconducting walls, they will eventually reach a 
common temperature Tm, approximately half-way between T; and T2. 
Like the free expansion, the process is irreversible because we lose control 
of the environment once we put the two bodies in the box. Like the free 
expansion this process is also (irreversibly) adiabatic because no heat 
enters or leaves the system during the process. 

To calculate the entropy change for the system during this process we 
must again find a reverstble process connecting the same initial and final 
states and calculate the system entropy change by applying Eq. 25-12 M 
that process. We can do so if we imagine that we have at our disposal a 


heat reservoir of large heat capacity whose temperature T is at our control, 
by turning a knob, say. We first adjust the reservoir temperature to Ti 
and put the first (hotter) object in contact with the reservoir. We then 
slowly (reversibly) lower the reservoir temperature from T, to Tm, extract- 
ing heat from the hot body as we do so. The hot body loses entropy in 


this process, the amount being approximately 


Q 
a= Tim 


where T, is the average of T1 and Tm and Q is the heat extracted. : 
We then adjust our reservoir temperature to T» and place it in pian 
with the second (cooler) object. We then slowly sro rm e 
reservoir temperature from T, to Tm, adding heat to the cool bo y s we 
do so. The cool body gains entropy in this process, the amoun eing 


approximately 
S: = lOs, 
i Tom 
where 'o,m is the average of T2 and Tm and Q is the heat qon Ait 
The two bodies are now at the same temperature Tm and the y! : T 
which consists of these two bodies, is now 1 its final equilibrium state. 
The change in entropy for the complete system is 
: Sy — S: = A&i + AS: 
Qa eke 


Bit Tim Tom 
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Since Tim > Tom we have S; > S; Again, as for the free expansion, the 
entropy of the system has increased in this irreversible, adiabatic process, 

In each of these examples we must distinguish carefully between the 
actual (irreversible) process (free expansion or heat conduction) and the 
reversible process that we introduce just so that we can calculate the 
entropy change in the actual process. We can choose any reversible 
process, as long as it connects the same initial and final state as the actual 
process; all such reversible processes will yield the same entropy change 
because this depends only on the initial and final states and not on the 
process connecting them—be it reversible or irreversible. 


25-9 Entropy and the Second Law 


We are now ready to formulate the second law of thermodynamies in 
terms of entropy. Since this law is a generalization from experience. we 
cannot prove it but can only write it down and show that our statement is 
in agreement with experiment and is equivalent to other formulations of 
the second law that we have given earlier. In this spirit we assert that 
the second law is: A natural process that starts in one equilibrium stale and 
ends in another will go in the direction that causes the entropy of the system 
plus environment to increase. 


Following our pattern for the zeroth law and the first law of thermody- 
namics (see page 561) the essence of the second law, speaking loosely, is: 
There exists a useful thermodynamic variable called entrophy. The second law 
also tells us how to use this variable to predict whether a particular process 
will occur in nature. $ 


The two experiments of Section 25-8 (free expansion and heat condue- - 
tion) are consistent with the second law. The entropy of the system 
increased in each of these irreversible processes. Note that the entropy of 
the environment in these two ‘cases remains unchanged because, both being 
carried out in adiabatic enclosures, there was no interchange of heat with 
the environment. Thus, as required by our statement of the second law, 
the entropy of the system plus environment increased for each of these 
(natural) processes. 

In the form that we have written it the second law applies only to 
irreversible processes because only such processes have a “natural direc- 
tion." Indeed (see Section 25-1) the understanding of the natural 
directions of such processes is the main concern of the second law. Revers- 
ible processes can go equally well in either direction, however, and for 
reversible processes the entropy of the system: plus environment remains 
unchanged. This is so because if heat dQ is transferred from the environ- 
ment to the system the entropy of the environment decreases by dQ/T 

. while that of the system increases by dQ/T, the net change for the system 
plus environment being zero. The fact that the process is reversible means 
that the environment and the system can differ in temperature by only a 
differential amount dT when the heat transfer takes place; this 5 in sharp 
contrast to our (irreversible) heat conduction problem of the previous 


25-6). If there were, the entropy of the lower" temperat 
* decrease by Q/T'2; that of the upper temperature reservoir WOU 
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section, in which the temperature difference of the two bodies placed in 
contact was large. 

Another class of processes of particular interest are adiabatie processes 
(reversible or irreversible); they involve no transfer of heat with the 
environment so that the only entropy change possible is that of the system. 
Krom our statement of the second law and from our remarks about revers- 
ible processes in the paragraph above, we conclude that 


Sy = Si (reversible adiabatic process) 


and 
S; > Si (irreversible adiabatic process), 


, where Sy and S; are the final and initial entropies of the system. > 


Our statement of the second law is consistent with the Clausius statement (page 
628) which declares that there is no such thing as a. "perfect" refrigerator (see Fig. 
ure reservoir would 

ld increase by Q/11; 


that of the system would remain unchanged because the system traverses & eycle, 
returning to its starting point. Thus the net change in the entropy of the system 


plus environment is a decrease, because T» < Ti. This violates the statement of 
the second law that we have just given and, if we wish to retain the state- 
ment, we must conclude (with Clausius) that there 1s no such thing as à perfect 


refrigerator. : 
Our statement of the second law is also consistent with the Kelvin-Planck state- 
ment (page 628) which declares that there is no such thing as à perfect" heat 
engine (see Fig. 25-5). If there were, the entropy of the reservoir at be HM 
T would decrease by Q/T; that of the system would remain unchanged iom : 
system traverses a cycle, returning to its starting point. Thus the n : T d 
entropy of the system plus environment is à decrease. This violates i os it e r 
of the second law that we have just given and if we wish to retain t e n ; 
we must conclude (with Kelvin) that there is no such thing as a “perfect heas 
engine. i 
> Example 3. Compute the entropy change of a system opnsiatine ot unas 
of ice at 0° C which melts (reversibly) to water at that same temperature. 
latent heat of melting is 79.6 cal/gm. " yrs 

The requirement d we melt the ice reversibly means that we ao pt AE 
contact with a heat reservoir whose temperature exceeds 0° C ides y " ‘ 1 si 
amount; if we lower the reservoir temperature until it is a differentia e 
below 0° C, the melted ice will begin to freeze. * Since the process H E or 
can use Eq. 25-12 to compute the entropy change of the system. p 


remains constant at 273° K. Therefore, 


9gqQ 1 24 ui : 
$us ee] 2-1 Tm ; 


But 
Q = 10% gm X 79.6 cal/gm = 7.96 X 104 cal 
or 
Lice 7.96 X 10* j.p: = 292 cal/K° 
Mr 23 - f 
= 1220 joules/K^. 


L 
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In this example of reversible melting the entropy change of the system plug. 
environment is zero, as it must be for all reversible processes. The entropy change 
calculated above is the increase in entropy of the system; there is an exactly equal 
decrease in entropy of the environment (— 1220 joules/K®°) associated with the heat? 
that leaves the reservoir (environment), at 273° K, to melt the ice. E 

In practice, melting is likely to be irreversible, gs when we put an ice cube in &- 
glass of water at room temperature. This process has only one natural direction— 
the ice will melt. The entropy of the system plus environment will increase in this 

' process as required by the second law. The (irreversible) heat conduction example 
of the previous section should make this understandable. 


P Example 4. ‘Calculate the entropy change that an ideal gas undergoes in 8» 
reversible isothermal expansion from a volume V; to a volume Vy. E 
From the first law 
dU = dQ — paV. 1 


But dU = 0, since U depends only on temperature for an ideal gas and the tem- 
perature is constant, Hence, t 


dQ = pdV 
€ 
and dS = dQ = pdV 
T T 
But pV = pRT, 
so that dS = jm 3 - 
^y 
Vy 
and. gj Ew s " "ripe RA (25-14; 
Vi Vai Vi 


Since V, > V; S; > S; and the entropy of the gas increases. 
In order to carry out this process we must have a reservoir at temperature T 
which is in contact with the system and supplies the heat to the gas. Hence, the 
entropy of the reservoir decreases by [dQ/T[— uR In (V;j/V;)), so that in this” 
process the entropy of system plus environment, does not change. As in the 
previous example, this is characteristic of a reversible process. 4 


25—10 Entropy and Disorder 


Freeman Dyson, in an article* “What Is Heat?" writes: 

“Heat is disordered energy. So with two words the nature of heat is explained. 
+. . Energy can exist without disorder. For example, a flying rifle bullet or an 
atom of U? carries ordered energy. The motion of the pullet is the kind we call 
kinetic. When the bullet hits & steel plate and is stopped, the energy of its motion 
is transferred to random motions of the atoms in tke bullet and the plate. This 
disordered energy makes itself felt in the form of heat. . .,. The energy dwelling 
in the uranium atom is the kind we call potential; it consists of the electric forces — 
which tend to push the constituent protons apart. When the atom fissions, the | 
energy of motion of the flying fragments is converted by collisions into random — 
motions of the electrons and other atoms nearby in the surrounding matter—that 


is to say, into heat. ‘This conve:ston of potential enere ; into heat is the working 
principle of nuclear reactors, 


——— 


* Scientific American, Septén:ber 1954. 


\ 
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These two examples illustrate the general principle that energy becomes heat as 
soon as it is disordered. It is conversely true that disorder can exist without 
energy, and that disorder becomes heat as soon as it is energized. The atoms of 
U25 and U2*8 in a piece of ordinary uranium are mixed in a random way, but this 
disorder carries no energy. . . - 

Ii order to go further it is necessary to talk quantitatively. We must measure 
heat precisely in terms of numbers. . . . First it is clear that to specify heat we 
must use at least two numbers: one to measure the quantity of energy, the other to 
méasure the quantity of disorder. The quantity of energy is measured in terms of 
a practical unit called the calorie. . . . The quantity of disorder is measured in . 
terms of the mathematical concept called entropy. . . .” 


If there is a connection between disorder and entropy then disorder, like entropy, 

_ ^ must increase in natural processes. We will try to show that this is true by showing 

that in the examples of Section 25-8, the free expansion and heat conduction, the 

disorder of the system plus environment does in fact increase. We will use reason- 

able qualitative concepts of disorder first and will define disorder more rigorously 
afterwards, 1 ^ 


l. Free Expansion. In a free expansion (Section 22-7) the gas molecules con- 
fined to one-half of a box are permitted to fill the entire box. By any reasonable 
definition of the word disorder the system has become more disordered, in the same 
sense that disorder increases if the litter on one vacant lot is spread over two lots. i 
More precisely, the disorder has increased because we have lost some of our ability 
to classify molecules, The statement: “The molecules are in the box""'is weaker 
from this point of view than the statement: “The molecules are in the left half of 
the box;” see below. i 

2. Heat Conduction. In this example two 
Tı and T; come to a uniform intermedi; ; 
contact. Here again the system has kom best disorde! 
process because we have lost some of our a ility to clas: > 
ment: “All molecules in the system correspond, by way of Eq. 23-6, to EPEA 
iew than the statement: ** AI] molecules in body 


T" is weaker from this point of 
point of vii »: 
correspond to temperature T; and all molecules in body B correspond to tempera- 


ture T." k ^ 
a wily inning of this section 

These two examples and the two given by bcp ees ae 

(the bullet striking a steel plate and the fissioning uranium Teruel casar 

reactor) convince us that there is @ for natural processes ) pr 


State of greater disorder. 


In statistical mechanics we give a precise meaning to disorder and we express oe 
connection with entropy by the relation n : 
S= knw. (25-46). . + 


Here, k is Boltzmaun's constant, S is the entropy ome ssh Ce the 
may call the disorder parameter, is the probability pura This equation con- 
state it is in relative to all the possible states it gould he ie with » Statistica or 
nects a thermodynamic or macroscopic quantity, the entropy, 
microscopic quantity, the probability. EM i i iso- 
Let us Theon E computing the change in entropy a ia do not 
thermal expansion. Here the number of molecules ag OR OMP lecule may be 
change, but the volume does. The probability thpt y; p the greater V is, 
ound in a region having a volume V is proportional to ^S ede of finding a single 
the greater the chance of finding itin V. Hence, Mu grober i 
Molecule in V is , 
wy = cV 
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where c is a constant. The probability of finding N molecules simultaneously in 
the volume V is the N-fold product of wı. That is, the probability of a state con- 
sisting of N molecules in a volume V is 


w= wy" = (cV)N. (25516) 


For example, if the probability of finding a single molecule in V is 4 (that is, 
there is a 50% chance of its being in V and a 50% chance of its being outside V), he 
probability of finding two molecules in V is 4. There are four equally probable 
states here (both in; both out; one in, the other out; one out, the other in), and only 
one of them is a state with both molecules in V. 

If we now combine Eq; 25-15 and Eq. 25-16 we obtain 


S = kN (Inc 4- In V). 


Hence, the difference in entropy between a state of volume V; and a state of 
volume V; (temperature and number of molecules remaining constant) is 


S, T S; = kN (Inc T In Vy) et kN (Inc + In Vj 


in exact agreement with the strictly thermodynamic result of Eq. 25-14. 

It is on the basis of Eq. 25-16 that we stated above that disorder increases during 
a free expansion; that equation yields (cV)N for the disorder parameter before 
expansion and (c2V)* for that parameter when the volume is doubled by the 
expansion. 

The statistical definition of entropy, Eq. 25-15, connects the thermodynamic 
and the statistical mechanical pictures and enables us to put the second law of 
thermodynamics on a statistical basis. The direction in which natural processes 
take place (toward higher entropy) is determined by the laws of probability (toward 
a more probable state). The equilibrium state is the state of maximum entropy 
thermodynamically and the most probable state statistically. We have seen, 
however, that fluctuations may occur about an equilibrium distribution (for 
example, the Brownian motion). From this point of view, then, it is not absolutely 
certain that the entropy increases in every spontaneous process. The entropy may 
sometimes decrease. If we waited long enough, even the most improbable states 
might occur: the water in a pond suddenly freezing on a hot summer day or a local 
vacuum occurring suddenly in a room. Although such occurrences are possible, 
the probability of their happening, when computed, turns out to be incredibly 
small. Hence, the second law of thermodynamics shows us the most probable 
course of events, not the only possible ones. But its area of application is 80 
broad and the chance of nature’s contradicting it so small that it occupies the dis- 
tinetion of being one of the most useful and general laws in all sciences. 


QUESTIONS 


l. What requirements should a system meet in order to be in thermodynamic 
equilibrium? 


2. In the irreversible Process of Fig. 25-1a can we calculate the work done in terms 
7n area on a p-V diagram? Is any work done? 
3. Can a given amount of m 
energv? If so, give an example. 


of 


echanieal energy be converted completely into heat 
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4. Can you suggest à reversible process whereby heat can be added to a system? 
Would adding heat by means of a Bunsen burner be a reversible process? 


5. Give some examples of irreversible processes in nature. 


6. Give a qualitative explanation of how frictional forces between moving surfaces 
produce heat energy. Does the reverse process (heat energy producing relative motion 
of these surfaces) occur? Can you give a plausible explanation? 


7. A block returns to its initial position after dissipating mechanical energy to heat 
through friction. Is this process reversible thermodynamically? 

8. To carry out a Carnot cycle we need not start at point a in Fig. 25-4, but may 
equally well start at points b, c, or d, or indeed any intermediate point. Explain. 

9. If a Carnot engine is independent of the working substance, then perhaps real 
engines should be similarly independent, to a certain extent. Why then, for real 
engines, are we 50 concerned to find suitable fuels such as coal, gasoline, or fissionable 
material? Why not use stones as à fuel? 

10. Couldn't we just as well define the efficiency of an engine as e = W/Q» rather 
than ase = W/Qi?.. Why don't we? i 

11. What factors reduce the cfficiency of a heat engine from its ideal value? 

12. In order to increase the efficiency of a Carnot engine most effectively, would you 
increase Tı, keeping T2 constant, or would you decrease J'2, keeping 71 constant? 

13. Can a kitchen be cooled by leaving the door of an electric refrigerator open? 


Explain. 

14. Is there a change in entropy in purely mechanical motions? 

15. Two samples of a gas initially at the same temperature and pressure are com- 
pressed from a volume V to a volume (V/2), one isothermally, the other adiabatically. 
In which sample is the final pressure’ greater? Does the entropy of the gas change in 


either process? ; 
en to represent the state of a system by its entropy and its 


16. Suppose we had chos 
absolute temperature rather than by its pressure and volume. What would a Carnot 


cycle look like on a T-S diagram? [] 

17. Consider a box containing a very small number of molecules, say five. Tt must 
sometimes happen by chance that all of these molecules find themselves in the left half 
of the box, the right half being completely empty. This is just the reverse of a free 
expansion, & process that we have declared to be irreversible. What is your explanation? 

18. Show that the total entropy increases when work is converted into heat by fric- 
tion between sliding surfaces. Describe the increase in disorder. 

19. Comment on the statement “A heat engine converts disordered mechanical 
motion into organized mechanical motion.” 
20. When we put cards together in à deck or put bricks together to build a house, for 
example, we increase the order in the physical world. Does this violate the second law 
of thermodynamics? Explain. NDS 
21. A rubber band feels warmer than its surroundings immediately after it is quickly 
stretched; it becomes noticeably cooler when it is allowed to contract rapidly; and a 
rubber band supporting @ Joad contracts on being heated. Explain these observations 
using the fact that the molecules of rubber consist of intertwined and cross-linked long 
chains of atoms in roughly random orientation. 

22. Explain the statement “Cosmic rays continually decrease the entropy of the earth 
on which they fall." Does this contradict the second law of thermodynamics? » 

23. Discuss the following comment of Panofsky and Phillips: “From the standpoint 
of formal physics there is only one concept which is asymmetric in the time, namely 
entropy. But this makes it reasonable to assume that the second law of thermody- 


namics can be used to ascertain the sense of time independently in any frame of refer- 


1 
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ence; that is, we shall take the positive direction of time to be that of statistically 
increasing disorder, or increasing entropy ...” 


PROBLEMS 


1. An ideal gas heat engine operates in a Carnot cycle between 227 and 127°C, Tt 
absorbs 6.0 X 10‘ cal at the higher temperature. How much work per cycle is this 
engine capable of performing? 


2. (a) A Carnot engine operates between a hot reservoir at 320? K and a cold 
reservoir at 260* K. If it absorbs 500 joules of heat at the hot reservoir, how much 
work does it deliver? (b) If the same engine, working in reverse, functions as a refrig- 
erator between the same two reservoirs, how much work must be supplied to remove 
1000 joules of heat from the cold reservoir? 


3. In a two-stage heat engine a quantity of heat Q is absorbed at a tem perature Ti, 
work W is done, and a quantity of heat Q» is expelled at a lower temperature 7's by the 
first stage. The second stage absorbs the heat expelled by the first, does work Wo, and 
expels a quantity of heat Qsat a lower temperature 7'3. Prove that the efficiency of the 
combination engine is (T4 — T3/7. 

4. A combination mercury-steam turbine takes saturated mercury vapor from a 
boiler at 876° F and exhausts it to heat a steam boiler at 460° F. The steam turbine 
receives steam at this temperature and exhausts it to a condenser at 100° F. What is 
the maximum efficiency of the combination? 


5. Using the equation of state of an ideal gas and the equation describing an adiabatic 
process for an ideal gas, show that the slope, dp/dV, on a p-V diagram of an adiabatic 
can be written as —yp/V and of an isothermal can be written as —p/V. From these 
results prove that adiabatics are steeper curves than isothermals. 


6. (a) Plot an exact Carnot cycle on a p-V diagram for 1 mole of an ideal gas. Let 
point a correspond to p = 1.0 atm, T = 300° K, and let b correspond to p = 0.5 atm, 
T = 300° K; take the low temperature reservoi to be at 100°K. Let» = 1.5. (b) 
Compute graphically the work done in this cycle. - 


7. In a Carnot cycle, the isothermal expansion of the gas takes place at 400° K and 
the isothermal compression at 300° K. During the expansion 500 cal of heat energy are 
transferred to the gas. Determine (a) the work performed by the gas during the iso- 
thermal expansion, (b) the heat rejected from the gas during the isothermal compression, 
(c) the work done on the gas during the isothermal compression. 

i 8. (a) If the Carnot cycle is run backward, we have an ideal refrigerator. A quan- 
tity of heat Q» is taken in at the lower temperature T» and a quantity of heat Q; is given 


out at the higher temperature 7 1 The difference is the work W that must be supplied 
to run the refrigerator. Show that 


T1— T4 

W = Q, 2 2 

Q: T; 

(b) The coeficient of performance K of a refrigerator is defined as the — tio of the heat 
extracted from the cold source to the work needed to run the cycle. Show that ideally 


In actual refrigerators K has a value of 5 or 6. 


. 9. In a mechanical refrigerator the low-temperature coils are at a temperature of 


~ 18°C, and the compressed gas in the condenser has a temperature of 27? C. Whi is 
the theoretical coefficient of performance? n 
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10. How much work must be done to transfer 1.0 joule of heat from a reservoir at 7^ C 
to one at 27? C by means of a refrigerator using a € t cycle? From one at —73°C 
to one at 27° C? From one at —173° Ctoconeat?7 |! 3X: sone at —223° C to one 
at 27° C? j 

1l. ‘ue motor in a refrigerator has a power output of 204 watts. If the freezing 
compartment is at 270° K and the outside air is at 300° E, assuming ideal efficiency, 
what is the maximum amount of heat that can be extracted from the freezing compart- 


ment in 10 min? 
12. How is the efficiency of a reversible heat «ng:ne related to the coefficient of per- 


formance of the reversible refrigerator obtained by running the engine backward? 


13. In a heat pump, heat Q» is extracted from the outside atmosphere at T» and a 


larger quantity of heat Q is delivered to the inside of the house at T, with the perform- 


ance of work W. (a) Draw a schematic diagram of a heat pump. (b) How does it 
(c) How are Qi, Qo, and W 


differ in principle from a refrigerator? In practical use? 
related to one another? (d) Can a heat pump be reversed for use in summer? 
Explain. (e) What advantages does such a pump have over other heating devices? 
14. In a heat pump, heat from the outdoors at —5? C is transferred to a room at 
17° C, energy being supplied by an electric motor. How many joules of heat will be 
delivered to the room for each joule of electric energy consumed, ideally? 
15. Suppose that we were to take as our measure of temperature —1/ T rather than T. 
The unit of this new measure might be the Nivlek (Kelvin spelled backwards) degree 
(CN). Write a sequence of temperatures in ^N extending from positive to negative 
values of T. (See footnote, page 532.) 
16. (a) Show that when a substance of mass ™ 


heated from 7 to’ T; the entropy change is 


having a constant specific heat ¢ is 


T2 


S» — 81 = meln 


, 


(b) Does the entropy of the substance decrease on cooling? If so, does the total 


entropy decrease in such a process? Explain. 

17. In a specific heat experiment 100 gm of lead (cp = 0.0345 cal/gmC^) at 

100° C is mixed with 200 gm of water at 20° C. Find the difference in entropy of the 

system at the end from its value before mixing. 
18. Four moles of an ideal gas are caused to expand from a volume Vi to à volume 

Va(- 2V1). (e Tf the expansion is isothermal at the temperature T M 400* K, 

deduce an expression for the work done by the expanding gas. (b) For the isothermal 


expansion just described, deduce an expression for the change in entropy, ifany. (c) It 
the expansion were reversibly adiabatic instead of isothermal, would the change in 


entropy be positive, negative, or zero? 
19. Heat can be removed from water at 0°C and atmospherie pressure without 


causing the water to freeze, if done with little disturbance of the water. Suppose the 
water is cooled to — 5.0? C before ire begins to form. What is the change in entropy 
per unit mass occurring during the sudden freezing that then takes place? g 
20. An 8.00-gm ice cube at —10.0° Č is dropped into a thermos flask containing 
100 cm? of water at 20.00 C. What is the change in entropy of the system when a 


final equilibrium state is reached ? ses yea E 
21. A brass rod is in contact thermally with a eat reservoir & at one end an 

a heat reservoir at 27° C at the other end Compute the total change in the entropy 

arising from the process of conduction of 1200 cal of heat through the rod, Does the 


entropy of the ro i 
22. A mole of a monatomic ideal gas 1 
volume V to & final state of pressure 2p and volume 2 


d change in the process? 
s taken from an initial state of pressure p and 


V by two different processes. 
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(I) It expands isothermally until its volume is doubled, and then its pressure is increased 
at constant volume to the final state. (II) It is compressed isothermally until its 
pressure is doubled, and then its volume is inereased at constant pressure to the final 
state. 

Show the path of each process on a p-V diagram. For each process calculate in terms 
of p and V, or of T, (a) the heat absorbed by the gas in each part of the process; (b) the 
work done on the gas in each part of the process; (c) the change in internal energy of the 
gas Us — Ui; (d) the change in entropy of the gas S; — S; 

23. One mole of hydrogen gas and 1.0 mole of nitrogen gas are in adjacent containers 
at the same pressure p and temperature T. The pressure and temperature are such 
that both gases behave virtually ideally. (a) If the rms speed of the H» molecules is 
1850 meters/sec at temperature T, what will the rms speed be of the N» molecules? 
(b) For which gas will a larger percentage or fraction of the molecules have speeds within 
+50 meters/sec of the rms speed? (c) If the containers are connected so that the 
Hz and N» mix, will the change in entropy be positive, negative, or zero? 

24. (a) A body of finite mass is originally at temperature T», higher than that of a 
heat reservoir at a temperature Tj. An engine operates in infinitesimal cycles between 
the body and the reservoir until it lowers the temperature of the body from T to T3. 
Prove that the maximum work obtainable from the engine is Wmax = Q — 7'1(S2 — 81, 
where Sı — S» is the entropy change in the body and Q is the heat extracted from the 
body by the engine. (b) A body of finite mass is originally at temperature 7, the same 
as that of a heat reservoir. A refrigerator operates in infinitesimal cycles between the 
body and reservoir until it lowers the temperature of the body from 7; to To. Prove 
that the minimum amount of work which must be supplied to the refrigerator is Wmin = 
Ti(S1 — So) — Q, where So — S; is the entropy change in the body and Q is the heat 
extracted from the body by the refrigerator. 

25. In general, the probability wy2 of a complex event, which consists of two unrelated 
simple events, is equal to the product of their. respective probabilities wi, w The 
entropy S12 of a complex system which consists of two simple systems is just the sum of 
their respective entropies, S1, S2. Show that Eq. 25-15, which relates probability and 
entropy, is consistent with the additive property of entropy and the multiplicative 
property of probability for a complex system. . 
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Relation between Linear and 
Angular Kinematics for a Particle 


Moving in a Plane 
SUPPLEMENTARY TOPIC | 


In Section 11-6 we discussed the relations between the linear and angular kine- 


matic variables for a particle moving in a plane but confined to move in à circle 
Such a particle might be any particle in 


about an axis at right angles to the plane. 
a rigid body rotating about a fixed axis. Here we relax the restriction and allow 
the particle to move freely in the plane. A planet moving in an elliptical orbit 
about the sun is an example. À 1 

We start from Eq. 11-11. r = Ur in which, hi 
to be variables; the particle is no longer confine 
We find the velocity by differentiation, or 


owever, we now take both ur and r 
d to a circle of constant radius. 


dr du 


Equation 11-13 shows us that du,/dt = use. Thus we can write 


(I-1) 


dr 
Y mur + uwr, 


which shows that v has two components, & radial component », = dr/dt and a 
Mere at right angles, Ye = 67 If we hold r constant, then dr/dt = 0 and 


Eq. I-1 reduces to Eq. 11-14a as it must. 
To find chi tnn we differentiate Eq. I-1, remembering that all five 


quantities on the right are variables. We obtain 


E dr ydo daa, 
E arg ton ot tra) * Va 
1 
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Now du,/dt = uso, dus/di = —u,w (see Eq. 11-16), and dw/dt = a. Substi- 
tuting and rearranging leads us finally to 


" [ 
a=u, e - e) Tus c T 2w 4) (I-2) 


Once again, if r = a constant, then dr/dt = d?r/dt? = 0 and Eq. I-2 reduces to 
Eq. 11-17, which we derived especially for this case. ! 
The two new terms in Eq. I-2, u,d?r/dt? and up2w dr/dt, need a little explana-. 
tion. The first of these terms is simple and we can understand it by imagining 
that the particle moving in the plane is not rotating about the axis. If we put 

w = a = 0 in Eq. I-2 this equation reduces to 


m d 
a =u, ya 
whichis just the familiar acceleration of a particle moving along a straight line. 
Hence this term in Eq. I-2 gives the radial acceleration due to the change in the 
magnitude of r, the other radial acceleration term arising from the changing direc- 
tion of r as the particle rotates. 

There are also two 6-directed acceleration terms. The first one, upar, arises 
simply from the angular acceleration a of a particle in circular motion (r = con- 
stant) and is the tangential acceleration of Section 11-5. ‘To understand the 
second term, u;2o dr/dt, consider a man walking outward along a radial line 
painted on the floor of a merry-go-round. The merry-go-round is rotating with 
constant angular velocity w so that its angular acceleration a is now zero. If the 
man were simply to stand still on the merry-go-round, (dr/dt = 0, and r = con- 
stant) his acceleration, as seen by an observer in a reference frame on the ground 
(see Eq. I-2), would be simply the familiar centripetal acceleration — u,u'r, 
directed radially inward. If he walks outward, however, dr/dt = 0 and then 
Eq. 1-2 prediets that the ground observer would also measure a 6-directed 
acceleration given by ug2wv,, where v, = dr/dt. This is called a Coriolis accelera- 
tion. It arises from the fact that even though the angular velocity of the man is 
constant his speed increases as r increases. Let-us convince ourselves that this 
effect really exists.* 

Figure I-1a shows the walking man (point P) as he appears to the ground observer 
at times¢andt+ At. Weshow at timet his radially directed velocity v, (= u, dr/dt) 
and also a 6-directed velocity caused by the rotation of the merry-go-round and 
given by va( = ugwr), Ata time At later each of these velocities has changed. The 
radial velocity has changed in direction, although its magnitude remains dr/di. 
The 6-directed velocity has not only changed direction (we have learned to account 
for this as a centripetal acceleration), but, because the man has moved outward to 8 
a 3 aan the floor is moving faster, its magnitude has also changed, from wr to 
w(r r). 

Figure T-1b shows the change. in velocity caused by the change in direction of 
the radial line along which the man is walking. If A@ in the triangle shown is 
small enough, we have 

Av, = v, AD. 


Dividing by At and letting At approach zero yields 


The change in tangential v. loci ; ving 
radially outward is b elocity caused by the fact that the man is moving 


Avg = w(r + Ar) — wr = wâr. 
o “ DM 
See “The Coriolis Effect,” James E. McDonald, Scientific ‘American, May 1952. 
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Fig. I-1 (a) A merry-go-round, rotating about a fixed axis, is observed by an observer 


in inertial reference frame z, Y- A man walks along à radial line at constant speed v. 
In a time interval At this line, as seen by the ground observer, sweeps through an angle 
A0 and the man moves between the positions shown. His r- and 6-directed velocities 
gre shown for each position. (b) Showing the change Av; in the walking man's r-directed 
velocity. Note that, as At 0, Av, points in the 6-direction at P. 


(x 


Dividing by At and letting At approach zero yields 
dvo dr 


; a" TE =o = Wr 
Now both a’ and a’ are magnitudes of vectors that point in the same direction, 
namely the direction of increasing 0 at point P(t). The total acceleration in this 


direction is then 
a! all = va + ov, = 20r, 


which is just what we set out to prove. — , 
Íf there is indeed an acceleration in the 6-direction in Fig. 1-1, there must be 
a force in this direction. For a man walking outward along & radial line on & 
rotating merry-go-round this force can only be provided by the friction between 
his feet and the floor. i j 
We remember that we can interpret classical mechanics most simply if we 
always view events from an inertial frame. If we do so we can always associate 
accelerations with forces exerted by bodies that we can point to in the environment. 
We can still apply classical mechanics, however, if we select a noninertial reference 
frame, such as & rotating frame. "The small penalty that we must pay is that we 
must introduce psewd forces, that is, forces that we cannot associate with objects 
in the environment and which cannot be detected by an observer in an inertial 
frame. In Section 6-4 we saw that centrifugal force is such & pseudo-force. 
Consider an observer on the rotating merry-go-round watching a man walk 
along a radial line at & constant speed tr = dr/dt. He would say that the man is in 
equilibrium because he has no acceleration. Yet the floor is exerting & (very real) 
frictional force on the soles of the man’s feet. This force has ore component 


z 
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(—u,F,) that points radially inward and one (uF) that points in the 6-direction, 
that is, in the direction of rotation. : 
From the point of view of the ground observer these forces are understandable 
and, indeed, quite necessary. F, is associated with the centripetal acceleration 
or and P, with the Coriolis acceleration 20v,. The observer on the merry-go-round 
does not see either of these accelerations however; to him the walking man is in © 
equilibrium. How can this be, in view of the frictional forces that act on the soles 
of the walking man’s shoes? The man himself is well aware of these forces; if he 
did not lean to compensate for their turning effect, they would knock him off his 
feet! 

The observer on the merry-go-round saves the situation by declaring that two - 
pseudo-forces act on the walking man, just canceling the (real) frictional forces. 
One of these pseudo-forces, called the centrifugal force, has magnitude F, and acts 
radially outward. The other, called the Coriolis force, has magnitude Fa and acts — 
in the negative @-direction, that is, opposite to the direction of rotation. By intro- - 
ducing these forces, which seem quite "real" to him although he cannot point to 
any body in the environment that is causing them, the observer in the rotating 
(noninertial) reference frame can apply classical mechanics in the usual way. The 
ground observer, who is. in an inertial frame, cannot detect these pseudo-forces. 
Indeed there is no need for them—and no room for them—in his applications of 
classical mechanics. ; É 

Equations I-1 and I-2 are general kinematical descriptions for the motion of a 
particle in two dimensions. An obvious extension, which we will not attempt here, 
is to derive corresponding descriptions for motion in three dimensions; this will 
require us to introduce a third unit vector to define the third dimension. * 


* See, for example, Mechanics, Section 3-5, by Keith R. Symon, Addison-Wesley - 
Publishing Co., 2nd ed., 1960. 
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d axial vectors, such as @, e T, and 1, differ in à rather impor- 


Some vectors calle 
tant way from other vectors called polar vectors, of which r, v, a; F, and p. afe 


examples. Although we shall not need to take this difference into account in this 
book, it may prove to be instructive and interesting to the student to examine 


briefly what the difference is. 

Consider a typical polar vector such as r. Ifa student leaves his dormitory 
and goes to a elassroom, his displacement vector r points from the dormitory to the 
classroom; there is no question as to our choice of direction. his direction is both 
“physical” anc "natural. Similar remarks apply to the other typical polar 
vectors listed, namely, v, à F, and p. 

If a student sees 4 wheel rotating about a fixed axis, he can assign an angular 
velocity o to the wheel and can, give direction to @ by the right-hand rule (see 
Section 11-4). This direction owever is a convention only, based on this arbi- 
trary rule. A left-hand rule ould have given the opposite direction. The things 
that are physical" and “natural” about the wheel are the axis of rotation and the 
sense of rotation, that is, is it going clockwise or counterclockwise as the student 
looks at it from & particular end of the axis? Whether @ is chosen to point in one 
way or the other along the axis does not really matter as long as we are consistent. 
The same remarks apply to the angular acceleration œ and to the other axial 
vectors listed, namely t(=r XF) and I(= r Xp). Tt is for this reason that we 


sometimes find it more comfortable to say “torque around. an axis 

along an axis” although they mean the same tine. AM vectors defined as the 

vector product of two polar vectors are axial vectors because they all depend for 
) right-hana cule. 

We have stressed that the laws of physics remain the sa, .2 DO matter how we 

are expreise ¢ In Section 2-5 


change the inertial reference fr: ws 
we discussed this for translations and rotations of the referenr* frare and noted 
that laws expressed in vector form remai d (that is, variant) under 
such transformations. We also noted that something special may occur when we 

namely, by substituting 8 left-handed 


change thc reference frame in another Way, 
5 
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M 


(a) 


(b) 


Fig. il-1 (a) Poíar vectors, showing, on the right, the displacements rj, rs, and rs 
between a dormitcry D and three classrooms C1, Cs, and C3. On the left we have the 
mirror images of D, Cı, Ce, and C3, along with the corresponding displacemen ie 
(b) Axial vectors, showing, on the right, the angular velocities Q1, 0», and Wz of three 
wheels rotating as shown. On the left we have the mirror images of these wheels, along 
with the angular velocities assigned using the usual right hand rule. 


frame for a right-handed one. There is an easy way to make such a transforma~ 
tion: Build a right-handed frame and look at its image in a mirror; it wili be con- 
verted to a left-handed frame (see Fig. II-1) because of the well-known vroperty 
of a mirror to reverse right and left. 

Figure II-1a shows the vector displacement of a student from his dormitory to 
each of three ciassrooms. In the mirror each displacement is still from the dormi- 
tory D to a classroom C. In Fig. II-16, however, we show » rotating wheel in 
three orientations. If we establish the directions of œ for both the wheels and 
their mirror images by the right-hand tule, we see that the image Vectors are 
reversed in comparison to the corresponding image vectors in Fig. II- 1a (toward 
the origin rather than uway from the origin). Polar vectors and axial vectors 
behave differently when we transform reference frames by mirror refledtion! This 
behavior of axial vectors under mirror reflection is not; hard to iaa If we 
imagine ourselves physically applying the right-hand rule to a real yotating wheel, 
in the mirror, we shall seem to be applying a left-hand rule because the image of our 
right hand is our left hand. A left-hand rule, of sourse, will give us-ihe opposite 
direction for w. 

Hence an axial vector is a vector whose sense of direction depends on the handed- 
ness of the reference frame. | It is sometimes called a pseudoveclor. A polar vector 
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direction independent of the reference frame. We mention 
e arbitrary character of the direction assigned to axial 
vectors and (2) to stress the importance of testing experiments and physical laws 
for invariance under translation, rotation, and mirror reflection of the inertial 
reference frame. In Section 2-5 we referred briefly to some experiments that were 
not invariant under a reflection transformation. This fact, which constituted a 
violation under certain circumstances of a law of physics previously thought.to be 
well founded (the law of conservation of parity). has posed some challenging prob- 
lems and is leading us to an understanding of the physical world at a deeper level.* 


is a vector that has a 
these. facts (1) to stress th 


April 1957, 


* See “The Overthrow of Parity,” by Philip Morrison, Scientific American, 


The Wave Equation for 
a Stretched String. 
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Figure III-1 shows a section of a long string which is under tension F. The 
string has been pulled transversely in the y-direction so that à displacement wave 
travels along the string in the z-direction. We consider a differential element of 
the string dz and apply Newton's second law of motion to it in order to find how the 
wave moves along the string. k 

Let u be the mass per unit length of the string, so that the mass of element dz 18 
udz. The net force in the y-direction acting on this element is 


D 


F sin 0,4, — F sin 6,. 


We consider only small transverse displacements of the string, so that the restoring 
force will vary linearly with displacement and the principle of superposition will 
hold (see Section 194). This means that 0 in Fig. ITI-1 will be small, so that we 
may replace sin @ by tan 0. Now tan @ is simply the slope of the string, that 1$, 
it equals ðy/ðz. We must use partial derivatives because the transverse displace- 
ment y depends not only on x but also ont. The net force in the y-direction is then , 


Oy oy 
F(— 25 d bd 
FJ (5. 


Which we may write as E 
9 [dy 
F—(Y 
ax (2) de 
; 9*y 
or F — dz. 
op dz. 


WAVE EQUATION FOR STRETCHED STRING y 


y 


Fig. 1-1 ` 


: The mass of the element of the string is dz and its transverse acceleration is 
simply 02y/dt®. Hence, Newton's second law, applied to the transverse motion 


of the string, is 


aty aty 
Fi (ude) ais 
ay _ mây ? 
or — 2 — —TI' PN 
op FU n 


led the twave equation, is the differential equation that 


Equation III-1, cal 
describes wave propagation in 8 string of mass per unit length p and tension F. 


To próve this we show that Eqs. 19-2 and 19-3 
y =f & 1 
enting a wave of any shape traveling along z, is 


which is the general equation repres 
a solution of Eq. IHI-1. Recall that » in Eq. III-2 is the speed of the wave dis- 


turbance and f is any function of (x + vi). 
Let us see whether Eq. III-2 is indeed a solution of Eq. III-1 by substituting the 
former equation into the latter. To do so we note that the two second partial 


derivatives of y are 


(III-2) 


9? oy 
a =f" and ae vif 


on f of Eq. III-2 with respect to 


in which f" is the second derivative of the functi 
Eq. III-1 yields 


(z + vt). Substitution of these derivatives into 


3^ a 5^ & 


which we may write as (see Eq. 19-12) 


$9 aft . qI1I-3) 
m j 


»artial differential equa- 
bed by this equation is 


Thus we conclude that Eq. III-2 is indeed à solution of the | 
tion Eq. IIi-1 if the speed of the wave disturbance deseri 


given by Eq. III-3. 
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In particular, let us check that Eq. 19-10 
y = ym sin (kz + wt) b (19-10) 


is a solution of Eq. III-1. We know that it must be because Eq. 19-10 is simply a 
special case of the general relation Eq. III-2, which we have just shown to be a 
solution. Even so it is instructive to test this important specific function of 
(x + vt) by substitution into Eq. III-1. 

The second derivatives of Eq. 19-10 are 


2, 
EU LEN sin (kr di ad) 
Ox? 
0*y A 
and ar = —o'yssin (kz + wt). 


Substitution into Eq. III-1 yields 


—k'y, sin (kx + wt) = (£) [—w2ym sin (kx + wt)] 


or TNA 
k A 


Since w/k = v (see Eq. 19-11), this relation is identical with Eq. III-3, and Eq. 
19-10, as we expect, is indeed a solution of Eq. III-1. 


Derivation of Maxwell's Speed 


Distribution Law 
nas Se 
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Boltzmann, in 1876, derived the Maxwell speed distribution law from this line of 


argument: Let a uniform gravitational field g act on an ideal gas maintained at a 
fixed temperature T. The number of molecules per unit volume n will then 
decrease with altitude z according to the law of atmospheres (see Example 1, 
Chapter 17). From what we know about the statistical-mechanical interpretation 
of temperature, however, the speed distribution law—whose form we assume that 
we do not yet know—must remain the same at all altitudes because it depends only 
on the temperature. However this law determines the rate at which molecules 
move vertically in the atmosphere at any altitude and must thus be intimately 
related to the decrease of n with z. By exploring this relationship in detail we can, 


in fact, deduce the speed distribution law. 

The weight of gas per unit area between the levels z and z + dz in Fig. IV-1 is 
nmg dz in which m is the mass of a single molecule. For equilibrium, this weight 
per unit area must equal the difference in pressure between z and z + dz, or 


nmg dz = —dp (IV-1) 
in which we have inserted a minus sign because p decreases as 2 increases. 
We can write the equation of state of an ideal gas, PV = pu RT, a8 
(IV-2) 


p = kT 


ere No (= R/E) is Avogadro's n 
n 


umber, the number of 


because u = nV/No, wh 
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molecules per mole, and k is Boltzmann’s constant, 
Combining Eqs. IV-1 and IV-2 yields 


* dp dn mg 
"Quar Vostro Y Loud 


For a constant temperature, we can integrate this rela- 
tion to yield 


n = constant e^"e2*7 (IV-3) 
which, in view of Eq. IV-2, agrees with the result of 
Example 1, Chapter 17. 

“We can find the change in n as wi from 2 to 

z+ dz by differentiating Eq. IV-3, or 
dn = — constant e~™#*/*7 , (IV-4) 
Ha Wey We associate this decrease in n over terval dz 
with the fact that, at z = 0 (which can ny level we 
choose) there are some upwatd-directé:! molecules—we 
call them “special molecules" temporarily for convenience—whose vertical velocity 


components lie in a particular range v, to v, + dv, such that (neglecting collisions; 
see below) they can rise as high as z but not as high asz + dz. Such molecules pass 
upward through the level z, reverse their direction and pass downward again, as 
Fig. IV-1 shows. At this point we see more clearly the relationship between 
Eq. IV-3 and the speed distribution law. Molecules that pass through the interval 
dz (from above or below) or molecules that never reach the interval cannot con- 
tribute to the decrease dn of Eq. IV-4. 


The rate per unit area at which “special molecules” leave level z i arrive 
at level z) is vn (v:) dv. Here n(v,) dv, is the number of molecules p volume 
whose vertical velocity components lie between v, and v, + dv,; 

Now the rate per unit area at which the "special molecules" a t level z, 
but not as high as level z + dz, is proportional to the magnitu density 
difference dn between z and z + dz, or, from Eq. IV-4, 

v,n(v,) de, = constant e-"e*/^T dz, [v-5) . 
in which the constant is independent of z. Equation IV-5, which : ut the 
change dn be accounted for by the’ “special molecules" is, in faci ining 
equation for n(v,). 

From conservation of energy the special molecules have the propert v 

jmw* = mgz 
or mv, dv, = mg dz. 
We use these two relations to eliminate z and dz from Eq. IV-5, ò is the 
student should verify, 
n(v.) do, = constant e—me"/P dy, (V-66) 
* If we consider collisions this result is still true on the seules 
i ; average for ' r ecule 

that start at z = 0 with a given value of v: and move to the interval - to - having - 
vz = 0 there, even though such molecules would follow very erratic pst? e of the 


collisions, 
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in which n(vz) dv. is the number of molecules per unit volume whose vertical 
velocity components lie between Yz and v: + dv;. Note that Eq. IV-6a does not 
contain g or z. The gravitational field of Fig. IV-1, introduced to allow us to 
. calculate the speed distribution, has served its purpose. We may apply Eq. 
IV-6a to a gas for which g = 0 orin which gravitational effects are negligible. In 
such a case the vertical direction, which we have identified as the z-direction, no 
longer has any special meaning. That is, the speed distribution for one component 
of velocity should be the same for another component of velocity since there is no 
special or preferred direction in a gas in equilibrium free of external forces. Thus 


we can write 
g rom dv; (1V-6b) 


(IV-6c) 


n(vz) dtz = constant 


and n(vy) dv, = constant g me 2&7 quy, 


for the other two velocity components. 
We now seek to find Maxwell's speed distribution (Eq. 24-2); it is expressed in 
terms of the speed v, rather than in terms of the separate components Uz, "y; and vz. 
We are not concerned here with the direction of v, 
because we assume it to be completely random. 
We can represent any velocity v as & vector ex- 
tending from the origin in Fig. IV-2; the projec- 
tions of the vector in the z-y- and z-directions 
are Uz, Vy, and Us respectively. We commonly 
say thát the axes of Fig. IV-2 define a "velocity 
space," which has many formal similarities to 
ordinary (or coordinate) space, in which the axes 
are z, y, and z. ` 

We also show in Fig. IV-2a small **volume" 
element, whose sides are dvz, dy, and dv,; we Say 
that this element has @ volume dv, Wy dv, in ve- 
locity space. A point in this element corresponds 
to a particle whose velocity gomponents lie be- 
tween v, and vz + dv; vy and Vy + dv,; and t: and v, + dv: We can regard 
n(v,) in Eq. IV-6a as giving the probability that a given molecule will have & 
velocity component in the specifie to v: + dus, with similar interpreta- 
tions for n(v-) and n(v,)- 1 olecule will have all three 
of its velocity components in the specified ranges, that is, the probability that the 
tip of the velocity vector v will lie in e f Fig. IV-2, is the 
product of the three (independent) probabilities given in 


Fig. IV-2 


constant gom ergo ml akTg- mo! dvs dv, dv; 
which, since x / 
v? =o utt 

we may write as 
constant g- 8T (dvs dv, dvs). f (IV-7) 

The quantity in parentheses above is a volume element in velocity space. Since 
in Maxwell’s speed distribution law we are not concerned with the direction of 
molecular velocities but only with their speeds, it is more convenient to substitute 
a different volume element for the above, namely one corresponding, to all mole- 
cules whose speeds lie between v and v + d, regardless of direction. This volume 


14 ! SUPPLEMENTARY TOPIC IV 


element is not a "cube" but is the space between two concentric spheres, one of 
radius v and one of radius v + dv. The volume of this element in velocity Space 
is (4v?) (dv). Substituting this for the quantity enclosed in parentheses in Eq. 


| 
IV-7 yields for the number of moleeules per unit volume whose speeds lie between ^ 
v» and v + dv, | 


Å n(v) dv = constant e—me?/2k7, (4mo? dv) 
or 
n(v) = Qytg-mel2er 


in which C is a constant. If we sum up over all possible speeds we simply obtain 


the total number of molecules per unit volume, regardless of speed. Hence, we 
can find C by requiring that 


E n(v) dv = n, 
where n is the total number of particles per unit volume, regardless of speed. The 
student, guided by the methods of Example 3 (Chapter 24), should show that 


C = 4rn(m/2rk Ty , 
80 that 

(9) = 4vn(m/2gkT)yte-meilzer. (IV-8) 
Let us consider a finite number N of molecules contained in a box of volume V. ~ 
If 


we multiply each side of the above equation by V, we can replace nV on the 
right by N and n(v)V on the left by N (v), which gives us Eq. 24-2, 


Definition of Standards and 
Fundamental and Derived 


Physical Constants. 
APPENDIX A 


standards is by agreement within the International 
ures whose most recent general meeting was 


October, 1964 in Paris. Measured and derived values of the fundamental physical 


constants summarize hundreds of physical measurements made over the years by 
scientists in all parts of the world. They have been subjected to exhaustive statis- 
tical analysis and, with their accompanying error limits (which are given as three 
standard deviations), represent the best values to date (1963). For most problem 
work three significant figures suffice, and the “computational” (rounded) values 
may be used. The data presented are based largely on values given in the National 


Bureau of Standards Technical News Bulletin, Vol. 47, No. 10 (October 1963). 


The definition of primary 
Confereace of Weights and Meas 


* See “A Pilgrim’s Progress in Search of the Fundamental Constants,” by J. W. M. 


Du Mond, Physics Today, October 1965. 
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APPENDIX A 


DEFINITION OF STANDARDS AND EQUIVALENTS 


Abbre- 
Standard viation Equivalent 

Meter m 1,650,763.73 wavelengths in vacuo of the un- 
perturbed transition 2p1,—5d; in Kr** 

Kilogram kg ^ mass of the international kilogram at Sèvres, 
France 

Second sec — 9,192,031,770 vibrations of the unperturbed 
hyperfine transition 4,0—3,0 of the funda- 
mental state 7S; in Cs!» 

Degree Kelvin °K defined in the thermodynamic scale by assign- 
ing 273.16 ^K to the triple point of water 

Unified atomic mass unit amu yy the mass of an atom of the C!? nuclide 

Mole mol amount of substance containing the same num- 
ber of atoms as 12 gm (exactly) of pure C12 

Standard acceleration of £n 9.80665 meter/sec? 

free fall ; 
Normal atmospheric atm 101,325 nt/meter? 
pressure 

Thermochemical calorie val . 4.1840 joules 

Liter l 0.001,000,028 meter? 

Inch in. 0.0254 meter 

Pound (avdp.) lb — 0453,502,37 kg 


* There is no measurable difference between this and the previous standard of 
time, 1/31,556,925.9747 of the tropica. year at 12" ET, 0 January 1900. For this 
reason and because even more accurate maser standards may soon be available, the 
Cs standard was adopted provisionally rather than "permanently." 


DEFINITION OF STANDARDS 
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FUNDAMENTAL AND DERIVED CONSTANTS 


Gravitational constant 


Name Symbol 

Speed of light e 
Permeability constant HO 
Permittivity constant e) 
Elementary charge e 
Avogadro constant No 
Electron rest mass Me 
Proton rest mass Mp 
Neutron rest mass Tn 
Faraday constant F 
Planck constant h 

» Fine structure constant « 
Electron charge/mass ratio e/™e 
Quantum/charge ratio h/e 
Electron Compton wavelength Acc 
Proton Compton wavelength Ap 
Rydberg constant Ra 
Bohr radius ao 
Bohr magneton BB 
Nuclear magneton BN 
Proton magnetic moment hp 
Universal gas constant R 
Standard volume of ideal gas = 
Boltzmann constant k 
First radiation constant x 2 he? ci 
Second radiation constent hc/k cr 
Wien displacement constant b 
Stefan-Boltzmann constant a 


Computational Value 


3.00 X 10° meters/sec 
1.26 X 1075 henry/meter 
8.85 X 1071? farad/meter 
1.60 x 3071? coul 

6.02 X 10**/mole 

9.11 X 107?! kg 

1.07 X 107?" kg 

1.67 X 10777 kg 

9.65 X 10* coul/mole 
6.63 X 107* joule sec 
7.80 x 107* 

1.76 X 10! coul/kg 

4.14 X 10715 joule sec/coul 
2.43 X 107!* meter 

1.32 X 10715 meter 

1.10 X 107/meter 

5.29 X 1071! meter 

9.27 X 10774 joule/tesla* 
5.05 X 107?" joule/tesla* 
1.41 X 107?5 joule/tesla* 
8.31 joule/°K mole 
2.24 X 107? meter*/mole 
1.38 X 107?" joule/^K 
3.74 X 1071° watt/meter* 
1.44 X 107* meter ^K 
2.90 X 107? meter °K 
5.67 X 1075 watt/meter* °K‘ 
6.67 X 107?! nt meter!/kg* 


Best Experimental 
Value? 


2.997925 + 0.000003 
år X 1077 exactly 
8.85418 + 0.00002 
1.60210 + 0.00007 
6.02252 + 0.00028 


9.1091 + 0.0004 
1.07252 + 0.00008 
1.67482 + 0.02008 
9.64870 + 0.00016 
6.6256 + 0.0005 


7,29720 + 0.00010 
1.758796 + 0.000019 
4.13556 + 0.00012 
2.42621 + 0.00006 
1.32140 + 0.00004 


1.0973731 + 0.0000003 
5.29167 + 0.00007 
9.2732 + 0.0006 
5.0505 + 0.0004 
1.41049 + 0.00013 


8.3143 + 0.0012 
2.24136 + 0.00030 
1.38054 + 0.00018 
3.7405 + 0.0008 
1.43879 + 0.00019 


2.8978 + 0.0004 
5.6697 + 0.0029 
6,670 + 0.015 


Meare, en 0 40-0 ee ree oor TT ire 3, |) 


a Tesla = weber/meter*, 


v Same units and power of ten as the com} 


putational value, 


Miscellaneous Terrestrial Data 


APPENDIX B 


Standard atmosphere 1.013 X 105 nt/meter? 

14.70 Ib/in? 

760.0 mm-Hg 
Density of dry air at STP» 1.293 kg/meter* 

2.458 X 10-* slug/ft? 
Speed of sound in dry air at STP 331.4 meters/sec 


1089 ft/sec 
742.5 miles/hr 


Acceleration of gravity, g (standard value)^ 9.80665 meters/sec* 
32.1740 ft/sec” 
Solar constant: 1340 watts/m* 
1.92 cal/cm?-min 
Mean total solar radiation 3.92 X 10° watts 
Equatorial radius of earth 6.378 X 105 meters 
3963 miles 
Polar radius of earth 6.357 X 10° meters 
3950 miles 
Volume of earth 1.087 X 10?! meter? 
3.838 X 10?? ft? 
Radius of sphere having same volume 6.371 X 10° meters 
3959 miles 
2.090 X 10? ft 


MISCELLANEOUS TERRESTRIAL DATA 19 
5522 kg/meter^ 
5.983 X 10% kg 


29,770 meters/sec 
18.50 miles/sec 


7.29 X 10-5 radians/sec 
5.7 X 107° tesla? 
6.4 X 10?! amp-m? 


Mean density of earth 
Mass of earth 
Mean orbital speed of earth 


Mean angular speed of rotation of earth 
Earth's magnetic field, B (at Washington, D. C.) 
Earth's magnetic dipole moment ] 


a STP = standard temperature and pressure = 0° C and 1 atm. 

» This value, used for barometer corrections, legal weights, ete , was adopted b; 
the International Committee on Weights and Measures in 1901. It approximate. 
45? latitude at sea level. 

» The solar constant is the solar energy fal 
on unit area of the earth's surface. 

3 Tesla = weber/meter?. 


ling per unit time at normal incidence 


C-—" 


The Solar System" 


APPENDIX C 


Planet Mercury #8 | Venus 9 | Earth 6,6, 6 Jupier % | Saturn b | Uranus 6, | Neptune vy |Pluto E 
Mean diameter 
km 5,000 12,400 12,742 139,760 | 115,100 51,000 50,000 | 12,700? j 
- Earth diameters 0.39 0.973 1.000 10.97 ' 9.03 4.00 3.90 0.46 | 
CAPUT IC. dd sUucc 2*2 fo ah acy te ie | oo a ee ee eee R 
volumes) 0.06 0.92 1.00 : 1,318 736 64 39 0.10 i 
Mass (earth : I 
masses) 220.04 — B 1.00 : 318.3 95.3 14.7 17.3 1.0? 3 
Density (earth 
densities) 0.69 j 1.00 3 0.24 0.13 0.23 0.29 ? 
Mean density 
gm/cm? 3.8 i 5.52 : 1.33 0.71 1.26 1.6 ? 
Surface gravity 
(earth's) 0.27 2.64 1.17 0.92 1.44 ? j 
Velocity of 
escape, km/sec 3.6 60 36 21 23 11?. 
Length of day 


(earth days) 58.64 1237723* 9^55" 10^38" 10.7^ 15.8^ ? 


Planet Earth, 60,6,8| Marc Jupiter A | Saturn b | Uranus ô, + | Neptune y |Pluto E 


Period, siderial 

days 365.26 686.98 4,332.59 | 10,759.20 | 30,685.93 60,187.64 | 90,885 
Inclination of 

equator to orbit 23?21' 25°12" ga. 26°45’ 98.0° 29° ? 
Oblateness d : : 1/192 1/15.4 1/9.5 1/14 1/45 ? 
Atmosphere, : » 

main con- ` 

stituents CH4, NH; | CHa, NH; | none 
Maximum sur- 

face tempera- 

ture, °K 110? 90? 80? 
Distance from d REUS 

Sun, 105 km 2869 4495 5900 


The Sun © 329,390 earth masses, mean density 1.42, mean diameter 1,390,600 km, surface gravity 28 (earth's). 
The Moon 2 0.01228 earth masses, mean density 3.36, mean diameter 3,476 km, surface SUN 0.17 (earth's), distance from earth 
38 X 10* km. 


* Adapted from Payne-Gaposchkin and Handbook of Chemistry and Physics. 


Cu 
Periodic Table of the Elements 


APPENDIX D 


Atomic weights are expressed in atomic mass units (amu), one atom isotope C!* defined to have a mass of (exactly) 12 amu. For 
cigs are expressed in atomie mass amis (am), apinta ly mar oa ets. ‘ , 
v LUE VII 0 
2 He 
4.0026 
7N 80 10 Ne 
14.0067 15.9994 20.183 
15 P 168 18A 
30.9738 32.064 39.948 
23 V 24 Cr 27 Co 28 Ni 
50.942 51.996 55.847 58.9332 58.71 
As 34 Se . 36 Kr 
74.9216 78.96 83.80 
41 Nb 42 Mo 45 Rh 46 Pd 
92.906 95.94 102.905 — 106.4] + 
51 Sb 52 Te 54 Xe 
121.75 127.60 131.30 
73 Ta 74 W 77 Ir 78 Pt 
180.948 183.85 192.2 195.09 
83 Bi 84 Po 86 Rn 
ep E N | all 155 E 1 ll E T ^ THERE] 
88 89 
*lantbanideseie: — | "s Hoda | 120.907 | tease | $ | 181.96 | 18725 | 158.024 e | 168.534 | 172.04 | 174.97 
eee FÜR SRB | a | AE | "Sar | BSP | BF mirar] um | Bu" 


The Particles of Physics” 


APPENDIX E 


Family * Average? 
name faced Charge | Antiparticle* fend lifetime, decay 
R seconds products 
Infinite — 
N 
e ETE LST E PAS SIESTA toi oxcscriesós t is] MOSER EES S RETE MN M 
Electron Infinite — 
family 
Infinite — 
= 2.212 X 10-*.|e- + ve + v, 
Infinite mx 
Mesons 


1.22 X 1079 |rt +70 
1.00 X 10-19 |rt +a 
and 6 X 1078 


Particle ; X Strange- 5 = No. of pano. 
bol Mass .| Spin Charge | Antiparticle* E lifétime decay 
name 7 fum ness : ^ articles QUNM RUE 
Nucleon : p* (proton) 1836.12 | 4 0 +e pt : 4 Infinite F 
n° (neutron) | 1838.65 | 4. 0 0 n? 1013 pte ct» 
Lambda | A^ 2zi28 | 3 A 0 x Be ero 79. [pda > 
particle "d 
Sigma par- | z* 282741. | 4 -1 +e zt 8.1X1073. |a : 
ticle z- 2340.5 i —1 =e fees. 6 1.6 X 10-719 nda. B 
z? | 2332 4 -1 0° 2? eon about 109 — | A° + y 
Xi particle AT: 2580 i —2 Le = 4 1.3 X 10719 An dE 
=? 2570 i -2 0 MED about 10-19 | A° a? 


* Adapted and modified from T'he World of Elementary Particles, by Kenneth W. Ford. 

> This is a “quantum number" whose assignment permits an understanding of the inter-relationships of the particles. 

* Antiparticles have the same mass and spin as the particles but their charges and strangeness numbers are opposite in sign. \ 
3 The K? meson has two different lifetimes; all other particles have only one. 


Symbols, Dimensions, and Units 
for Physical Quantities 
APPENDIX F 


All units and dimensions are in the mks i (rationalized) system. The primary 
units can be found by reading kilograms for M, meters for L, seconds for T, and 
coulombs for Q. The symbols are those used in the text. 

In practice, Q is defined in terms of M, L, and T. However, the addition of Q to 
the traditional M, L, and T enables us to avoid the use of fractional exponents in 
dimensional considerations. The term ‘rationalized’ simply means that a factor 
1/4m is separated out of Coulomb’s law in-order to remove the factor 4r that would 
otherwise appear in many other formulas in electricity. 


Quantity ; Symbol | Dimensions Derived Units 
rr eh eee, 
Acceleration a LTZ meters/sec* 
Angular acceleration a m radians/sec* 
Angular displacement, 0 radian 
Angular frequency and speed w radians/sec 
Angular momentum L kg-m?/sec 
Angular velocity o radians/sec 
Area, A meter? 
meter 


Displacement 


25 


28 


in. ft mile 
1 centimeter = 0.3937 3.281 6.214 
X 107? X 1078 
1 METER = 39.37 3.281 6.214 
X 107* 
“1 kilometer = 3.937 3281 0.6214 
x 10‘ 
linch = 1 8.333 1.578 
x 107? x 1078 
1 foot = 12 i 1.894 
x 107* 
1 statute mile = 6.336 5280 1 
x 10* 
| 
re ee ts MENS, 
1 angstrom (A) = 107!° meter 1 light-year = 9.4600 X 10!? km l yard = à ft 
1 X-unit = 1071? meter 1 parsec = 3.084 X 10! km lrod = 16.5 ft 
1 micron = 107 meter 1 fathom = 6 ft 1 mil = 107? in. 


1 millimicron (mu) = 107? meter 
1 nautical mile = 1852 meters = 1.1508 statute miles = 6076.10 ft 


AREA 
METER? em? ft? in.? cire mil 
- 1 SQUARE METER = 1 10* 10.76 1550 1.974 X 10° 
1 square centimeter — 1074 1 1.076 x 107? 0.1550 1.974 X 105 
1 square foot = 9.290 x 107? 929.0 1 144 1.833 X 108 
1 square inch = 6.452 X 1071 6.452 6.944 x 107? 1 1.273 X 10* 
1 circular mill = ` 5.067 X 1071? | 5.067 x 1075 | 5.454 x 107? | 7.854 x 1077 1 
1 square mile = 27,878,400 ft? = 640 acres lacre = 43,560 ft? 
1 barn = 10728 meter? 
5 VOLUME 
METER* cm? 1 ft? in.? 
5 iso 
1 CUBIC METER = 1 10° ` 1000 35.31 6.102 x 10* 
1 cubic centimeter = i 1075 1 1.000 X 1075 | 3.531 x 1075 | 6.102 x 107? 
1 liter = 1.000 x 1073 1000 sg 3,531 x 107? 61.02 
1 cubic foot = 2.832 X 1072 | 2.832 x 10* 28.32 1 1728 
1 cubic inch = 1.639 x 1075 


16.39 1.639 X 107? | 5.787 x 107* 1 


1 U. S, fluid gallon = 4 U, 8. fluid quarta 
1 British imperial gallon 
1 liter = the volume of 1 


= 8 U. S. pints = 128 U, S, fluid ounces = 231 in.* 
= the volume of 10 Ib of water at 62° F = 277.42 in. 
kg of water at its maximum density = 1000.028 cm? 


CONVERSION FACTORS 29 
MASS 


Note: Those quantities to the right of and below the heavy lines are not mass units at all but are often 
used as such. . When we write, for example, > 


1 kg “=” 2.205 lb 


this means thata kilogram is a mass that weighs 2.205 pounds. Clearly this "equivalence" is approximate 
(depending on the value of g) and is meaningful only for terrestrial measurements. Thus, care must be 
employed when using the factors in the shaded portion of the table, . f 


1 gram = 
1 KILOGRAM = 
1 slug = 


lamu = 


DENSITY 
Note: Those quantities to the right or below the heavy line are weight densities ps as such; are dimen- 
sionally different from mass densities. Care must be used. (See note for mass table.) 


1 slug per ft? = 
1 KILOGRAM per 
METER? = 


1 gram per cm? = 


1 pound per in.* = 


yr day hr min 
ENGINES en d EA SERERE Viet hel TEM 
zu 5 | 3.150 X 107 
aa 8,766 X 10° | 5.259 x 10" | 3 

1 m E 2.738 y 1073 ves ? 4 1440 wigs 104 
lhour = 1141 X 1074 | 4.167 X 107 E 1 Xon 8 » 
1 minute = 1.901 x 1075 | 6.944 X 10 KAOTE IOA | | oo aot d 
1 SECOND = 21109 x 1078 | 1157 X 1075 | 2778 X 10 : n 


i ie ELS e EE CE a 


'30 APPENDIX G 
ft/sec km/hr |METER/SEC|  miles/hr om/sso knot 
pisc EM ——|—— —r 
1 foot per sec- 
^ ond = 1 1.097 0.3048 0.6818 30.48 0.5025 
1 kilometer per 1 
hour — 0.9113 1 0.2778 0.6214 27.78 0.5400 
1 METER per 
SECOND = 8.281 3.6 1 2.237, 100 1.944 
1 mile per hour = 1.407 1.608 0.4470 1 44.70 0.8689 
1 centimeter per 
second = 3.281 X 1071 | 3.6 x 107? 0.01 2.237 x 107? 1 1.944 x 107? 
1 knot = 1.688 1.852 0.5144 1.151 51.44 I 
1 knot, = 1 nautical mile/hr 1 mile/min = 88 ft/sec = 60 miles/hr 
FORCE 


Note: Those quantities to the right of and below the heavy lines arc not force units at all but are often 
used as such, especially in chemistry. For instance, if we write 


1 gram-force "=" 980.7 “dynes, 


we mean that a gram-maes experiences a force of 980.7 dynes in the earth's gravitational field. . Thus, care 
must be employed when using the factors in the shaded portion of the table. 


i kgf = 9.80665 nt llb = 32.17398 pdi 


PRESSURE SENEN EET 
CE esi T MN i RES : 
inch of | | NT, 2 
atm | dyne/em? om He Se lb/in.? | Ib/ft 
Ear CUM CU N Cc x 
1 atmosphere = 1 Lon, 400.8 76 1.018 14.70 2116 
y , X 10! X 105 
1 dyne per em? = 2m ; I 4.015 | 7.501 9.1 1450 — x n 
X107 X107* | x 1075 X107 
1 inch of water at 2.458 2491 1 0.1868 249.1 3.613 5.202 
49 c9 = x 1073 y x 107? 
, 1 centimeter of mer- 1.316 . 1,333 5.353 1 1333 0.1934 27.85 
cury at 0°C ^ = x 1072 
X 10t 
Cogo cc E marc zal 
1 NEWTON per 9.869 10 4.015 AER 1450 | 2089. 
METER? = X 1976 X107? | x 10-4 x 107* | x 10 
ES Exerc dx 10-4 EA AE 
1 pound per in,? = 6.805 | 6.805 27.08 | 5171 | 6.895 1 M 
, 9 X10? | x 104 x 108 
Pound per ft? = 4.725 478.8 0.1922 | 3.591 47.88 | 6.044 : 
X1074 | - X 107* x 107? 


^ Where the &ccelerstion of gravity has the standard value 9.80665 meters/sec?. 


See 
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wot X 
sss"9 X - 7 n y n = qun puy} cerjug 1 


satnor aq-dq 
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cal/sec 
1 British thermal 0.2161 7,000 
unit per hour = X 107? 
1 foot-pound per 1.667 5.399 
minute = x 107? x 107? 
1 foot-pound per us 
second = 
1 horsepower = 3.3 X 10* 178.2 
lealorieper | 1852 | 1 
second = X 10* 
1 kilowatt = 4.425 238.9 
X 10* 
44.25 0.2389 


2.930 0.2930 

X 107* . 
2.260 2.260 

x 107* x 1071 
1.356 1,356 


statcoul 


1 abcoulomb (1 
emu) = 

1 ampere-hour = 

1 COULOMB = 

1 faraday = 

1 statcoulomb (1 
esu) = 


2.778 X 107? 
1 
2.778 x'107* 
26.81 


‘9.652 x 104 1 


9.206 x 10774 | 3.336 x 10710 


1 electronic charge = 1.602 X 107!* coulomb 
ELECTRIC CURRENT 


AMP statamp 
| 
1 abampere (1 emu) = 10 2,998 x 10!° 
I AMPERE = 1 2.998 x 10° 
1 statampere (1 esu) = 3.336 X 10710 1 


1 abvolt (1 emu) = 
1 VOLT = 
1 statvolt (1 esu) = 


ELECTRIC RESISTANCE. 


abobin 


OHMS 
—— M————À [M — | — 
` Tsbohm (1 emu) = 1 107? 
1 OHM =_ 10? ! b 
à J statohm (lem) = | 8.987% 109). | 8.987 X 10! : 


ae L IL L 


1.086 x 107* 
3.730 x 107? 
1.036 x 107 


3.456 x 107!5 


3.336 x 107! 
3.336 x 107! 


statohm 


1.113 X 107?! 
' 1113 x:107* 


2.998 x 10!? 
1.079 x 10! 
2.098 x 10° 
2.893 X 101 


1 


Mathematical Formulas 
Ec ë 


J 


APPENDIX I ] 
Quadratic formula 
<a $3 | 
If az? + br + c = 0, then z = — + VV — 4ac, J 
2a S 
Trigonometric functions of angle 0 
sing =” cos 6 == 
r r 
tang =” cot à = 
z y 
sec 0 = © esc à = - 
E 
Fig. App. ! 
Pythagorean theorem. 
e+ yr = 72 
Trigo, ic identities 


sin? 8 + cos? 9 = 1 sec? 0 — tan? 8 = 1 
sin (e + 8) = sin æ cos B + cos asin 8 
cos (a + 8) = cos a cos B F sin a sin 8 

. tana + tang 
un ES 1 Y tan a tanB 
sin 20 = 2 sin 6 cos 0 
cos 20 = cos? 0 — gin? g = 2cos*0 — 1 = 1 — 2 sin? g 


A iO gmit ie io 
sin@ = 9 — £ cos 98. te 


csc? à — cot? @ = 1 


eti? = cos @ + ising 
Taylor's series 


Keo +a) = flee) fg MALO +f") Zt 
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A 


| 


Series expansions (these expansions converge for —1 < z < 1, except as noted) | 


z in radians 


MATHEMATICAL FORMULAS 


-1—-2z-Lz—-25 34 


1 
1-Tz 
V1*z:-192 

1 x 
ae = --+— 
Vits 2 


2 z? x 

sint =z% — = jap 
6 ^ 120 
oe ae 

cosx = 1 — — 
2 24 


a* 223 
t = Tou f EE 
anz ur 


(e+ y)" = = Tum 


Derivatives and indefinite integrals. ` 


In what follows, the letters u and 
constants. To each of the integrals should 
A Short Table of Integrals 


integration. 
& more extensive tabulation. 
LL ae zm] 
dz 
d du 
2, — - Aa 
d. (au) =a d 
d du , dv 
3, — = = 
Js (u +») i + rs 
E d 
4, — a" = mz"-! 
dz iei 
d 
6. —] az m 
ain z 
d dv du 
6. — mm Ss 
ae (uv) =u É +0 cx 
y d E es 
QI. aes 
E i 
8. — sinh z — cosh z 


dr 


(—-9 €z« ) 

(7-9 «z« co) 

(—-9 «z«*) 
n(n — 1) z”? + Shae 


2! 


v stand for any functio 
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(—7/2 < z < 1/2) 


(zy) 


ns of z, and a and m are 
be added an arbitrary constant of 


by Peirce and Foster (Ginn and Co.) gives | 


1. fdz-2z 
2. f audz =a f udz 


3. f u +o) de = f udr + fod: 


7. Jede = & 


8. f cosh z dz = sinh z 


f 


9, 3, cosh 2 = sinh z 9. f sinh z dz = cosh z 
10. Na A 10, EN. oum a 

` da E E a 1+2 

d 1 
11. — aresin z = 1k J, = arcsin z 

dz vi-z [23 

d \ 1 dr 
12. — arcsec z = ————— 12. | ————— = arcsec z 

dz : zVai-l lms 
18. Ž cos = — sin z 13. f sin zdr = — cos z 
M. 4 sin 2 = cos 14. f cos z dz = sin z 
15. anz = sota 19. f tan z dz = In [seo z| 
18. 4 oot te = — csc? x 20. f cot z dz = In [sin z| ! 
IT. © seo z = tan z soo 2 21. J sec z dz = In |sec z + tan z| » 
18. Š oso 2 = — cot 2080 2 . .32. [oso zdz = In [oso z — cota] 
Vector products 
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Let i, j, k be unit vectors in the z, y, 2 directions. Then 
dsjjek-k=1, dj-jk-ki-0 
ixi=jxj=kxk=0, 
ixj=k, j Xk =i, k Xi =j. * 
hay vector a with components Gz, dy, a, along the z, y, z axes can be written a 
a = ad + a,j + ak. 
Let a, b, c be arbitrary vectors with magnitudes a, b, c. Then 
aX(b+c)=axb+axXe 
(sa) X b = a X (sb) = s(a X b) (s a scalar). 
Let 6 be the smaller of the two angles between a and b. Then 
a-b=b-a = aj, + a,b, + a,b, = ab cos 0 


ick 1 
aXb--bxac-(|a, a, Bo) (ub. no + (ed, — ual 1 
: b. b, b, + (zby — baay)k 


la X b| = absin & 
a-(b Xe) =b. (e Xa) =c: (a x b) 
X (b X c) = (a-c)b — (a-b)e 


Values of Trigonometric Functions 


APPENDIX J 


TRIGONOMETRIC FUNCTIONS 


.0000 0 .0000 | 1.0000 .0000 L 90 ` | 1.5708 
.0175 1 .0175 .9998 .0175 57.29 89 1.5533 
.0849 2 .0349 9994 .0349 28.64 88 ^| 1.5359 
0524 3 .0523 .9986 .0524 19.08 87 1.5184 
0698 4 .0698 .9976 .0699 14.30 86 1.5010 
.0878 5 .0872 .9962 -0875 11.430 85 1.4835 
-1047 6 .1045 .9945 .1051 9.514 84 1.4661 
1222 7 .1219 9925 . 1228 8.144 83 1.4486 
.1396 8 1392 .9903 .1405 7.115 82 1.4312 
.1571 9 1564 .9877 .1584 6.314 81 1.4137 
1745 10 1736 | .9848 .1763 5.671 80 1.3963 


.9816 .1944 5.145 79 1.3788 
.9781 .2126 4.705 78 1.3614 
.9744 .2309 4.332 77 1.3439 
.9703 .2493 4.011 76 1.3205 


.9659:|  .2079 3.732 75 1.3090 
.9618 .2867 3.487 74 1.2915 
.9563 .9057 3.271 78 1.2741 
.9511 .8249 3.078 72 1.2566 
.9455 .9443 2.904 71 1.2392 


Sines |Cotangents| Tangents Degrees | Radians 
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TRIGONOMETRIC Functions (Continued) 


— ee SG 


Radians | Degrees} Sines | Cosines | Tangents |Cotangents 


.3491 20 .8420 | .9397 .8640 2.748 7 1.2217 
.3665 21 .3584 | .9336 .9839 2.605 69 1.2043 
.8840 22 .8746 | .9272 .4040 2.475 68 1.1808 
.4014 23 .8907 | .9205 ,4245 2.356 .| 67 1.1694 
4189 24 .4007 | .9135 .4452 2.246 66 | 1.1519 
.4363 25 .4226 | .9063 .4003 2.144 65 1.1345 
.4538 26 .4384 | .8988 .4877 2.050 64 1.1170 
.4712 27 .4540 | .8910 .5095 1.963 63 | 1.0996 
.4887 28 .4695 | .8829 .8817 |« 1.881 62 | 1.0821 
.5061. 29 .4848 | .8746 | '.5543 1.804 61 1.0647 
.5236 30 .5000 | .8660 .5774 1.732 60 | 1.0472 
5411 31^ | .5150 | .8572 .6009 1.664 59 | 1.0297 
5585 32 .5299 | .8480 .6249 1.600 58 1.0123 
5760 33 .5446 | .8387 .6494 1.540 57 | 0.9948 
5934 34 .5592 | .8290 .6745 1.483 56 | 0.9774 
6109 35 .5736 | .8192 . 7002 1.428" 55 | 0.9599 
6283 36 .5878 | .8090 .7265 1.376 54 | 0.9425 
6458 37 -6018 | .7986 |  .7536 1.327 53 | 0.9250 
6632 | 38 .6157 | .7880 . 7813 1.280 52 | 0.9076 
6807 39 .6293 .8098 1.235 51 | 0.8901 
-6981 -8391 192 50 0.8727 
.7156 .8693 150 49 | 0.8552 
.1330 


.T505 
-7679 
-7854 


Radians 


Nobel Prize Winners in Physics’ 


1901 
1902 


Wilhelm Konrad Róntgen 
Hendrik Antoon Lorentz 
Pieter Zeeman 

Henri Becquerel 

Pierre Curie 

Marie Curie 

Baron Rayleigh 

Philipp Lenard 

Sir Joseph John Thomson 


Albert À. Michelson 


Gabriel Lippmann 


Guglielmo Marconi 
Karl Ferdinand Braun 
Johannes Diderik van der Waals 


Wilhelm Wien 


Nils Gustaf Dalen 
Heike Kamerlingh-Onnes 3 


Max von Laue 
Sir William Henry Bragg 
Sir William Lawrence Bragg 


(No award) 
Charles Glover Barkla 


Max Planck 


Johannes Stark 


1845-1923 
1853-1928 
1865-1943 
1852-1908 
1850-1906 
1867-1934 
1842-1919 
1862-1947 


1856-1940 ` 


1852-1931 . 


1845-1921 
1874-1937 
1850-1918 
1837-1923 
1864-1928 


1869-1937 
1853-1926 


1879-1960 
1862-1942 
1890- 

1877-1944 
1858-1947 


1874-1957 


German 
Dutch 
Dutch 
French 
French 
French 
English 
German 
English 


U.S. 


French 


Italian 
German 
Dutch 


German 


Swedish 
Dutch 


German 
English 
English— 
his son 
English 


German 


German 
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Discovery of X-rays. 

Influence of magnetism on the 
phenomena of atomic radiation. 

Discovery of natural radioactivity 
and of the radioactive elements 
radium and polonium, 

Discovery of argon. 

Research in cathode rays. 

Conduction of electricity through 
gases, 

Invention of interferometer and 
spectroscopic and metrological 
investigations. 


» Photographie reproduction of 


colors. 

Development of wireless teleg- 
raphy. 

Equations of state of gases and 
fluids. 

Laws of heat radiation. 

Automatic coastal lighting. 

Properties of matter at dow tem- 
peratures; production of liauid 
helium. 

Diffraction of X-rays in crystals. 

Study of crystal structure by 
means of X-rays. 


Discovery of the characteristic 
X-rays of elements. 

Discovery of the elemental quan- 
tum. 

Discovery of the Doppler effect 

. in canal rays and the splitting 
of spectral lines in the electric 
field. 
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1920 Charles Edouard Guillaume 1861-1938 Swiss “Discovery of the anomalies of 


nickel-stee! alloys. 
1921 Albert Einstein 1879-1955 German Discovery of the law of the photo. — 


electric effect. 
1922 Niels Bohr 1885-1963 Danish Study of structure and radiations 
i of atoms. ! 
1923 Robert Andrews Millikan 1868-1953 U. 8S. Work on elementary electric 
charge and the photoelectric 
effect. 
1924 Manne Siegbahn 1886- Swedish Discoveries in the area of X-ray 
> spectra. 
1925 James Franck 1882-1964 German Laws governing collision between 
Gustav Hertz ~ 1887 German electron and atom. 
/4926 Jean Perrin 1870-1942 French Discovery of the equilibrium of 
R sedimentation. 
1927 Arthur H. Compton 1892-1962 U. 8. Discovery of the scattering of — 
: X-rays by charged particles 
Charles T. R. Wilson 1869-1959 English Invention of the cloud chamber, 


a device to make visible the ' 
paths of charged particles. 
1928 Sir Owen Williams Richardson 1879-1959 English Discovery of the law known by 
his name (the dependency of ~ 
the emission of electrons on 


temperature). 
1929  Louis.Vietor de Broglie 1892- French Wave naturo of electrons, , 
1930 Sir Chandrasekhara Raman 1888- Indian . Work on the scattering of light 


and discovery of the effect 


- known by his name. 
1931 (No award) 


1932 Werner Heisenberg 1901- German Creation of quantum mechanics, 
1933 Paul Adrien Maurice Dirac 1902- English Discovery of new fertile forms of 
Erwin Schrödinger 1887-1961 Austrian the atomic theory. 
1934 (No award) 
1935 James Chadwick 1891- English Discovery of the neutron. 
1936 — Victor Hess 1883-1964 Austrian Discovery of cosmic radiation, 
Carl David Anderson 1905- U. S. Discovery of the positron. 
1937 Clinton Joseph Davisson 1881-1958 U.S. Discovery of diffraction of elec- 
George P. Thomson 1892- . English trons by erystals. * 
1938 Enrico Fermi 1901-1954 Italian Artificial radioactive elements 
from neutron irradiation. 
SUA E, O, Lawrence 1901-1958  U.8. Invention of the cyclotron. 
1942 (No awards) 4 
1943 Otto Stern 1888 U, 8.8 Work with molecular beams and 
magnetic moment of proton, 
pa Taidor Isaac Rabi 1898- U, 8, Nuclear magnetic resonance, 
945 — Wolfgang Pauli 1900-1958 Austrian ^ Discovery of quantum exclusion 
principle, 
ud im Williams Bridgman 1882-1961  U,8. High-pressure physica. 
Sir Edward Appleton 1892- English Upper atmosphere physics and 
discovery of Appleton layer. 
1948 — Patrick Maynard Stuart Blackett 1897- English Diseoveries in cosmic radiation 
and nuclear physics. . 
s e Eu YN 1907- Japanese Prediction of existence of meson. 
ecil Frank Powell 1903- English Photographic method of studying 


nuclear processes; discoveries 
about mesons. 


a dde Bes | Ponkeistt 1897- English Transmutation. of atomic nuclei 
M omas Sinton Walton 1803- Irish by artificially accelerated 
i atomic particles. 
ss Abe 1905- U. 8. Measure of magnetic fields in 
fo Fristoe 1912- U, 8. atomic nuclei. 
maike 1888- i Dutch Invention of phase contrast 
microscopy, 
1954 Max Born 1882- EnglishP Work in quantum mechanics and 


statistical interpretation of 
wave function, 


1955 
1956 


1957 


1958 


1959 


1960 
1901 


1962 


1963 


1964 


1965 
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Walther Bothe 


Willis E. Lamb, Jr. 
Polykarp Kuech 
John Bardeen 
Walter H. Brattain 
William B. Shockley 
Chen Ning Yang 
‘Tsung Dao Lee 


Pavel A. Cerenkov 
Tiya M. Frank 

Igor Y. Tamm 

Owen Chamberlain 
Emilio Gino Segré 
Donald A. Glaser 
Robert L. Hofstadter 


Rudolf L. Méssbauer 


Len D. Landau 


Eugene B. Wigner 


Maria Goeppert-Mayer 
J. H. D. Jensen 

C. H. Townes 

Nikolai Basov 
Aleksandr Prokhorov 
Richard Feynman 
Julian Schwinger 
Shin-Ichiro Tomonaga 


a See Nobel: The Man and His 


* Born in Germany; nai 


* Born in England; nat 
4 Both have permanent v. 
* Born in Italy; naturalized 
! Born in Hungary: 
« Born in Germany; 


naturalised U. 
naturalised U. B. citizen. 


1891-1957 


1913 

1911- 
1908- 
1902- 
1910- 
1922- 
1926- 


1904- 
1908- 
1895- 
1920- 
1905- 
1926- 
1915- 


1929 


1908- 


1902- 


1906- 
1907- 
1915- 
1922- 
1916- 
3018 
1918 
1906 


German 


u.s. 
u.s. 
Japanese 


Analysis of cosm ie radiation cung 
the coincidence method. 

Fine structure of hydzoget. 

Magnetic moment oi eiettiili. 

Invention and devsicpmont ei 
transistor. 


Non-conservation of parity and 
work in elementary particle 
theory. 

Discovery and interpretation of 
Cerenkov effect of radiation by 
fast charged particles in matter. 

Discovery of the antiproton, 


Invention of bubble chamber. 

Electromagnetic structure of nu- 
cleons from high-energy elac- 
tron scattering. 

Discovery of recoilless resonance 
absorption of gamme rays in 
nuvlei. 

Theory of condensed matter; 
phenomena of superfluidity and 
superconduotivity. 

Contributions to theoretioal 
atomic and nuclear physies. 

Shell model theory and magic 
numbers for the atomic nueleus. 

invention of the maser and theory 
of coherent atomic radiation. 


Development of quantum electro- 
dynamics 


Prises, by Schück et al., Elsevier, N. Y. 
British citison. 

uralized U. 8. citizen. 

8. resident status. 

V. 8. citizen. 

8. citizen. 


fee Gaussian System of Units 


TAS T S EEA TORPE. 


APPENDIX L 


B = 4«(H + M) 
becomes B (5) n H+ a) 
c c Am 
or : B=H+4M.-. 


in Gaussian form. Symbols used in this book that are not listed below remain 
unchanged. The quantity cis the Speed of light. 


Quantity Rationalized mks Gaussian 
et 
Permittivity constant €o 1/4r 


Permeability constant 


Mo 4r/c? 
Electric displacement D D/4r 
agnetic induction B B/c 
Magnetic flux Sy $p/c 
Magnetic field strength H cH/4r 
Magnetization M M ` 
Magnetic dipole moment u ch 


——— 
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In addition to casting the equations in the proper form it is of course necessary 
to use a consistent set of units in those equations. Below we list some equivalent 
quantities in mks and Gaussian units. This table can be used to transform units 
from one system to the other. 


Quantity / Symbol Mks system Gaussian system 
Length l 1 meter 10? cm 
Mass m 1 kg 10ë gm 
Time t! 1 sec 1 sec 
Force F 1 newton 105 dynes 
Work or Energy W,E 1joule 107 ergs 
Power P 1 watt 107 ergs/sec 
Charge q 1 coulomb 3 X 10° statcoul 
Current i 1 ampere 3 X 10° statamp 
Electric field strength E 1 volt/meter : 4 X 1074 statvolt/cm 
Electric potential : Vv 1 volt ; soo statvolt 
Electric polarization P 1 coul/meter? 3 X 10° statcoul/cm? 
Electric displacement D 1 coul/meter? 12r X 105 statvolt/cm 
Resistance R 1 ohm i X 10-U sec em! 
Capacitance C * T farad 9 X 10! em 
Magnetic Hux Öp 1 weber 108 maxwells 
Magnetic \nduetion B 1 tesla = 1 weber/ 104 gauss 

Í meter? 

Magnetic field strength H 1 amp-turn/meter 4r X 10-? oersted 
Magnetization M 1 weber/meter? 1/4r X 104 gauss 
Inductance I 1 henry 4x10" 


AY) factors of 3 in the above table, apart from exponents, should be replaced -by 
(2.997925 + 0.000003) for accurate work; this arises from the numerical value of 
the speed of light. For example the mks unit of capacitance (= 1 farad) is actu- 
ally 8.98758 X 10!! em rather than 9 (= 3?) X 101 em. as listed above. This 
example also shows that not only units but also the dimensions of physical quan- 
tities may differ between the two systems. In the mks system (see Appendix F) 
the dimensions of capacitance are M-!L-?T?Q*; in the Gaussian system they are 
simply L, the Gaussian standard unit of capacitance being 1 cm. 

'The student should consult Classical Electromagnetism, p. 611, by J. D. Jackson 
(John Wiley and Sons, 1962) for a fuller treatment of units and dimensions. 
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Answers to Odd-Numbered 


Problems 


Chapter 1 


1. 6.00 ft = 1.83 meters. ` 
3. 186 miles. 
5. (a) deun/dmoon = 400. 
(b) Veun/Vmoon = 6.4 X 10°, 
We assume spherical shapes and pre- 
cise eclipsing. 
+ 2,03 hr. 
(a) ~ 108 meters (see Table 1*1). 
(b) ~ 10 sec (see Table 1-2). 
C, D, A, B, E (best to worse). The 
criteria are first the constancy and 
second the magnitude of the daily 
variation. 


1. 


Chapter 2 


3. The displacements should be: 
(a) parallel, (b) antiparallel, 
(c) perpendieular. 
5. The magnitudes are: 5, 10, 11,2, 11.2, 
11.2. The angles made with the 
.z-axis are; 323°, 53.1%, 26.5°, 79.7°, 
and 260°. 
7. 81.0 miles; 39.5° N of E. 
9. (a) az = —2.8 meters; 
ay = —2.8 meters. 
b, = 5.0 meters; by = 0. 
cz = 3.0 meters; cy = 5.2 meters. 
(b) d; = 5.17 meters; ` 
a= 2.37 meters. 


18, (a) 21 ft. 
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(c) 5.69 meters; 24.6* N of E. 
(d) 5.69 meters; 24.6? S of W. 
13, r, = 2.0 miles; ry = 7 = 4.0 miles. 


(b) Can be greater but not less. 
(c) 10i + 12j + 14k for a particular 
choice of axes. ^ 
17. 6950 miles, pointing through the 
earth from Washington to Manila. 
21. (a) Scalar of magnitude 30 units’. 
(b) Vector of magnitude 52 units? 
perpendicular to the plane formed 
by a and b. 
31, (a) dz = d, = a*; dz 
(D bse -a*; d.e -d:b 0. 


= Gh, 


Chapter 3 


1. (a) 5.7 ft/seo 
(b) 7.0 ft/sec. 
3. (a) Infinite number. 
(b) 60 miles. 
5. 3000 ft/sec’, upwards. 
1. OA AB BC cD 
et 0 + + 
a- 0 + 0 
Intervals OA and BC 
9. 8.0 X 10* meters/sec. 
11. 10 em; no time. 
13. (a) 5.0 ft/sec*. 
(b) 4.0 sec. 
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(c) 6.0 sec. 
(d) 90 ft. 
. (a) 15 ft/sec. 
(b) 5.0 ft/sec. 
(c) 23 ft. 
17. No. 
19. (a) 57 ft/sec. 
(b) 3.6 sec. 
21. 3.41 sec; 187 ft. 
23. (a) 3.5 X 10? ft. 
(b) 330 sec. 
25. 40 ft/sec. 
21. xy ft. 
29. (a) 17 sec. 
(b) 290 meters. 
31. (a) a: LT-*; ft/sec?. 
b: LT—?; ft/sec’. 
(b) 2.0 sec. 
(c) 24 ft, 
(d) —16 ft. j 
(e) 3.0, 0.0, —9.0, —24 ft/sec. 
= (f) 0.0, —6.0, —12, —18 ft/sec.? 


Chapter 4 


3. The third step. 
1e (265. i 
9. 1.9 in. 
11. Yes. 
13. (a) 2.0 mm. 
(b) vhor = 1.0 X 10? cm/sec. 
Yvert = —0.20 X 10? cm/sec. 
15. Electron | 5.5 X 10715 meter. 
Neutron 1.0 X 1075 meter. 
Neon 1.4 X 1075 meter. 
Oxygen. 2.3 X 10-5. meter. 
Golf ball 4.9 X 1074 meter (assum- 
ing 100 meters /sec). 
19. (a). vo cos 0o. : 
(b) g. 
(c) v La. 
(d) (vo*/g) cos? 8o. 
21. 6.7 X 10° meters/sec. 
23. 2400 meters/sec?. 
25. (a) 4.2 meters at 45°; 
5.5 meters at 68°; 
6.0 meters at 90°. 
(6) 4.2 meters at 135°, 
(c) 0.85 meter/sec at 135°. 
(d) 0.94 meter/sec at 90°; 
0.94 meter/sec at 180°. 
(e) 0.27 meter/sec? at 225°. 
(f) 0.30 meter /sec? at 180°; 
0.30 meter /sec? at 270°. 
All angles are measured counter- 
clockwise. from a line extending 


1 


a 


horizontally to the right from 0 
in Fig. 4-15. 
21. 6.0 X 107? meter /sec?.: 
29. (a) r = i(rsin wt) + j(r cos wt) 
31. u, = i cos 0 4- j sin 6. 
ug = —isin 0 + j cos 6. 
33. 2.2 meters/sec and 1.8 meters/sec. 
35. (a) He should head the boat 25.4? 
upstream. 
(b) 12.7 min. 
37. (a) Wind is blowing from a direction 
75° E of 8. 
(b) 30° E of N. 
Substituting W for E in the 
above yields another solution. 


Chapter 5 


l. ay/az = mo/m;. 
3. 1.0 meters/sec?, 37° from Fz toward 
Fi. 
5. 1300 Ib, 5.5 sec, 50 ft, 2.7 sec. 
1. anor = 65{t/sec?, adown = 32 ft/sec’ 
Yhor = 65t ft/sec?, 
Vdown = 32t ft/sec?. 
9. (a) 740 nt. 
(6) 610 nt. 
(c) Zero. 
H is mass is 75 kg at each location. 
13. Lower it with an acceleration of 4.2 
ft/sec? or greater. 
15. (a) 3.2 ft/sec. 
(b) 58 Ib. 
17. (a) 2.0 meters/sec?. 
(b) 4.0 meters/sec. 
(c) 4.0 meters. : 
19. (a) g sin 0 down the plane. 
(b) g'sin 0 down the plane. 
(c) (g — a) sin 8 down the plane. 
(d) (g + a) sin 0 down the plane. 
(e) Zero. 
21. (a) 0.50 slugs. 
(b) 20 Ib. 
(a) 32 Ib, 55 lb. 
(b) 16 ft/sec?, 
25. 3.3 meters/sec?, 6.5 nt.. 
21. (a) 19 ft/sec?. 
(b) (M + m) X 19 ft/sec?. i 


Chapter 6 


1. 110 Ib. 

3. (a) 0.38 ft/sec?, 0.79 ft/sec?. 
(b) 0.041, 0.028. 

- (a) 0.031 Ib. 
(b) 0.13. 

1. 0.75. 
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ANSWERS TO ODD-NUMBERED PROBLEMS 


9. 40 Ib. 


.29. 


. (a) 15 Ib. 


(b) 6.4 ft/sec?. 


. (a) vo?/4g sin e. 


(b) No. 


. (a) 1.06 nt (in tension). 


(b) 3.62 meters/sec?, 
(c) 1.06 nt (in compression), 
3.62 meters /sec?. 


+ g(sin 0 — V2 uk cos 6). 
. (a) 2700 ft. 


(b) 5000 Ib, upward. 


. (a) 0.0338 nt. 


(b) 9.77 nt. 


+ (a) 15°. 


(b) 0.27. 


. v?/r = Mg/m. 
. (a) 68 ft. 


(b) 18°. 


E zb g sin 6 — p cos 0 
mna Ie Nr \cos @ + u sin 6 


Fy TEE 


2r Nr 


Chapter 7 


1. 


(a) 52 Ib. 
(b) +260 ft-lb. 
(c) +800 ft-lb. 


[(d) —40 ft-lb. 


(e) Zero. 
(f) Zero. 


. (a) 50 Ib. 


(b) No. 
(c) Yes; 100 ft-Ib. 
(d) No. 


» (a) Zero. 


(b) 30.1 joules. 
(c) —30.1 joules. 
(d) 0.225. 


. Boy: 4.8 meters/sec. 


Man: 2.4 meters /sec. 


. (a) 2.9 X 107 meters/sec. 


(b) 1.8 X 10° ev. 


* (a) 135 nt. 


(b) 60.0 joules. 


. 18 ft-lb. 
. (a) 5:4 X 10!? ft-lb. 


(b) 1.6 X 10° hp. 


- (a) 1.8 X 105 ft-lb. 


(b) 0.55 hp. 


+ 0.27 hp. 
+ (b) m(y/ty)*t. 


(c) 140 hp. 


cos 0 — u sin 0 


Chapter 8 


5. (a) v - 2 gl, T =5 mg. 
(b) 71°. 
7. 2d. 


9. (a) vp = vo; vc = Vvo? + gh. 


(b) (vo? + 2gh) /2L. 
(c) It will never reach B. 


11. (a) M 5gR. : 


(b) P is above the horiz 


sin“ (3). 
13. (a) 4.0 meters. 
(b) 4.5 meters/sec. 
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ontal by 


15. (a) Ulz) = —kmyma/zif U(%) = 0. 


km m ad 


b Ao cad Locas acf 
per + 1) 


17. (a) Fz = —kz,F, = —ky; F always | 


points radially inward. 
(b) F, = —kr, Fo = 0. 
21. (a) 31.0 joules. 
(b) 5:33 meters /sec. 
j (c) Conservative. 
23. (a) ~/2gl(sin 0 — u cos 0). 
(b) Usin 0 — pcos A)/p. — 
25. 7.2 meters/sec. 
27. (a) 260 ft-lb. ~ 


(b) 45 ft-lb; 1.7 ft up the plane. 


29. (a) 6700 ft-Ib /sec.- 
4b) 2000 ft-lb. 
(c) No. 
31. (a) 5.8 X 10718 joule. 
(b) 0.08. 
33. (a) 20.010 kg; 0.023 kg. 
35. 27 Mev. 


Chapter 9 


3. 6.46 X 107!! meter, along the line of 


symmetry. 


5. 6.75 X 107! meter below, on the 


line of symmetry. 


1. (a) Center of mass remains at regt. 


(b) 0.75 meter. 


9. 5500 slug-tt/sec; 6.0 miles/hr; 13 


miles/hr. 
1. 13.6 ft. 


13. 10 M 2 meters/sec, 135? from either. 


15. 1.1 X 10° ft. 


17. (a) The casing and the capsule both 
move forward with speeds of 
24,000 and 27,000 ft/sec respec- 


tively, ` 


(b) Theenergy increases from 9.38 X 
10° ft-lb before separation to 
9.40 X 10°. ft-lb after, the in- 
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crease coming from energy stored Chapter 11 


in the spring. 
Wr) 
W+w 
21. 220 bullets/min. 
25. 5100 lb, 5600 hp. 


19. 


Chapter 10 


1. 2.5 meters/sec. 
3. 8.8 meters/sec. 
5. 2mv/t. 
1. Slows down to 3.0 meters/sec. 
9. mı/3. 
11. 810 meters/sec. 
13.. Block, 4.0 ft/sec; ball, 8.0 ft/sec. 
15. (a) 4.1 ft/sec; 2.4 X 10? joules. 
(b) vag = 3.3 ft/sec; ve, = 5.3 ft/seo. 
17. (a) The left mass comes to rest; 
the center mass moves to the 
right with & speed vo(m — M)/ 
(m + M); the right mass moves 
to the right with a speed 2vom/ 
(m + M). 
(b) The left mass moves to the 
left with a speed vo(M — m)/ 
(m + M); the center mass comes 
to rest; the right mass moves to 
the right with a speed 2vom/ 
(m + M). 
19. 0.25 meter. 
21. 12 lb. 
a M mM 
23. vo (28 Mm ) 
25. (a) mwy’. 
1 miw? 
^ 2 (my + m3) 
(c) mo/(mi + ma). 
m (d) miu? + Vivem + tem?) + 
dmaoven?; zero; 100%; no. 
27. 1:9 meters/sec, 30° to initial direc- 
tion; no. 
29. 117? from final direction of B; no. 
31. (a) 5.0 X 108 cm/sec. 

(b) 6.9 X 10? cm/sec, at 14° to the 
original direction opposite to the 
neutron and in the plane defined 
by the helium nucleus and the 
neutron. ` 

33. (ri + re)? 
35. 4.2 X 10!! transmutations/meter? 

Bec. 

37. 8.12 Mev. 


1. (a) 1200 in./min. 
(b) 600 in./min. 1 

3. (a). 3.8 X 10* radians/sec. \ 
(b) 190 meters/sec. N 

5. (a) —0.27 radians/sec?. X 
(b) 20 rev. 

T. 0.800. 

9. (a) z? +y? = R?; a circle of radius 
R; w is the angular speed of the 
body. 

(b) v, = «y; vy = ez; v» = oR; v is 
tangential to the circle. 

(c) ag = —e'z;a, = —"y; 
a = o*R; 
a points radially inward. 

11, (a) 2.0 X 1077 radians/sec; 
3.0 X 10* meters/sec. 

(b) 6.0 meters/sec?. 

13. 5.7. 

18. (a) 70 radians/sec. 
(b) —13 radians/sec?. 
(c) 240 ft. 

17. 0.12 radian /sec. 


Chapter 12 
1. (a) i(yF, — 2Fy) +i@Fs—- 2F,) + 
k(zF, — y). 


13. 6.75 X 10!? radians/sec. 

15. (a) 2.6 X 10?? joules. 
(b) 2.4 X 10? years. 

17. 292 ft-lb. 

19. (a) —7.66 radians/sec?. 
(b —11.7 newton meter. 
(c) 4.58 X 104 joules. 
(d) 624 revs. 
(e) (c) can be compuved and has the 

same value. 
21. 19 ft/sec?; 7.3 lb; 6.7 lb. 


25. (a). 11 ft. 
(b) 1.4 sec. 
27. (a) K = mg(R — r); $ translational; 
$ rotational. 
(b) M. mg. 


29. 50mg 
33. (a) Mg. 


(0) M R?o?/4. 
(c) R*o*/Ag. 


_ 8T. Axis is 5 4/3 ft above ground and 


5 ft from the wall. 
39. 5.4 meters/sec. 
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Chapter 13 

1. 2.0 rad/sec; clockwise as seen from 
above. 

9. Jyabo M; L processes around the axis 
of rotation, making an angle 0 — 
tan`! a/b — tan™! b/a with it. 

1l, (a) Espin/Lorbital x 2(Rm/Re—m)* in 
which Rm is the lunar radius and 
R,—m is the earth-moon distance. 
(b) Increase or decrease by one-half 
of present value. 
13. 0.77 rad/sec. 
15. (a) Linear momentum, angular mo- 
mentum, and mechanical energy. 


Mi 
(b) mx ra where Lis the length of 
the stick. 
19. 250 rev/min. 


vi 
291. a 
3 1 + U/MR*) 


25. «/ 2gr/co8 0o. i 
27. (a) They rotate about the center of 
mass (the center of the pole) with 
w = ^7 rad/sec. 
(b) As above, but w = 60 rad/sec. 
(6) Ke = 5.0 X 10° joules; 
Ky = 45 X 10° joules; 
difference represents work done 
by the skaters. 
Chapter 14 2 
,, Weer - pH 
: r—h 

3. 74.4 gm. 

5. Along a line extending from the 
center of the Kole through the center 
of the disk, beyond the latter point 
by a distance Rr?/2(R? — r°). 

9. 7.2 ft. 

18. Back: 880 Ib; front: 630 Ib: 

15. F4 = 1201b; Fg 721b; Ù = 47 Ib. 

17. Fa = 5.0 lb; Fy = 301b; d = 1.0 ft. 

19. (a) W/2 sin 6, tangent to the chain. 
-(b) £W cot 6. 


Chapter 15 


1. 0.28 sec. 
3.. (a) 99 nt. 
(b). 99 nt/meter. 
5. (a) 4.0 sec. 
(b) #/2 radians/sec. 
(c) 0.37 em. 
(d) 0.37 cos (21/2), in cm. 


(e) —0,58 sin (xt/2), in em /sec. 

(f) 0.58 cm/sec. 

(g) 0.91 em /sec?, 

(h) Zero. 

(i) 0.58 cm/sec. 

1. 3.1 em. 
9. ky = k(l +n)/n 

kz = k(1 + n). 

13. (a) 1.6 X 104 meters/sec’, 
2.5 meters/sec. 

(b) 2.2 meters/sec, 

1.9 X 108 meters/sec?. 
15, (a) 6.2 in. 

(b) 1.2%; most of the original energy 
appears as internal energy in thc 
block. 

17. 19 Ib. 
19. 3,4; A/V/2. 
23. 9.5 meters/sec?. 
1 4E xrURDA 
21. — 44-————— 
2r l 
31. (a) 0.45 cycles/sec. (Does it matter 
«whether the nail.is very smooth 
or rusty?) 
(b) 4.0 ft. 
33. (a) 39 radians/sec. 
(b) 34 radians/sec. 
(c) 120 radians /sec?. 
31. (a) Os: 8.0 amu: HCl: 0.97 amu; 
CO: 6.8 amu. ‘ 
(b) 500 nt/meter. 
4l. Ktrans = 6.3 X 107? joule. 
Kyot = 3-1 X 107? joule. 
43. (b) V k/m. 


Chapter 16 


1. 1600 miles. 
3. 4.8 sec. 
7. ‘b) 3.2 meters. 
9, (b) 84.2 min. 
(c) No. 
1). (a) G(Mi + M3) m/a*. 
(b) GM m/b? 


(c) Zero. 
13. (a) 2.6 X 10* ft/sec. 

(b) 87 min. 
15. 2.5 X 10* km. 
17. (a) i 
= Ot 

(c) B, by 8.5 X 107 ft-lb. 
19. (a) —GmM,/r. 

(b) —2GmM,/r. 

(c) Falls directly down. 
21. 1.88 years. 
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23. (b) 1.0 X 10* meters/sec. 
(c) Moon: 1.9 X 10° meters/sec. 
Sun: 6.2 X 10° meters/sec. 
25. (a) 2r V d*/3mG. 
(b) 2. 
(c) 2. 
217. V GM /L. 
29. a/3. 
31. (a) 2.2 X 107 nt/kg, L to line join- 
ing centers. 
(b) —5.3 X 1077 "Miner tm 


33. (a) —Gm ($ + x), 
p R r 
(b. 


©% 


Nine-tenths of the way to the 
moon and at infinity. 
-(c) Earth: U = 6.3 X 107 joules. 
g = 9.8 nt/kg. 
Moon: U = 3.9 X 10* joules 
g = 1.6 nt/kg 


Chapter 17 


1. (a) 240 lb/in.? 
(b) 2.3 Ib /in.? - 
3. (b) 6000 Ib. A 
5. (a) dog D^W, 4og D'W. 
(b) D/3 up from bottom. 
9. leA(hs — hy)*. 
ll. (a) fA/a. 
(b) 20 Ib. 
18. 0.20 ft?. 
15. 0.67 gm /em?., 0.74 gm /em*. ` 
. Y7.. 0.19, no. 


. 1 
19. 0.12 ( - 3 p in gm /em?. 


21. (b) p = pgh where h is the yectical 
depth below the surface. 


Chapter 18 


1. 29 ft/sec. 
5. 1.1 X 105 ft-lb. k 
T. v = 4,1 meters/sec. 
v' = 2] meters/sec, . 
Av = 8.1 X 107? meter? /sec, 
11. (a) 2VhH — h). 
(b) Yes, a distance A above the 
bottom. 
15. 790 Ib; 250 Ib (up). 
17. 410 meters/sec. 


hapter 19 


3. (a) 10 em, 1.0 vib/sec, 200 cm/sec, 
200 em. 
(b) 63 cm/sec. 


5. (a) 12 em. 
(b) 180*. 
7. 130 meters/sec 
9. vo. 
11. 1/4r watts/meter?. 

13. Intensity proportional to. r~ 
.tude proportional to r5. 
15. 3 2 2A/A4(H +h)? +a? — 
2 V 4H? + d*. 8 
19. (b) Even though the displacement of 
the string is zero at this instant the 
transverse velocities are not so that 
energy is present, as kinetic energy. 


1; ampli- 


2l. y = 6 cos 5 (0.0052 + 8.000 -- 0.57) 


Chapter 20 


1. 17 meters, 0.017 meters. 
3. 1.0 X 105 vib/sec. 
I(V.— v) 
7. (a) Vo 
(b) 1600 ft. 
11. 3.6 X 1075 meter. 
13. (a) 5.0 X 10? vib/sec. 
(b SBD/SAD = 
15. 31 and 94 vib/sec. 
21. 1130, 1500, and 1880 cycles/sec. 
23. L(r — 1)r; 0.13 meter; 0.27 meter. 
25. (a) 323 vib/sec. 
(b) 6. ` 
21. 387 vib/sec. 
29. No. 
31. (a) 970 vib /sec. 
(b) 1030 vib /sec. 
(c) Zero. 
33. (a) 0.90 ft. 
*(b) 1440 vib/sec. 
(c) 1080 ft/sec. 
(d) 0.75 ft. 
35. (a) 42*. 
(b) 20 sec. 
37. 990 meters/sec. 


Chapter 21 


1. 373.15/273.16. 

3. Materials, shape, absolute tempera- 
vice air currents; dimensions are 
qun 

5. —40°; 575°. 

7. 10.000 ohms, 4.124 x 1075/*C, 
—1.780 X 1075/*C?, 

9. 1.002 in. 

11. The clock will run about 9 sec slow. 


ANSWERS TO ODD-NUMBERED PROBLEMS 


13. 46.4 cm. 
19. +28.9 cm*. 
23. (a) 1.4 X 107? kg meter? /sec; 
0.41 joule. 
(b) Aw/o = AK/K = —0.32%; 
AL/L = 0. 
25. 7.44 X 107 */C*. 


Chapter 22 


l. 1.17C°. 
3. 190 watts. 
5. 0.13 Btu/lb F^. 
9. 0.59 cal/gm C°. 
11. Mean specific heat exceeds that at 
VUE Ü 
the midpoint by B P 
13. (a) 34 Btu. 
(b) 270 F°. 
15. (a) 500 C°/meter. 
(b) 4.6 cal/sec. 
(e) 75°C. 
17. 8.6°C (Cu-Al) and 57°C (Al-brass). 
19. 1.4 X 10^ keal/meter? sec; 
6.2 X 10!4 kcal. 
21. 0.42 cal/meter sec C°. 
23. (a) 6 cal. 
(b) —43 cal. 
(c) 40 cal. 
(d) 18 cal, 18 cal. 
25. 8000 cal. 


Chapter 23 


1. 76.5% by mass. 
3. 100-cm*. 
5. 653 joules. 
1. 27 lb /in.? 
9. The mercury drops 41.7 em. 
11. (a) 565 X 10-7 joule, 
772 X 107? joule. 
(b) 3390 joule, 4630 joule. 
13. (a) 1.01 X 10*°K, 16.2 X 
(b) 450°K, 7200°K. X 
15. He: 1400 méters /sec ; 
A: 440 meters /sec. 


(05K; 


17. 6.6 X 104. 

19. (a) Eleven times larger. 
(b) Same size. 

25. (a) 6.6 X 107?* gm. - 
(b) 40. 

27. 4.13 joules/cal. 

29. 1910 cal. 

35. 1.41. 

37. Monatomic. 

39. (a) 8.0 atm. 
(b) 600° K. 

41. (a) 2.5 atm, 336° K. 
(b) 0.41 Vi. 


Chapter 24 


1. 3.2 X 1075 em. 
3. (a) 3.5 X 10!? molecules /em?. 
(b) 160 meters. 
9. (a) 7.1 X 10* meters/sec. 
(b 2 X 107? em. 
(c) 5 X 10!? collisions /sec. 
11. 9, "rms; Vp: 


13. 1.5 cm /sec. 
V;—b 1 1 
17. RT In Vie +o(F - z) 


19. (a) 3.2 X 10° nt/meter?. 
(b) 4.1 X 10* nt/meter*. 


Chapter 25 


1. 5.0 X 104 joules. 
7. (a) 2090 joules. 
(b). 380 cal. 
(c) 1570 joules. 
9. 6.5. 
11. 1.1 X 108 joules, 
15. 10? °N, 107* *N, 0°N, —107* *N, 
—107? *N, for example. 
17. +0.20 cal/^K. 
19. +0.3 cal/gm °K. 
-= 40.1 cal/^K; nv. 
23. (a) 7^0 meters /sec. 
(b) Ns. 
(c) Positive. 


Index 
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Absolute thermodynamic temperature Angular velocity, 299 
scale, 631 g Annihilation, 173 
Absolute zero, 532, 632 Antinode, 504 — .— 
Acceleration, 39, 57, 80 ; Archimedes' principle, 430, 450 
angular, 244 Aristotle, 48, 52 
average, 39 Astronomical unit, 13 
centripetal, 66, 69, 70 Atmosphere, 433 
constant, 41, 44, 58 of moon, 604 
in free fall, 48 pressure variation in, 598 
of gravity, 91, 393, 396 scale height of, 437 
instantaneous, 40 Atomic clock, 8 
radial, 66, 69 Atomic mass unit, 231 
and relative velocity, 71 Atwood’s machine, 101 
tangential, 69 Audible range, 497 
in uniform circular motion, 65 Austern, N., 80 
variable, 41 Avogadro’s law, 597 


Action force, 87 ‘Avogadro's number, 550, 580, 609 


Adhesion, surface, 113 


Adiabatic processes, 564 Ballistic pendulum, 219 

entropy changes in, 639 Banked curves, 120 
Aerodynamic lift, 451 Barometer, 432 
Amontons, G., 112 Barrell, H., 5 
Amplitude, 346, 469, 501 Bascom, W., 463 

of simple harmonic motion, 346, 350 Beams j wW 114 
Ed acceleration, 244 Beats 510 : 

ngular f. , 

gular frequency, 350 Benfield, A. E., 299 


Angular momentum, 299 


conservation of, 305, 310 Bernoulli, Daniel, 447, 572 
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Bernoulli's equation, 445 
applications of, Pitot tube, 449, 460 

Venturi meter, 448 

Binding energy, 174 

Blackham, E. D., 506 

Bohr model, 77, 129 

Bohr, N., 314 

Boltzmann, L., 572, 608 

Boltzmann's constant, 641 

Born, Max, 124 

Bose-Einstein distribution, 608 

Bowden, F. P., 112 

Boyle, Robert, 433, 572 

Brahe, T., 385 

British engineering system, 90 

British Thermal Unit, 547, 555 

Brown, R., 608 

Brownian motion, 608 e? 

Brush, S. G., 572 

Bubble chamber, 32, 70, 227 

Bulk modulus, 500 

Buoyancy, 431 

Bureau of Standards, 388 


Calculus, 36, 81 
Calorie, 547, 555 
Carnot cycle, 622, 634 
` Carnot, Sadi, 547, 622, 629 
Carnot’s theorem, 629 
Cavendish balance, 389 
Cavendish, H., 388 
Celsius degree, 536 
Celsius scale, 533 
Center of gravity, 190, 323 
Center of mass, 183, 323 
motion of, 189 
Center of mass frame, collisions in, 220 
Centrifugal force, 121 
Centripetal acceleration, 66, 69, 70 
Centripetal force, 117 
Cerenkov radiation, 518 
Cesium clock, 8 
Cgs system, 90 
Cgs units, 11 
Chadwick, J., 239 
Chizanowski, P., 388 
ia ed motion, radial acceleration in, 
tangential acceleration in, 69 
Classical mechanics, 79, 122 
Clausius, R., 572, 589, 628 
Clausius statement of second law, 639 
Ciock, cesium, 8 z 
quartz crystal, 8 
Moud chamber, 225, 226 


INDEX 


Colding, L. A., 547 
Collisions, 210 

in center of mass, 220 

in an ideal gas, 575 

inelastic, 218 

momentum conserved in, 213 

in one dimension, 215 

in two dimensions, 223 
Compressibility, 551 
Conservation of angular momentum, 

305, 310 

energy, 150, 170 

linear momentum, 173, 193 

mechanical energy, 168 
Conservative force, 150 

in one dimension, 158 

and path independence, 153 

in two arn al 166 
Continnity, equation of, 443 
Conveyer belt problem, 203 
Copernican, system, 48 
Copernican theory, 385 
Copernicus, N., 384 
Coulomb, C. A., 112 
Coulomb’s law, 92 
Covolume, 612 
Critical pressure, 423, 614 
Critical temperature, 613 
Critical volume, 614 
Cross product, 24 
Cross section, 227 
Cycle, Carnot, 622 


D’Alambert, J., 222 
Dalton’s law, 597 
Debye, P., 550 
Debye temperature, 550 
Degree Celsius, 536 
Densities, some measured, 425 
Density, 424 

weight, 427 
Derivative, 35 
Derjaguim, B. V., 583 
Descartes, Rene, 222, 433, 460 
Dicke, R. H., 393 
Dimensions, 45 
Dipole flow, 455 
Dipole moment, magnetic, 92 
Dirac, P. A. M., 125 
Disorder, 640 
Displacement vector, 34, 57 
Doppler, C. J., 512 
Doppler effect, 512 
Dot product, 23 
Drumhead, vibrations of, 509 


Dry ice puck, 82, 114 
“Dry” water, 442 
Dulong, 544, 550 
Dynamic lift, 449 
Dynamics, fluid, 440 
of particles, 79, 109 
rotational, 295 
of variable-mass systems, 202 
Dyne, 90 
Dyson, F., 640 


Earth, as reference frame, 413 
weight of, 390 
Edgerton, H. E., 211 
Efficiency, of engine, 625, 629 
Eigenfrequency, 508 
Eigenfunction, 509 
Einstein, A., 123, 171, 451, 609 
Eisenbud, L., 80 
Elastic limit, 347 
Electromagnetic force, 120 
Elementary particles, 32 
Emmerich, 532 
Energy, 131 
binding, 174 
conservation of, 150, 170 
equipartition of, 589 
gravitational potential, 406, 410 
and heat, 545 
interatomie, 537, 583 
interval, 560 
mechanical, 156, 168 
of oscillations, 344 
potential, 154 
of simple harmonie motion, 353 
Engine, efficiency of, 629 
heat, 625, 627 
Entropy, 619, 635 
and disorder, 640 
and irreversible processes, 636 
and reversible processes, 633 
and the second law, 638 
Environment, 79, 524 
Eötvös, 393 
Ephemeris time, 8 


Equation of state of ideal gas, 573. 


Equilibrium, examples of, 326 
neutral, 164, 333 
of rigid bodies, 320 
saddle point, 334 
stable, 164, 333 
thermal, 525 
thermodynamic, 556 
unstable. 164, 333 
Equipartition of energy, 589 


INDEX 


Equivalence, Eratosthenes, 395 
principle of, 414 

Erg, 134 

Escape velocity, 409 

Essen, L., 7, 10 

Euler, L., 440 

Evaporation, 604 

Expansion, 535 
coefficient of linear, 536, 537 
coefficient of volume, 538 


Fahrenheit scale, 533 
Fermi-Dirac distribution, 608 
Feynman, Richard, 442 
Field, of flow, 453 
Field, gravitational, 404, 453 
Field concept, 405 
First law of thermodynamies, 560 
Fizeau, H. L., 5 
Flettner ship, 451 
Flow, compressible, 441 
dipole, 455 
field of, 453 
incompressible, 441 
irrotational, 441 
nonsteady, 441 
nonviscous, 441 
potential, 453 
rotational, 441, 453 
steady, 441 
streamline, 453 
tube of, 442 2 
viscous, 441 
vortex, 453 
Fluid dynamics, 440 
Fluid mechanics, conservation of 
momentum in, 452 
Fluid statics, 423 
Force, action, 87 
centrifugal, 121 
centripetal, 117 
classification of, 120 
conservative, 150, 158, 166 


dynamic procedure for measuring, 95 


electromagnetic, 120 

of friction, 109 
gravitational, 120 
inertial, 121 

laws of, 92 
nonconservative, 150, 167 
nuclear, 120 

and potential energy, 157 
pseudo-, 120 

reaction, 87 

static procedure for measuring, 95 
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Force, “true” measure of, 222 
Force constant, 138, 346 
Foucault pendulum, 422 
Fps units, 11 
Free-body diagram, 96 
Free expansion, 565, 636, 641 
Free fall, 48 
equations of, 49 
Freitag, E. H., 109 
Frequency, 343 
angular, 659 
Friction, 109 
kinetic, 111 
as nonconservative force, 152 
static, 110 
Fundamental frequency, 505 


8, 48 
Galileo, 48, 51, 52, 59; 75, 81, 82, 384, 
385 


Gardner, Martin, 338 
Gas constant, universal, 573 
Gas, ideal, 572 
Gas thermometer, 529 
Gases, kinetic theory of, 571, 599 
Gauge pressure, 432 
Gaussian system, 90 
Gaussian units, 11 
Geiger, H., 230 
Gerjuoy, E., 194, 310 
Gibbs, J. W., 572 
Glaser, D., 225 
Gradient, 167 
Gram, 90 
Gravitation, 382 
constant of, 92, 388 
law of, 92, 387 
Gravitational, field, 404, 453 
force, 120 
mass, 391 
potential energy, 406, 410 


Gravity, acceleration due to, 91, 393, 396 


center of, 190 
screen for, 388 
of a sphere, 397 


Halley, E., 384 
Harmonic motion, 342 
combinations of, 366 
damped, 370 
Harmonic oscillator, 160 
Harmonics, 505 
organ pipe, 507 
Havens, 607 
Hay, G. E., 16 
N 


INDEX 


Heat capacity, 547 
Heat, 169, 545, 640 
condùction of, 551, 637, 641 
mechanical equivalent of, 554 
path dependence of, 559 
of vaporization, 563 
and work, 555 
Heat engine, 625 
Heikes, 532 
Heisenberg, 124 
Henri, V., 610 
Hertz, 343 
Hertz, H., 343 
Heyl, P. R., 388 
Hooke, R., 348, 386 
Hooke’s law, 138, 151, 348, 358 
Horsepower, 145 
Hydrodynamica, 447 
Hydrostatic paradox, 435 


Iceberg, 431 

Ideal gas, adiabatic process in, 587 
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Kepler, J., 385, 401, 460 

Kepler's laws, 460 

Kilocalorie, 547, 555 
thermochemical, 555 

Kilogram, standard, 83, 90 
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Molecular weight, 550 
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Neutron, discovery of, 239 
newton, 84, 90 


Newton, I., 36, 80, 81, 82, 112, 191, 382, Pitot tube, 449, 460 


385, 460, 589 
Newton's first law, 81, 121 
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Noninertial frame, 121 
Nuclear force, 120 
Nucleus, discovery of, 230 


Oliver, Jack, 497 
Operational viewpoint, 2 
Organ pipe, harmonics of, 507 
Oscillations, 342 
energy of, 344 
forced, 372 
frequency of, 343 
life-time of, 371 
period of, 343 
simple harmonic, 345 
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Perrin, J., 610 
Petit, 500, 544 
Phase change, 487 
Phase constant, 350 


INDEX 


Phase of simple harmonic motion, 350 
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SELECTED NUMERICAL CONSTANTS 


* = 3.14 s! = 9.87 e = 272 €^! = 1/e = 0.368 
In 2 = 0.693 log e = 0.434 M2 = 141 V3 = 1.73 

sin 30° = cos 60° = } = 0.500 

eos 30° = sin 60° = 4//3/2 = 0.866 

tan 30° = cot 60° = 4//3/3 = 0.577 

tan 60° = cot 30° = 4/3 = 1.732 


sin 45° = cos 45° = 4//2/2 = 0.707 
tan 45° = cot 45° = 1.00 


SELECTED CONVERSION FACTORS 


(See Appendix H for e mere complete list) 


180° = x rad 

1 radian = 57.3? = 0.159 rev 

l slug = 32.21 (mass) = 14.6 kg 

1 kilogram = 2.21 lb (mass) 

1 pound (mass) = 0.454 kg 

l atomic mass unit = 1.66 X 107?" kg 

1 meter = 39.4 in. = 3.28 ft; 1 inch = 2.54 cm 
1 mile = 5280 ft = 1.61 km 

1l angstrom unit = 10-7!? meter = 0.1 mp 
1 millimicron = 10-* meter 

1 liter = 61.0 in.* 

1 ft? = 28.3 li 

1 day = 86,400 sec 

l year = 3.16 X 107 sec = 365 days 

i mile/hr = 1.47 ft/sec = 0.447 meter /sec 
1 pound = 4.45 nt; 1 newton = 0.225 Ib 


ap? 
1 atmosphere = 29.9 in.-Hg = 76.0 em-Hg = 1.01 X 10° nt/meter 


1 Btu = 778 ft-lb = 252 cal = 1060 joules 


7 E 
1 calorie = 4.19 joules; 1 joule = 0.239 cal = 2.78 X 1077 kw-hr 


1 electron volt = 1.60 X 107!? joule 
1 horsepower = 550 ft-Ib/sec = 746 watts 
1 weber/meter? = 1 tesla = 10* gausa 
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